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Format for Spreadsheet Functions on Excel®

Present worth:
=PV(i%,n,A,F)
= NPV (i%,second_cell:last_cell) + first_cell
Future worth:
=FV(i%,n,A,P)
Annual worth:
= PMT{%,n,P,F)
= PMT(@i%, n,NPV)
Number of periods (years):

= NPER(i%,A,P,F)

Contents of ()
for constant A series; single F value
for varying cash flow series

for constant A series; single P value

for single amounts with no A series

to find AW from NPV; embed NPV function

for constant A series; single P and F

(Note: The PV, FV, and PMT functions change the sense of the sign. Place a minus in front of the

function to retain the same sign.)
Rate of return:

= RATE@®,A,P,F)

= IRR(first_cell:last_cell)
Interest rate:

= EFFECT (%, m)

= NOMINAL(i%,m)

Depreciation:
= SLN(P,S,n)
= DDB(P,S,n,t,d)

= DB(P,S,n,1)

= VBD(,0,r, MAX(0,£—1.5),
MIN(n,t—0.5),d)

Logical IF function:

= IF(logical_test,value_if true,value_if_false)

for constant A series; single P and F

for varying cash flow series

for nominal r, compounded m times per period

for effective annual i, compounded m times
per year

straight line depreciation for each period

double declining balance depreciation for
period ¢ at rate d (optional)

declining balance, rate determined by the
function

MACRS depreciation for year 7 at rate d for
DDB or DB method

for logical two-branch operations
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Relations for Discrete Cash Flows with End-of-Period Compounding

Factor Notation Sample Cash Flow
Type Find/Given | and Formula Relation Diagram
F/P (F/Pjin)=(1+i) F=P(F/P,in) F
Compound A
Single amount n=1 1
Amount P/F (P/F.in)= ﬁ P =F(P/F.in) I
Present
worth (Sec. 2.1)
. 1+ -1 .
P/A (P/A,l,n) = ﬁ P= A(P/A,l,n)
Present
worth l l l |
. i1+ .
A/P (A/P,in)= T+ -1 A =P(A/P,in) B ol n
Capital V
Uniform recovery (Sec.2.2) P
Series i
F/A (F/A.in) = % F=A(F/Ain) F
Compound
amount 0 1 2 al {}"
Lo i _ .
AJF (A/F.in) = ary=1 A=F(A/F,in) ’ ‘ ’ I
Sinking
fund (Sec.2.3) A A A A
. A+ —-in—1 .
P,;/G P/Gjin)=——F—— =GP /G, F
AT I T (BIGEM 11640 ag Aghg Ag
Raanaa
Gradient Ay/G 1 " 0 1 2 I3 n
G A)Gin)=+———F— A;=G(A/G,in) G ey
Uniform fo+i=1 26 ( )G
. ne
series (Gradient only) (Sec. 2.5)
1 +g)n] A (1+g)n 1
P./A, and (75 2 A Al
Geometric e ]t § P,= i—g &7t | |
Gradient resc;n n )
wort AT g=i {} n-1 n
(Gradient and base A,) (Sec. 2.6) 5
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Learn Without Limits

Connect is a teaching and learning platform
that is proven to deliver better results for
students and instructors.

Connect empowers students by continually
adapting to deliver precisely what they
need, when they need it, and how they need
it, so your class time is more engaging and
effective.

Retention Rates Course Pass Rates Average Exam Scores

without Connect W with Connect

73% of instructors who use A
Connect require it; instructor
satisfaction increases by 28%

when Connect is required.

Using Connect improves retention
rates by 19.8%, passing rates by
12.7%, and exam scores by 9.1%.

Impact on Final Course Grade Distribution

A n a | yt i C S without Connect with Connect

. ®
Connect Insight
Connect Insight is Connect’s new one-

of-a-kind visual analytics dashboard— 22.0% C
now available for both instructors and

students—that provides at-a-glance 11.5% D
information regarding student performance, which

is immediately actionable. By presenting assignment, 15.4% F

assessment, and topical performance results
together with a time metric that is easily visible for aggregate ]

or individual results, Connect Insight gives the user the ability Students can view
to take a just-in-time approach to teaching and learning, which their results for any
was never before available. Connect Insight presents data
that empowers students and helps instructors improve class
performance in a way that is efficient and effective.

Mobile

Connect’s new, intuitive mobile interface gives students
and instructors flexible and convenient, anytime—anywhere
access to all components of the Connect platform.

Connect course.
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PREFACE TO EIG

This new edition includes the time-tested approach and topics of previous editions and introduces
significantly new print and electronic features useful to learning about and successfully applying
the exciting field of engineering economics. Money makes a huge difference in the life of a cor-
poration, an individual, and a government. Learning to understand, analyze, and manage the
money side of any project is vital to its success. To be professionally successful, every engineer
must be able to deal with the time value of money, economic facts, inflation, cost estimation, tax
considerations, as well as spreadsheet and calculator use. This book is a great help to the learner
and the instructor in accomplishing these goals by using easy-to-understand language, simple
graphics, and online features.

What's New and What's Best ® ®

This eighth edition has new digital features and retains the time-tested features that make the
book reliable and easy to use. Plus the supporting online materials are updated to enhance the
teaching and learning experience.

Exciting new features in print:

e All new end-of-chapter problems

e Expanded questions for either review or preparation for the Fundamentals of Engineering
(FE) Exam

Valuable new features in digital content:
o McGraw-Hill Connect
e Online video presentations with closed captioning to serve as learning support tools
e Algorithmic end-of chapter problems that present a new set of parameters and estimates
every time the problem is opened
e SmartBook, an adaptive reading experience

Familiar features retained in this edition:

Easy-to-read language

End-of-chapter case studies

Ethical considerations in economic analyses

Progressive examples for improved understanding of concepts

Hand and spreadsheet example solutions

Spreadsheet solutions with on-image comments and Excel® functions
Vital concepts and guidelines located in margins and appendix
Flexible chapter ordering

How to Use This Texte® @

This textbook is best suited for a one-semester or one-quarter undergraduate course. Students
should be at the sophomore level or above with a basic understanding of engineering concepts
and terminology. A course in calculus is not necessary; however, knowledge of the concepts in
advanced mathematics and elementary probability will make the topics more meaningful.

Practitioners and professional engineers who need a refresher in economic analysis and
cost estimation will find this book very useful as a reference document as well as a learning
medium.

Chapter Organization and Coverage Options ® ®

The textbook contains 19 chapters arranged into four learning stages, as indicated in the flowchart
on the next page, and five appendices. Each chapter starts with a statement of purpose and spe-
cific learning outcomes for each section. Chapters include a summary, numerous end-of-chapter
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Preface to Eighth Edition

CHAPTERS IN EACH LE

Learning
Stage 1:
The
Fundamentals

Learning
Stage 2:
Basic
Analysis
Tools

Learning
Stage 3:
Making
Better

Decisions

Learning
Stage 4:
Rounding
Out the
Study

A

Composition by level

Chapter 1
Foundations of
Engineering Economy
I
Chapter 2
Factors: How Time and
Interest Affect Money
I
Chapter 3
Combining Factors and
Spreadsheet Functions
I
Chapter 4
Nominal and Effective
Interest Rates

[
Chapter 7
Rate of Return
Analysis:
Sl Pk Sl One Project Bcneﬁ(t:/}(lja(?stte 1rA?lal sis
Present Worth Annual Worth | . y
Analvsis Analvsis h and Public Sector
y st Chapter 8 Economics
Rate of Return
Analysis: Multiple
Alternatives
I [
Learning Stage 2 Epilogue
Selecting the Basic
Analysis Tool
Chapter 10 Chapter 11 Chapter 12 Chapter 13
Project Financing and Replacement and Independent Projects Breakeven and
Noneconomic Attributes Retention Decisions with Budget Limitation Payback Analysis
[ [ [ |
|
[ [ [ [
Chapter 14 Chapter 15 Chapter 16 Chapter 18
Effects of CPSt Estimation anq Depreciation Sensitivity Analysis
Inflation Indirect Cost Allocation Methods and Staged Decisions
| |
Chapter 17 Chapter 19
After-Tax Economic More on Variation
Analysis and Decision Making

under Risk

problems (essay and numerical), multiple-choice problems useful for course review and FE Exam
preparation, and a case study.
The appendices are important elements of learning for this text:

Appendix A Using Spreadsheets and Microsoft Excel®

Appendix B Basics of Accounting reports and business ratios
Appendix C Code of Ethics for Engineers (from NSPE)

Appendix D Alternate methods for equivalence calculations

Appendix E Glossary of concepts and terms

There is considerable flexibility in the sequencing of topics and chapters once the first six chap-
ters are covered, as shown in the progression graphic on the next page. If the course is designed to
emphasize sensitivity and risk analysis, Chapters 18 and 19 can be covered immediately after

XV
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xvi

Chapter Organization and Coverage Options

CHAPTER AND TOPIC PF

Topics may be introduced at the point indicated or any point thereafter

(Alternative entry points are indicated by < ———)
Numerical progression Cost Taxes and Sensitivity, Staged
through chapters Inflation  Estimation  Depreciation Decisions, and Risk

. Foundations

. Factors

. More Factors

. Nominal and Effective i
. Present Worth

. Annual Worth

AN W=

A

7. Rate of Return
8. More ROR
9. Benefit/Cost

10. Financing and
Noneconomic Attributes
11. Replacement <
12. Capital Budgeting h
13. Breakeven and
Payback i siiebuialy ilnininkeiebky bt i =\

14. Inflation
15. Estimation

<=
\

16. Depreciation
17. After-Tax

18. Sensitivity, Decision
Trees, and Real Options

19. Risk and Simulation

Learning Stage 2 (Chapter 9) is completed. If depreciation and tax emphasis are vitally important
to the goals of the course, Chapters 16 and 17 can be covered once Chapter 6 (annual worth) is
completed. The progression graphic can help in the design of the course content and topic ordering.

Resources for Instructors and Students @ ®

LEARNING OUTCOMES:

e FEach chapter begins with a purpose, list of topics, and learning outcomes (ABET style) for
each corresponding section. This behavioral-based approach sensitizes the reader to what is
ahead, leading to improved understanding and learning.

Iz CONCEPTS AND GUIDELINES:

e To highlight the fundamental building blocks of the course, a checkmark and title in the mar-
gin call attention to particularly important concepts and decision-making guidelines. Appen-
dix E includes a brief description of each fundamental concept.

IN-CHAPTER EXAMPLES:

e Numerous in-chapter examples throughout the book reinforce the basic concepts and make
understanding easier. In many cases, the example is solved using separately marked hand and
spreadsheet solutions.
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Digital Resources

@ PROGRESSIVE EXAMPLES:

e Several chapters include a progressive example—a more detailed problem statement intro-
duced at the beginning of the chapter and expanded upon throughout the chapter in specially
marked examples. This approach illustrates different techniques and some increasingly com-
plex aspects of a real-world problem.

0 ONLINE PRESENTATIONS:

e An icon in the margin indicates the availability of an animated voice-over slide presentation
that summarizes the material in the section and provides a brief example for learners who need
areview or prefer video-based materials. Presentations are keyed to the sections of the text.

SPREADSHEETS:

o The text integrates spreadsheets to show how easy they are to use in solving virtually any type
of engineering economic analysis problem. Cell tags or full cells detail built-in functions and
relations developed to solve a specific problem.

FE EXAM AND COURSE REVIEWS:

e FEach chapter concludes with several multiple-choice, FE Exam—style problems that provide a
simplified review of chapter material. Additionally, these problems cover topics for test re-
views and homework assignments.

Digital Resources ® ®

ALGORITHMIC END-OF-CHAPTER PROBLEMS:

e Available through the online homework platform Connect, algorithmic end-of-chapter prob-
lems can be assigned for homework, practice, exams, or quizzes. Problems include algorithmi-
cally generated values so that each student receives different numbers, while responses are
auto-graded to provide immediate feedback to the student.

SMARTBOOK:

e Also available through Connect is SmartBook which contains the same content within the
print book, but actively tailors that content to the needs of the individual. SmartBook’s adap-
tive technology provides precise, personalized instruction on what the student should do next,
guiding the student to master and remember key concepts, targeting gaps in knowledge and
offering customized feedback to drive the student toward comprehension and retention of the
subject matter.
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LEARNING STAGE 1

The Fundamentals

LEARNING STAGE 1 he fundamentals of engineering economy are introduced i‘n
The Fundamentals these chapters. When you have completed stage 1, you will
be able to understand and work problems that account for

CHAPTER 1

Foundations of
Engineering Economy

CHAPTER 2

Factors: How Time
and Interest Affect
Money

CHAPTER 3

Combining Factors
and Spreadsheet
Functions

CHAPTER 4

Nominal and Effective
Interest Rates

the time value of money, cash flows occurring at different times
with different amounts, and equivalence at different interest rates.
The techniques you master here form the basis of how an engineer
in any discipline can take economic value into account in virtually
any project environment.

The factors commonly used in all engineering economy com-
putations are introduced and applied here. Combinations of these
factors assist in moving monetary values forward and backward
through time and at different interest rates. Also, after these
chapters, you should be comfortable using many of the spread-
sheet functions.

Many of the terms common to economic decision making are
introduced in learning stage 1 and used in later chapters. A check-
mark icon in the margin indicates that a new concept or guideline
is introduced at this point.
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Foundations
of Engineering
Economy

LEARNING OUTCOMES

Malcolm Fife/age fotostock

Purpose: Understand and apply fundamental concepts and use the terminology of engineering economics.

CHAPTER 1

14 Description and role

1.2 Engineering economy study
approach

1.3 Ethics and economics

1.4 Interest rate

1.5 Terms and symbols

1.6 Cash flows

1.7 Economic equivalence

1.8 Simple and compound interest

1.9 MARR and opportunity cost

110 Spreadsheet functions

Define engineering economics and the time value
of money; identify areas of application.

Understand and identify the steps in an
engineering economy study.

Identify areas in which economic decisions can
present questionable ethics.

Perform calculations for interest rates and rates
of return.

Identify and use engineering economic terminology
and symbols.

Understand cash flows and how to graphically
represent them.

Describe and calculate economic equivalence.

Calculate simple and compound interest amounts
for one or more time periods.

State the meaning and role of Minimum Attractive
Rate of Return (MARR) and opportunity costs.

Identify and use some Excel® functions commonly
applied in engineering economics.
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he need for engineering economy is primarily motivated by the work that engineers
do in performing analyses, synthesizing, and coming to a conclusion as they work on
projects of all sizes. In other words, engineering economy is at the heart of making
decisions. These decisions involve the fundamental elements of cash flows of money, time, and
interest rates. This chapter introduces the basic concepts and terminology necessary for an engi-
neer to combine these three essential elements in organized, mathematically correct ways to solve
problems that will lead to better decisions.

11 Why Engineering Economy and the Time Value
of Money are Importante @

Decisions are made routinely to choose one alternative over another by engineers on the job; by
managers who supervise the activities of others; by corporate presidents who operate a business;
and by government officials who work for the public good. Most decisions involve money, called
capital or capital funds, which is usually limited in amount. The decision of where and how to
invest this limited capital is motivated by a primary goal of adding value as future, anticipated
results of the selected alternative are realized. Engineers play a vital role in capital investment
decisions based upon their ability and experience to design, analyze, and synthesize. The factors
upon which a decision is based are commonly a combination of economic and noneconomic ele-
ments. Engineering economy deals with the economic factors. By definition,

Engineering economy involves formulating, estimating, and evaluating the expected economic
outcomes of alternatives designed to accomplish a defined purpose. Mathematical techniques
simplify the economic evaluation of alternatives.

Because the formulas and techniques used in engineering economics are applicable to all
types of money matters, they are equally useful in business and government, as well as for
individuals. Therefore, besides applications to projects in your future jobs, what you learn
from this book and in this course may well offer you an economic analysis tool for making
personal decisions such as car purchases, house purchases, and purchases on credit for enjoy-
ment, e.g., electronics, games, drones, vacations, etc.

To be financially literate is very important as an engineer and as a person. Unfortunately many
people do not have the fundamental understanding of concepts such as financial risk and diversifica-
tion, inflation, numeracy, and compound interest. You will learn and apply these basic concepts, and
more, through the study of engineering economy. A comprehensive Standard & Poors' study reported
in 2015 evaluated the financial literacy of people worldwide using the survey results of more than
150,000 people interviewed in 148 countries. Results indicated that worldwide only one out of three
adults are able to answer correctly three out of four simple questions that indicate an understanding in
the areas mentioned above—inflation, compound interest, risk, and diversification. Scandinavian
countries (e.g., Denmark, Norway, and Sweden), plus Germany, Canada, and the United Kingdom
have acceptably good scores (67% to 71% financial literacy), the United States is mediocre at 57%
(14th worldwide), while countries such as Cambodia, Armenia, and Haiti are low (15% to 18%). An
obvious conclusion is that a college graduate in engineering anywhere in the world must be financially
literate to responsibly and successfully function in his or her professional and personal activities.

Other terms that mean the same as engineering economy are engineering economic analysis,
capital allocation study, economic analysis, and similar descriptors.

People make decisions; computers, mathematics, concepts, and guidelines assist people in
their decision-making process. Since most decisions affect what will be done, the time frame of
engineering economy is primarily the future. Therefore, the numbers used in engineering econ-
omy are best estimates of what is expected to occur. The estimates and the decision usually
involve four essential elements:

Cash flows
Times of occurrence of cash flows
Interest rates for time value of money
Measure of worth for selecting an alternative
'Klapper, L., Lusardi, A., and van Oudheusden, P. “Financial Literacy around the World: Insights from the Standard &

Poor’s Ratings Services Global Financial Literacy Survey”, 2015, Standards & Poors, and Gallup World Poll. (accessed
December 2015). http://www.finlit.mhfi.com.
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Since the estimates of cash flow amounts and timing are about the future, they will be some-
what different than what is actually observed, due to changing circumstances and unplanned
events. In short, the variation between an amount or time estimated now and that observed in
the future is caused by the stochastic (random) nature of all economic events. Sensitivity
analysis is utilized to determine how a decision might change according to varying esti-
mates, especially those expected to vary widely.

The criterion used to select an alternative in engineering economy for a specific set of estimates
is called a measure of worth. The measures developed and used in this text are

Present worth (PW) Future worth (FW) Annual worth (AW)
Rate of return (ROR) Benefit/cost (B/C) Capitalized cost (CC)
Payback period Profitability index Economic value added (EVA)

All these measures of worth account for the fact that money makes money over time. This is the
concept of the time value of money.

It is a well-known fact that money makes money. The time value of money explains the change
in the amount of money over time for funds that are owned (invested) or owed (borrowed).
This is the most important concept in engineering economy.

The time value of money is very obvious in the world of economics. If we decide to invest
capital (money) in a project today, we inherently expect to have more money in the future than we
invested. If we borrow money today, in one form or another, we expect to return the original
amount plus some additional amount of money. An engineering economic analysis can be per-
formed on future estimated amounts or on past cash flows to determine if a specific measure of
worth, e.g., rate of return, was achieved.

Engineering economics is applied in an extremely wide variety of situations. Samples are:

* Equipment purchases and leases * Wireless and remote communication and
* Chemical processes control

* Cyber security * Manufacturing processes

» Construction projects * Safety systems

* Airport design and operations » Hospital and healthcare operations

* Sales and marketing projects * Quality assurance

» Transportation systems of all types * Government services for residents and
e Product design businesses

In short, any activity that has money associated with it—which is just about everything—is a
reasonable topic for an engineering economy study.

Cyber security is an increasingly costly dimension of doing business for many retailers and
their customers who use credit and debit cards. A 2014 data breach of U.S.-based Home Depot
involved some 56 million cardholders. Just to investigate and cover the immediate direct costs
of this identity theft amounted to an estimated $62,000,000, of which $27,000,000 was recov-
ered by insurance company payments. This does not include indirect costs, such as, lost future
business, costs to banks, and cost to replace cards. If a cyber security vendor had proposed in
2006 that a $10,000,000 investment in a malware detection system could guard the company’s
computer and payment systems from such a breach, would it have kept up with the rate of infla-
tion estimated at 4% per year?

Solution
As a result of this data breach, Home Depot experienced a direct out-of-pocket cost of
$35,000,000 after insurance payments. In this chapter and in Chapter 2, you will learn how to
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determine the future equivalent of money at a specific rate. In this case, the estimate of
$10,000,000 after 8 years (from 2006 to 2014) at an inflation rate of 4% is equivalent to
$13,686,000.

The 2014 equivalent cost of $13.686 million is significantly less than the out-of-pocket loss
of $35 million. The conclusion is that the company should have spent $10 million in 2006.
Besides, there may be future breaches that the installed system will detect and eliminate.

This is an extremely simple analysis; yet, it demonstrates that at a very elementary level, it
is possible to determine whether an expenditure at one point in time is economically worth-
while at some time in the future. In this situation, we validated that a previous expenditure
(malware detection system) should have been made to overcome an unexpected expenditure
(cost of the data breach) at a current time, 2014 here.

1.2 Performing an Engineering Economy Study @ @

An engineering economy study involves many elements: problem identification, definition of the
objective, cash flow estimation, financial analysis, and decision making. Implementing a struc-
tured procedure is the best approach to select the best solution to the problem.

The steps in an engineering economy study are as follows:

Identify and understand the problem; identify the objective of the project.

Collect relevant, available data and define viable solution alternatives.

Make realistic cash flow estimates.

Identify an economic measure of worth criterion for decision making.

Evaluate each alternative; consider noneconomic factors; use sensitivity analysis as needed.
Select the best alternative.

Implement the solution and monitor the results.

16N G0 > B 2

Technically, the last step is not part of the economy study, but it is, of course, a step needed
to meet the project objective. There may be occasions when the best economic alternative re-
quires more capital funds than are available, or significant noneconomic factors preclude the
most economic alternative from being chosen. Accordingly, steps 5 and 6 may result in selec-
tion of an alternative different from the economically best one. Also, sometimes more than one
project may be selected and implemented. This occurs when projects are independent of one
another. In this case, steps 5 through 7 vary from those above. Figure 1-1 illustrates the steps
above for one alternative. Descriptions of several of the elements in the steps are important to
understand.

Problem Description and Objective Statement A succinct statement of the problem and
primary objective(s) is very important to the formation of an alternative solution. As an illustra-
tion, assume the problem is that a coal-fueled power plant must be shut down by 2025 due to the
production of excessive sulfur dioxide. The objectives may be to generate the forecasted electricity
needed for 2025 and beyond, plus to not exceed all the projected emission allowances in these
future years.

Alternatives These are stand-alone descriptions of viable solutions to problems that can meet
the objectives. Words, pictures, graphs, equipment and service descriptions, simulations, etc.
define each alternative. The best estimates for parameters are also part of the alternative. Some
parameters include equipment first cost, expected life, salvage value (estimated trade-in, resale,
or market value), and annual operating cost (AOC), which can also be termed maintenance and
operating (M&O) cost, and subcontract cost for specific services. If changes in income (revenue)
may occur, this parameter must be estimated.

Detailing all viable alternatives at this stage is crucial. For example, if two alternatives are
described and analyzed, one will likely be selected and implementation initiated. If a third, more
attractive method that was available is later recognized, a wrong decision was made.
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Figure 1-1

Steps in an engineering economy study.

Cash Flows  All cash flows are estimated for each alternative. Since these are future expendi-
tures and revenues, the results of step 3 usually prove to be inaccurate when an alternative is actu-
ally in place and operating. When cash flow estimates for specific parameters are expected to vary
significantly from a point estimate made now, risk and sensitivity analyses (step 5) are needed to
improve the chances of selecting the best alternative. Sizable variation is usually expected in es-
timates of revenues, AOC, salvage values, and subcontractor costs. Estimation of costs is dis-
cussed in Chapter 15, and the elements of variation (risk) and sensitivity analysis are included
throughout the text.

Engineering Economy Analysis The techniques and computations that you will learn and
use throughout this text utilize the cash flow estimates, time value of money, and a selected
measure of worth. The result of the analysis will be one or more numerical values; this can be
in one of several terms, such as money, an interest rate, number of years, or a probability. In the
end, a specific measure of worth mentioned in the previous section will be used to select the
best alternative.

Before an economic analysis technique is applied to the cash flows, some decisions about what
to include in the analysis must be made. Two important possibilities are taxes and inflation. Federal,
state or provincial, county, and city taxes will impact the costs of every alternative. An after-tax
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analysis includes some additional estimates and methods compared to a before-tax analysis. If taxes
and inflation are expected to impact all alternatives equally, they may be disregarded in the analysis.
However, if the size of these projected costs is important, taxes and inflation should be considered.
Also, if the impact of inflation over time is important to the decision, an additional set of computa-
tions must be added to the analysis; Chapter 14 covers the details.

Selection of the Best Alternative The measure of worth is a primary basis for selecting
the best economic alternative. For example, if alternative A has a rate of return (ROR) of
15.2% per year and alternative B will result in an ROR of 16.9% per year, B is better economi-
cally. However, there can always be noneconomic or intangible factors that must be consid-
ered and that may alter the decision. There are many possible noneconomic factors; some
typical ones are:

* Market pressures, such as need for an increased international presence

* Availability of certain resources, e.g., skilled labor force, water, power, tax incentives

¢ Government laws that dictate safety, environmental, legal, or other aspects

¢ Corporate management’s or the board of director’s interest in a particular alternative

¢ Goodwill offered by an alternative toward a group, for example, employees, union, county, etc.

As indicated in Figure 1-1, once all the economic, noneconomic, and risk factors have been
evaluated, a final decision of the “best” alternative is made.

At times, only one viable alternative is identified. In this case, the do-nothing (DN) alternative
must be included in the evaluation and may be chosen provided the measure of worth and other factors
result in the alternative being a poor choice. The do-nothing alternative maintains the status quo.

Whether we are aware of it or not, we use criteria every day to choose between alternatives.
For example, when you drive to campus or work, you decide to take the “best” route. But how did
you define best? Was the best route the safest, shortest, fastest, cheapest, most scenic, or what?
Obviously, depending upon which criterion or combination of criteria is used to identify the best,
a different route might be selected each time. In economic analysis, financial units (dollars or
other currency) are generally used as the tangible basis for evaluation. Thus, when there are
several ways of accomplishing a stated objective, the alternative with the lowest overall cost or
highest overall net income is selected.

1.3 Professional Ethics and Economic Decisions ® ®

Many of the fundamentals of engineering ethics are intertwined with the roles of money and
economic-based decisions in the making of professionally ethical judgments. Some of these inte-
gral connections are discussed here, plus sections in later chapters discuss additional aspects of
ethics and economics. For example, Chapter 9, Benefit/Cost Analysis and Public Sector Econom-
ics, includes material on the ethics of public project contracts and public policy. Although it is
very limited in scope and space, it is anticipated that this coverage of the important role of eco-
nomics in engineering ethics will prompt further interest on the part of students and instructors
of engineering economy.

The terms morals and ethics are commonly used interchangeably, yet they have slightly
different interpretations. Morals usually relate to the underlying tenets that form the character
and conduct of a person in judging right and wrong. Ethical practices can be evaluated by
using a code of morals or code of ethics that forms the standards to guide decisions and
actions of individuals and organizations in a profession, for example, electrical, chemical,
mechanical, industrial, or civil engineering. There are several different levels and types of
morals and ethics.

Universal or common morals These are fundamental moral beliefs held by virtually all peo-
ple. Most people agree that to steal, murder, lie, or physically harm someone is wrong.

It is possible for actions and intentions to come into conflict concerning a common moral.
Consider the World Trade Center buildings in New York City. After their collapse on September 11,
2001, it was apparent that the design was not sufficient to withstand the heat generated by the
firestorm caused by the impact of an aircraft. The structural engineers who worked on the design
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surely did not have the intent to harm or kill occupants in the buildings. However, their design
actions did not foresee this outcome as a measurable possibility. Did they violate the common
moral belief of not doing harm to others or murdering?

Individual or personal morals These are the moral beliefs that a person has and maintains
over time. These usually parallel the common morals in that stealing, lying, murdering, etc. are
immoral acts.

It is quite possible that an individual strongly supports the common morals and has excellent
personal morals, but these may conflict from time to time when decisions must be made. Con-
sider the engineering student who genuinely believes that cheating is wrong. If he or she does not
know how to work some test problems, but must make a certain minimum grade on the final exam
to graduate, the decision to cheat or not on the final exam is an exercise in following or violating
a personal moral.

Professional or engineering ethics Professionals in a specific discipline are guided in their
decision making and performance of work activities by a formal standard or code. The code
states the commonly accepted standards of honesty and integrity that each individual is expected
to demonstrate in her or his practice. There are codes of ethics for medical doctors, attorneys, and,
of course, engineers.

Although each engineering profession has its own code of ethics, the Code of Ethics for
Engineers published by the National Society of Professional Engineers (NSPE) is very commonly
used and quoted. This code, reprinted in its entirety in Appendix C, includes numerous sections
that have direct or indirect economic and financial impact upon the designs, actions, and decisions
that engineers make in their professional dealings. Here are three examples from the Code:

“Engineers, in the fulfillment of their duties, shall hold paramount the safety, health, and wel-
fare of the public.” (section I.1)

“Engineers shall not accept financial or other considerations, including free engineering de-
signs, from material or equipment suppliers for specifying their product.” (section II1.5.a)

“Engineers using designs supplied by a client recognize that the designs remain the property
of the client and may not be duplicated by the engineer for others without express permission.”
(section II1.9.b)

As with common and personal morals, conflicts can easily rise in the mind of an engineer be-
tween his or her own ethics and that of the employing corporation. Consider a manufacturing
engineer who has recently come to firmly disagree morally with war and its negative effects on
human beings. Suppose the engineer has worked for years in a military defense contractor’s facil-
ity and does the detailed cost estimations and economic evaluations of producing fighter jets for
the Air Force. The Code of Ethics for Engineers is silent on the ethics of producing and using war
materiel. Although the employer and the engineer are not violating any ethics code, the engineer,
as an individual, is stressed in this position. Like many people during a declining national econ-
omy, retention of this job is of paramount importance to the family and the engineer. Conflicts
such as this can place individuals in real dilemmas with no or mostly unsatisfactory alternatives.

At first thought, it may not be apparent how activities related to engineering economics may
present an ethical challenge to an individual, a company, or a public servant in government ser-
vice. Many money-related situations, such as those that follow, can have ethical dimensions.

In the design stage:

e Safety factors are compromised to ensure that a price bid comes in as low as possible.

e Family or personal connections with individuals in a company offer unfair or insider informa-
tion that allows costs to be cut in strategic areas of a project.

* A potential vendor offers specifications for company-specific equipment, and the design engi-
neer does not have sufficient time to determine if this equipment will meet the needs of the
project being designed and costed.

During the construction or implementation phase:

¢ Price materials and equipment from a high-quality, reputable vendor, but actually purchase the
items from an inferior, cheaper supplier.
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¢ Construct with below-standard or sub-code materials when detection is difficult. (For exam-
ple, in locations where water is sourced from desalination, use mixing water that is not com-
pletely desalinated for structural concrete, which will accelerate corrosion of imbedded steel.)

While the system is operating:

* Delayed or below-standard maintenance can be performed to save money when cost overruns
exist in other segments of a project.

e Opportunities to purchase cheaper repair parts can save money for a subcontractor working on
a fixed-price contract.

e Safety margins are compromised because of cost, personal inconvenience to workers, tight
time schedules, etc.

A good example of the last item—safety is compromised while operating the system—is the
situation that arose in 1984 in Bhopal, India (Martin and Schinzinger 2005, pp. 245-8). A Union
Carbide plant manufacturing the highly toxic pesticide chemical methyl isocyanate (MIC) expe-
rienced a large gas leak from high-pressure tanks. Some 500,000 persons were exposed to inhala-
tion of this deadly gas that burns moist parts of the body. There were 2500 to 3000 deaths within
days, and over the following 10-year period, some 12,000 death claims and 870,000 personal
injury claims were recorded. Although Union Carbide owned the facility, the Indian government
had only Indian workers in the plant. Safety practices clearly eroded due to cost-cutting measures,
insufficient repair parts, and reduction in personnel to save salary money. However, one of the
surprising practices that caused unnecessary harm to workers was the fact that masks, gloves, and
other protective gear were not worn by workers in close proximity to the tanks containing MIC.
Why? Unlike plants in the United States and other countries, there was no air conditioning in the
Indian plant, resulting in high ambient temperatures in the facility.

Many ethical questions arise when corporations operate in international settings where the
corporate rules, worker incentives, cultural practices, and costs in the home country differ from
those in the host country. Often these ethical dilemmas are fundamentally based in the economics
that provide cheaper labor, reduced raw material costs, less government oversight, and a host of
other cost-reducing factors. When an engineering economy study is performed, it is important for
the engineer performing the study to consider all ethically related matters to ensure that the cost
and revenue estimates reflect what is likely to happen once the project or system is operating.

It is important to understand that the translation from universal morals to personal morals and
professional ethics does vary from one culture and country to another. As an example, consider the
common belief (universal moral) that the awarding of contracts and financial arrangements for ser-
vices to be performed (for government or business) should be accomplished in a fair and transparent
fashion. In some societies and cultures, corruption in the process of contract making is common and
often “overlooked” by the local authorities, who may also be involved in the affairs. Are these im-
moral or unethical practices? Most would say, “Yes, this should not be allowed. Find and punish the
individuals involved.” Yet, such practices do continue, thus indicating the differences in interpreta-
tion of common morals as they are translated into the ethics of individuals and professionals.

Jamie is an engineer employed by Burris, a United States—based company that develops sub-
way and surface transportation systems for medium-sized municipalities in the United States
and Canada. He has been a registered professional engineer (PE) for the last 15 years. Last year,
Carol, an engineer friend from university days who works as an individual consultant, asked
Jamie to help her with some cost estimates on a metro train job. Carol offered to pay for his
time and talent, but Jamie saw no reason to take money for helping with data commonly used
by him in performing his job at Burris. The estimates took one weekend to complete, and once
Jamie delivered them to Carol, he did not hear from her again; nor did he learn the identity of
the company for which Carol was preparing the estimates.

Yesterday, Jamie was called into his supervisor’s office and told that Burris had not received
the contract award in Sharpstown, where a metro system is to be installed. The project esti-
mates were prepared by Jamie and others at Burris over the past several months. This job was
greatly needed by Burris, as the country and most municipalities were in a real economic
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slump, so much so that Burris was considering furloughing several engineers if the Sharpstown
bid was not accepted. Jamie was told he was to be laid off immediately, not because the bid was
rejected, but because he had been secretly working without management approval for a prime
consultant of Burris’ main competitor. Jamie was astounded and angry. He knew he had done
nothing to warrant firing, but the evidence was clearly there. The numbers used by the com-
petitor to win the Sharpstown award were the same numbers that Jamie had prepared for Burris
on this bid, and they closely matched the values that he gave Carol when he helped her.

Jamie was told he was fortunate, because Burris’ president had decided to not legally charge
Jamie with unethical behavior and to not request that his PE license be rescinded. As a result,
Jamie was escorted out of his office and the building within one hour and told to not ask anyone
at Burris for a reference letter if he attempted to get another engineering job.

Discuss the ethical dimensions of this situation for Jamie, Carol, and Burris’ management.
Refer to the NSPE Code of Ethics for Engineers (Appendix C) for specific points of concern.

Solution

There are several obvious errors and omissions present in the actions of Jamie, Carol, and
Burris’ management in this situation. Some of these mistakes, oversights, and possible code
violations are summarized here.

Jamie

* Did not learn identity of company Carol was working for and whether the company was to
be a bidder on the Sharpstown project

* Helped a friend with confidential data, probably innocently, without the knowledge or ap-
proval of his employer

* Assisted a competitor, probably unknowingly, without the knowledge or approval of his
employer

e Likely violated, at least, Code of Ethics for Engineers section II.1.c, which reads, “Engi-
neers shall not reveal facts, data, or information without the prior consent of the client or
employer except as authorized or required by law or this Code.”

Carol

e Did not share the intended use of Jamie’s work

* Did not seek information from Jamie concerning his employer’s intention to bid on the same
project as her client

e Misled Jamie in that she did not seek approval from Jamie to use and quote his information
and assistance

* Did not inform her client that portions of her work originated from a source employed by a
possible bid competitor

e Likely violated, at least, Code of Ethics for Engineers section II1.9.a, which reads, “Engi-
neers shall, whenever possible, name the person or persons who may be individually respon-
sible for designs, inventions, writings, or other accomplishments.”

Burris’ management

e Acted too fast in dismissing Jamie; they should have listened to Jamie and conducted an in-
vestigation

* Did not put him on administrative leave during a review

* Possibly did not take Jamie’s previous good work record into account

These are not all ethical considerations; some are just plain good business practices for Jamie,
Carol, and Burris.

1.4 Interest Rate and Rate of Return e @

Interest is the manifestation of the time value of money. Computationally, interest is the difference
between an ending amount of money and the beginning amount. If the difference is zero or negative,
there is no interest. There are always two perspectives to an amount of interest—interest paid and
interest earned. These are illustrated in Figure 1-2. Interest is paid when a person or organization
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Figure 1-2
(a) Interest paid over time to lender. (b) Interest earned over time by investor.

borrowed money (obtained a loan) and repays a larger amount over time. Interest is earned when a
person or organization saved, invested, or lent money and obtains a return of a larger amount over
time. The numerical values and formulas used are the same for both perspectives, but the interpreta-
tions are different.

Interest paid on borrowed funds (a loan) is determined using the original amount, also called
the principal,

Interest = amount owed now — principal [1.1]

When interest paid over a specific time unit is expressed as a percentage of the principal, the re-
sult is called the interest rate.

interest accrued per time unit
principal

Interest rate (%) = X 100% [1.2]
The time unit of the rate is called the interest period. By far the most common interest period
used to state an interest rate is 1 year. Shorter time periods can be used, such as 1% per month.
Thus, the interest period of the interest rate should always be included. If only the rate is stated,
for example, 8.5%, a 1-year interest period is assumed.

An employee at LaserKinetics.com borrows $10,000 on May 1 and must repay a total of
$10,700 exactly 1 year later. Determine the interest amount and the interest rate paid.

Solution
The perspective here is that of the borrower since $10,700 repays a loan. Apply Equation [1.1]
to determine the interest paid.

Interest paid = $10,700 — 10,000 = $700

Equation [1.2] determines the interest rate paid for 1 year.

$700

Percent interest rate = m

X 100% = 7% per year

1

Stereophonics, Inc. plans to borrow $20,000 from a bank for 1 year at 9% interest for new re-
cording equipment. (a¢) Compute the interest and the total amount due after 1 year. (b) Con-
struct a column graph that shows the original loan amount and total amount due after 1 year
used to compute the loan interest rate of 9% per year.

Solution
(a) Compute the total interest accrued by solving Equation [1.2] for interest accrued.

Interest = $20,000(0.09) = $1800



http://www.downloadslide.com/

12

Chapter 1 Foundations of Engineering Economy

The total amount due is the sum of principal and interest.
Total due = $20,000 + 1800 = $21,800

(b) Figure 1-3 shows the values used in Equation [1.2]: $1800 interest, $20,000 original loan
principal, 1-year interest period.

$
$21,800 4= ===~~~ & -
j| Interest = $1800
$20,00g7— --£A4- --
Original
loan Interest rate
amount $1800
§20,000 * 100%
= 9% per year
Now 1 year
later
Interest
period is
1 year
Figure 1-3

Values used to compute an interest rate of 9% per year. Example 1.4.

Comment
Note that in part (@), the total amount due may also be computed as

Total due = principal(1 + interest rate) = $20,000(1.09) = $21,800

Later we will use this method to determine future amounts for times longer than one interest
period.

From the perspective of a saver, a lender, or an investor, interest earned (Figure 1-2b) is the
final amount minus the initial amount, or principal.

Interest earned = total amount now — principal [1.3]

Interest earned over a specific period of time is expressed as a percentage of the original amount
and is called rate of return (ROR).

int t d ti it
Rate of return (%) = i accrl.le .per Ime unt . 100% [1.4]
principal

The time unit for rate of return is called the interest period, just as for the borrower’s perspective.
Again, the most common period is 1 year.
The term return on investment (ROI) is used equivalently with ROR in different industries and
settings, especially where large capital funds are committed to engineering-oriented programs.
The numerical values in Equations [1.2] and [1.4] are the same, but the term interest rate paid
is more appropriate for the borrower’s perspective, while the ferm rate of return earned applies
for the investor’s perspective.

(a) Calculate the amount deposited 1 year ago to have $1000 now at an interest rate of 5%
per year.
(b) Calculate the amount of interest earned during this time period.
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Solution
(a) The total amount accrued ($1000) is the sum of the original deposit and the earned interest.
If X is the original deposit,

Total accrued = deposit + deposit(interest rate)
$1000 = X + X(0.05) = X(1 + 0.05) = 1.05X
The original deposit is

_ 1000 _
X= 105 = $952.38

(b) Apply Equation [1.3] to determine the interest earned.
Interest = $1000 — 952.38 = $47.62

13

In Examples 1.3 to 1.5 the interest period was | year, and the interest amount was calcu-
lated at the end of one period. When more than one interest period is involved, e.g., the
amount of interest after 3 years, it is necessary to state whether the interest is accrued on a
simple or compound basis from one period to the next. This topic is covered later in this
chapter.

Since inflation can significantly increase an interest rate, some comments about the funda-
mentals of inflation are warranted at this early stage. By definition, inflation represents a decrease
in the value of a given currency. That is, $10 now will not purchase the same amount of gasoline
for your car (or most other things) as $10 did 10 years ago. The changing value of the currency
affects market interest rates.

In simple terms, interest rates reflect two things: a so-called real rate of return plus the expected
inflation rate. The real rate of return allows the investor to purchase more than he or she could
have purchased before the investment, while inflation raises the real rate to the market rate that
we use on a daily basis.

The safest investments (such as government bonds) typically have a 3% to 4% real rate of re-
turn built into their overall interest rates. Thus, a market interest rate of, say, 8% per year on a
bond means that investors expect the inflation rate to be in the range of 4% to 5% per year. Clearly,
inflation causes interest rates to rise.

From the borrower’s perspective, the rate of inflation is another interest rate tacked on to
the real interest rate. And from the vantage point of the saver or investor in a fixed-interest
account, inflation reduces the real rate of return on the investment. Inflation means that cost
and revenue cash flow estimates increase over time. This increase is due to the changing
value of money that is forced upon a country’s currency by inflation, thus making a unit of
currency (such as the dollar) worth less relative to its value at a previous time. We see the
effect of inflation in that money purchases less now than it did at a previous time. Inflation
contributes to

e A reduction in purchasing power of the currency

* An increase in the CPI (consumer price index)

* An increase in the cost of equipment and its maintenance

* Anincrease in the cost of salaried professionals and hourly employees

* A reduction in the real rate of return on personal savings and certain corporate investments

In other words, inflation can materially contribute to changes in corporate and personal economic
analysis.

Commonly, engineering economy studies assume that inflation affects all estimated values
equally. Accordingly, an interest rate or rate of return, such as 8% per year, is applied throughout
the analysis without accounting for an additional inflation rate. However, if inflation were explic-
itly taken into account, and it was reducing the value of money at, say, an average of 4% per year,
then it would be necessary to perform the economic analysis using an inflated interest rate. (The
rate is 12.32% per year using the relations derived in Chapter 14.)

¥

Inflation
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1.5 Terminology and Symbols @ @

The equations and procedures of engineering economy utilize the following terms and symbols.
Sample units are indicated.

P = value or amount of money at a time designated as the present or time 0. Also P is
referred to as present worth (PW), present value (PV), net present value (NPV), dis-
counted cash flow (DCF), and capitalized cost (CC); monetary units, such as dollars

F = value or amount of money at some future time. Also Fis called future worth (FW)
and future value (FV); dollars

A = series of consecutive, equal, end-of-period amounts of money. Also A is called the
annual worth (AW) and equivalent uniform annual worth (EUAW); dollars per
year, euros per month

= number of interest periods; years, months, days

i = interest rate per time period; percent per year, percent per month

t = time, stated in periods; years, months, days

The symbols P and F represent one-time occurrences: A occurs with the same value in each inter-
est period for a specified number of periods. It should be clear that a present value P represents a
single sum of money at some time prior to a future value F or prior to the first occurrence of an
equivalent series amount A.

It is important to note that the symbol A always represents a uniform amount (i.e., the same
amount each period) that extends through consecutive interest periods. Both conditions must
exist before the series can be represented by A.

The interest rate i is expressed in percent per interest period, for example, 12% per year. Unless
stated otherwise, assume that the rate applies throughout the entire n years or interest periods.
The decimal equivalent for i is always used in formulas and equations in engineering economy
computations.

All engineering economy problems involve the element of time expressed as n and interest
rate i. In general, every problem will involve at least four of the symbols P, F, A, n, and i, with at
least three of them estimated or known.

Additional symbols used in engineering economy are defined in Appendix E.

Today, Julie borrowed $5000 to purchase furniture for her new house. She can repay the loan
in either of the two ways described below. Determine the engineering economy symbols and
their value for each option.

(a) Five equal annual installments with interest determined at 5% per year.

(b) One payment 3 years from now with interest determined at 7% per year.

Solution

(a) The repayment schedule requires an equivalent annual amount A, which is unknown.
P =3$5000 i = 5% per year n =35 years A=?

(b) Repayment requires a single future amount F, which is unknown.

P =3$5000 i = 7% per year n =3 years F=?

You plan to make a lump-sum deposit of $5000 now into an investment account that pays 6%
per year, and you plan to withdraw an equal end-of-year amount of $1000 for 5 years, starting
next year. At the end of the sixth year, you plan to close your account by withdrawing the re-
maining money. Define the engineering economy symbols involved.
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Solution
All five symbols are present, but the future value in year 6 is the unknown.
P = $5000
A = $1000 per year for 5 years
F =7 atend of year 6
i = 6% per year

n =5 years for the A series and 6 for the F value

Last year Jane’s grandmother offered to put enough money into a savings account to generate
$5000 in interest this year to help pay Jane’s expenses at college. (a) Identify the symbols, and
(b) calculate the amount that had to be deposited exactly 1 year ago to earn $5000 in interest
now, if the rate of return is 6% per year.

Solution
(a) Symbols P (last year is —1) and F (this year) are needed.

P=?
i = 6% per year
n =1 year
F = P + interest = ? + $5000

(b) Let F = total amount now and P = original amount. We know that F' — P = $5000 is
accrued interest. Now we can determine P. Refer to Equations [1.1] through [1.4].

F=P+Pi
The $5000 interest can be expressed as
Interest=F-P=(P+ Pi)-P

= Pi
$5000 = P(0.06)
_$5000 _
P =58 = $83,333.33

1.6 Cash Flows: Estimation and Diagramming @ @

As mentioned in earlier sections, cash flows are the amounts of money estimated for future projects
or observed for project events that have taken place. All cash flows occur during specific time peri-
ods, such as 1 month, every 6 months, or 1 year. Annual is the most common time period. For
example, a payment of $10,000 once every year in December for 5 years is a series of 5 outgoing cash
flows. And an estimated receipt of $500 every month for 2 years is a series of 24 incoming cash flows.
Engineering economy bases its computations on the timing, size, and direction of cash flows.

Cash inflows are all types of receipts, including sales, revenues, incomes, money from a loan when
received from the lender, and savings generated by project and business activity. A plus sign indi-

cates a cash inflow. m

Cash flow

Cash outflows are all types of costs, including disbursements, expenses, deposits into retirement
or savings accounts, loan repayments, and taxes caused by projects and business activity.
A negative or minus sign indicates a cash outflow. When a project involves only costs, the
minus sign may be omitted for some techniques, such as benefit/cost analysis.
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Of all the steps in Figure 1-1 that outline the engineering economy study, estimating cash flows
(step 3) is the most difficult, primarily because it is an attempt to predict the future. Some ex-
amples of cash flow estimates are shown here. As you scan these, consider how the cash inflow
or outflow may be estimated most accurately.

Cash Inflow Estimates
Income: +$150,000 per year from sales of solar-powered watches
Savings: +$24,500 tax savings from capital loss by equipment salvage value
Receipt: +$750,000 received on large business loan plus accrued interest
Savings: +$150,000 per year saved by installing more efficient air conditioning
Revenue: +$50,000 to +$75,000 per month in sales for extended battery life iPhones

Cash Outflow Estimates
Operating costs: —$230,000 per year annual operating costs for software services
First cost: —$800,000 next year to purchase replacement earthmoving equipment
Expense: —$20,000 per year for loan interest payment to bank

Initial cost: —$1 to —$1.2 million in capital expenditures for a water recycling unit

All of these are point estimates, that is, single-value estimates for cash flow elements of an
alternative, except for the last revenue and cost estimates listed above. They provide a range estimate,
because the persons estimating the revenue and cost do not have enough knowledge or experience with
the systems to be more accurate. For the initial chapters, we will utilize point estimates. The use of risk
and sensitivity analysis for range estimates is covered in the later chapters of this book.

Once all cash inflows and outflows are estimated (or determined for a completed project), the
net cash flow for each time period is calculated.

Net cash flow = cash inflows — cash outflows [1.5]
NCF=R-D [1.6]

where NCF is net cash flow, R is receipts, and D is disbursements.

At the beginning of this section, the timing, size, and direction of cash flows were mentioned
as important. Because cash flows may take place at any time during an interest period, as a matter
of convention, all cash flows are assumed to occur at the end of an interest period.

The end-of-period convention means that all cash inflows and all cash outflows are assumed to
take place at the end of the interest period in which they actually occur. When several inflows
and outflows occur within the same period, the net cash flow is assumed to occur at the end of
the period.

In assuming end-of-period cash flows, it is important to understand that future () and uniform
annual (A) amounts are located at the end of the interest period, which is not necessarily
December 31. If in Example 1.7 the lump-sum deposit took place on July 1, 2017, the withdraw-
als will take place on July 1 of each succeeding year for 6 years. Remember, end of the period
means end of interest period, not end of calendar year.

The cash flow diagram is a very important tool in an economic analysis, especially when the
cash flow series is complex. It is a graphical representation of cash flows drawn on the y axis with
a time scale on the x axis. The diagram includes what is known, what is estimated, and what is
needed. That is, once the cash flow diagram is complete, another person should be able to work
the problem by looking at the diagram.

Cash flow diagram time ¢ = 0O is the present, and ¢ = 1 is the end of time period 1. We assume
that the periods are in years for now. The time scale of Figure 1-4 is set up for 5 years. Since the
end-of-year convention places cash flows at the ends of years, the “1” marks the end of year 1.

While it is not necessary to use an exact scale on the cash flow diagram, you will probably avoid
errors if you make a neat diagram to approximate scale for both time and relative cash flow magnitudes.

The direction of the arrows on the diagram is important to differentiate income from outgo. A
vertical arrow pointing up indicates a positive cash flow. Conversely, a down-pointing arrow
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Year 1 Year 5
l_’—\ I_’—\
| | | | | |
I 1 1 1 1 1
0 1 2 3 4 5
Time scale
F=2?

. ?
i = 4% per year

| |
I
1 21 31 4 5 Year

indicates a negative cash flow. We will use a bold, colored arrow to indicate what is unknown
and to be determined. For example, if a future value F is to be determined in year 5, a wide,
colored arrow with F = ? is shown in year 5. The interest rate is also indicated on the diagram.
Figure 1-5 illustrates a cash inflow at the end of year 1, equal cash outflows at the end of years 2
and 3, an interest rate of 4% per year, and the unknown future value F after 5 years. The arrow for
the unknown value is generally drawn in the opposite direction from the other cash flows; how-
ever, the engineering economy computations will determine the actual sign on the F value.

Before the diagramming of cash flows, a perspective or vantage point must be determined so that +
or —signs can be assigned and the economic analysis performed correctly. Assume you borrow $8500
from a bank today to purchase an $8000 used car for cash next week, and you plan to spend the remain-
ing $500 on a new paint job for the car 2 weeks from now. There are several perspectives possible
when developing the cash flow diagram—those of the borrower (that’s you), the banker, the car dealer,
or the paint shop owner. The cash flow signs and amounts for these perspectives are as follows.

Cash flow
_4

Perspective Activity Cash Flow with Sign, $ Time, week
You Borrow +8500 0

Buy car —8000 1

Paint job -500 2
Banker Lender —8500 0
Car dealer Car sale +8000 1
Painter Paint job +500 2

One, and only one, of the perspectives is selected to develop the diagram. For your perspective,
all three cash flows are involved and the diagram appears as shown in Figure 1-6 with a time scale
of weeks. Applying the end-of-period convention, you have a receipt of +$8500 now (time 0) and
cash outflows of —$8000 at the end of week 1, followed by —$500 at the end of week 2.

$8500
A
1 2
|
0 Y Week
$500
A\
$8000
Figure 1-6

Cash flows from perspective of borrower for loan and
purchases.
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Figure 1-4
A typical cash flow time
scale for 5 years.

Figure 1-5
Example of positive and
negative cash flows.
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EXAMPLE 1.9

Each year Exxon-Mobil expends large amounts of funds for mechanical safety features through-
out its worldwide operations. Carla Ramos, a lead engineer for Mexico and Central American
operations, plans expenditures of $1 million now and each of the next 4 years just for the im-
provement of field-based pressure-release valves. Construct the cash flow diagram to find the
equivalent value of these expenditures at the end of year 4, using a cost of capital estimate for
safety-related funds of 12% per year.

Solution

Figure 1-7 indicates the uniform and negative cash flow series (expenditures) for five periods,
and the unknown F value (positive cash flow equivalent) at exactly the same time as the fifth
expenditure. Since the expenditures start immediately, the first $1 million is shown at time 0,
not time 1. Therefore, the last negative cash flow occurs at the end of the fourth year, when F
also occurs. To make this diagram have a full 5 years on the time scale, the addition of the
year —1 completes the diagram. This addition demonstrates that year O is the end-of-period
point for the year —1.

i=12% F=7?
-1 0 1 2 3 4{}
. Year
o 1 1 1 1 T
A = $1,000,000

Figure 1-7
Cash flow diagram, Example 1.9.

EXAMPLE 110

An electrical engineer wants to deposit an amount P now such that she can withdraw an equal
annual amount of A; = $2000 per year for the first 5 years, starting 1 year after the deposit, and
a different annual withdrawal of A, = $3000 per year for the following 3 years. How would the
cash flow diagram appear if i = 8.5% per year?

Solution

The cash flows are shown in Figure 1-8. The negative cash outflow P occurs now. The with-
drawals (positive cash inflow) for the A, series occur at the end of years 1 through 5, and A,
occurs in years 6 through 8.

A, = $3000

!_

<=
=}
— —f—
O ———
__»
- \
e
W
R
__»

P=7

Figure 1-8
Cash flow diagram with two different A series, Example 1.10.

A rental company spent $2500 on a new air compressor 7 years ago. The annual rental income
from the compressor has been $750. The $100 spent on maintenance the first year has in-
creased each year by $25. The company plans to sell the compressor at the end of next year for
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$150. Construct the cash flow diagram from the company’s perspective and indicate where the
present worth now is located.

Solution

Let now be time ¢ = 0. The incomes and costs for years —7 through 1 (next year) are tabulated
below with net cash flow computed using Equation [1.5]. The net cash flows (one negative,
eight positive) are diagrammed in Figure 1-9. Present worth P is located at year 0.

End of Year Income Cost Net Cash Flow
-7 $ 0 $2500 $-2500
-6 750 100 650
-5 750 125 625
—4 750 150 600
-3 750 175 575
-2 750 200 550
-1 750 225 525

0 750 250 500
1 750 + 150 275 625
p=2?
%050 s62s {} $625
K- §QOO $575 1
T $550 =

$2500

Figure 1-9
Cash flow diagram, Example 1.11.
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1.7 Economic Equivalence ® ®

Economic equivalence is a fundamental concept upon which engineering economy computations
are based. Before we delve into the economic aspects, think of the many types of equivalency we
may utilize daily by transferring from one scale to another. Some example transfers between
scales are as follows:

Length:

12 inches = 1 foot 3 feet =1 yard 39.370 inches = 1 meter

100 centimeters = 1 meter 1000 meters = 1 kilometer 1 kilometer = 0.621 mile
Pressure:

1 atmosphere = 1 newton/meter® = 10° pascal = 1 kilopascal

Often equivalency involves two or more scales. Consider the equivalency of a speed of 110 kilo-
meters per hour (kph) into miles per minute using conversions between distance and time scales
with three-decimal accuracy.

Speed:
1 mile = 1.609 kilometers 1 hour = 60 minutes
110 kph = 68.365 miles per hour (mph) 68.365 mph = 1.139 miles per minute
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Four scales—time in minutes, time in hours, length in miles, and length in kilometers—are
combined to develop these equivalent statements on speed. Note that throughout these state-
ments, the fundamental relations of 1 mile = 1.609 kilometers and 1 hour = 60 minutes are
applied. If a fundamental relation changes, the entire equivalency is in error.

Now we consider economic equivalency.

Economic equivalence is a combination of interest rate and time value of money to deter-
mine the different amounts of money at different points in time that are equal in economic
value.

As an illustration, if the interest rate is 6% per year, $100 today (present time) is equivalent to
$106 one year from today.

Amount accrued = 100 + 100(0.06) = 100(1 + 0.06) = $106

If someone offered you a gift of $100 today or $106 one year from today, it would make no dif-
ference which offer you accepted from an economic perspective. In either case you have $106 one
year from today. However, the two sums of money are equivalent to each other only when the
interest rate is 6% per year. At a higher or lower interest rate, $100 today is not equivalent to $106
one year from today.

In addition to future equivalence, we can apply the same logic to determine equivalence for
previous years. A total of $100 now is equivalent to $100/1.06 = $94.34 one year ago at an inter-
est rate of 6% per year. From these illustrations, we can state the following: $94.34 last year, $100
now, and $106 one year from now are equivalent at an interest rate of 6% per year. The fact that
these sums are equivalent can be verified by computing the two interest rates for 1-year interest
periods.

$6 _
3100 X 100% = 6% per year
and
$5.66 _
$94.34 X 100% = 6% per year

The cash flow diagram in Figure 1-10 indicates the amount of interest needed each year to make
these three different amounts equivalent at 6% per year.

i = 6% per year
$6.00 interest |
100 - $5.66 interest -~~~ T 7]
9434 oo T T T T
&
£
=
g
< 50 +
0
-1 0 +1 Time
Last Now Next
year year
Figure 1-10

Equivalence of money at 6% per year interest.
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Manufacturers make backup batteries for computer systems available to Batteries+Bulbs deal-
ers through privately owned distributorships. In general, batteries are stored throughout the
year, and a 5% cost increase is added each year to cover the inventory carrying charge for the
distributorship owner. Assume you own the City Center Batteries+Bulbs outlet. Make the
calculations necessary to show which of the following statements are true and which are false
about battery costs.

(a) The amount of $98 now is equivalent to a cost of $105.60 one year from now.

(b) A truck battery cost of $200 one year ago is equivalent to $205 now.

(c) A $38 cost now is equivalent to $39.90 one year from now.

(d) A $3000 cost now is equivalent to $2887.14 one year earlier.

(e) The carrying charge accumulated in 1 year on an investment of $20,000 worth of batteries
is $1000.

Solution

(a) Total amount accrued = 98(1.05) = $102.90 # $105.60; therefore, it is false. Another way
to solve this is as follows: Required original cost is 105.60/1.05 = $100.57 # $98.

(b) Equivalent cost 1 year ago is 205.00/1.05 = $195.24 # $200; therefore, it is false.

(¢) The cost 1 year from now is $38(1.05) = $39.90; true.

(d) Cost now is 2887.14(1.05) = $3031.50 # $3000; false.

(e) The charge is 5% per year interest, or $20,000(0.05) = $1000; true.

21

Comparison of alternative cash flow series requires the use of equivalence to determine when
the series are economically equal or if one is economically preferable to another. The keys to the
analysis are the interest rate and the timing of the cash flows. Example 1.13 demonstrates how
easy it is to be misled by the size and timing of cash flows.

Howard owns a small electronics repair shop. He wants to borrow $10,000 now and repay it
over the next 1 or 2 years. He believes that new diagnostic test equipment will allow him to
work on a wider variety of electronic items and increase his annual revenue. Howard received
2-year repayment options from banks A and B.

Amount to Pay, $ per year

Year Bank A Bank B
1 —-5,378.05 -5,000.00
2 —5,378.05 —5,775.00
Total paid —10,756.10 —10,775.00

After reviewing these plans, Howard decided that he wants to repay the $10,000 after only
1 year based on the expected increased revenue. During a family conversation, Howard’s
brother-in-law offered to lend him the $10,000 now and take $10,600 after exactly 1 year.
Now Howard has three options and wonders which one to take. Which one is economically
the best?

Solution
The repayment plans for both banks are economically equivalent at the interest rate of 5% per
year. (This is determined by using computations that you will learn in Chapter 2.) Therefore,
Howard can choose either plan even though the bank B plan requires a slightly larger sum of
money over the 2 years.

The brother-in-law repayment plan requires a total of $600 in interest 1 year later plus the
principal of $10,000, which makes the interest rate 6% per year. Given the two 5% per year
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options from the banks, this 6% plan should not be chosen as it is not economically better than
the other two. Even though the sum of money repaid is smaller, the timing of the cash flows
and the interest rate make it less desirable. The point here is that cash flows themselves, or
their sums, cannot be relied upon as the primary basis for an economic decision. The interest
rate, timing, and economic equivalence must be considered.

1.8 Simple and Compound Interest ® ®

The terms interest, interest period, and interest rate (introduced in Section 1.4) are useful in cal-
culating equivalent sums of money for one interest period in the past and one period in the future.
However, for more than one interest period, the terms simple interest and compound interest be-
come important.

Simple interest is calculated using the principal only, ignoring any interest accrued in preced-
ing interest periods. The total simple interest over several periods is computed as

Simple interest = (principal)(number of periods)(interest rate) [1.7]
I = Pni

where / is the amount of interest earned or paid and the interest rate i is expressed in decimal form.

GreenTree Financing lent an engineering company $100,000 to retrofit an environmentally
unfriendly building. The loan is for 3 years at 10% per year simple interest. How much money
will the firm repay at the end of 3 years?

Solution
The interest for each of the 3 years is
Interest per year = $100,000(0.10) = $10,000
Total interest for 3 years from Equation [1.7] is
Total interest = $100,000(3)(0.10) = $30,000
The amount due after 3 years is
Total due = $100,000 + 30,000 = $130,000

The interest accrued in the first year and in the second year does not earn interest. The inter-
est due each year is $10,000 calculated only on the $100,000 loan principal.

In most financial and economic analyses, we use compound interest calculations.

For compound interest, the interest accrued for each interest period is calculated on the
principal plus the total amount of interest accumulated in all previous periods. Thus,
compound interest means interest on top of interest.

Compound interest reflects the effect of the time value of money on the interest also. Now the
interest for one period is calculated as

Compound interest = (principal + all accrued interest)(interest rate) [1.8]

In mathematical terms, the interest /, for time period ¢ may be calculated using the relation.

I,=

j=i=1
P+2 1, )(i) [1.9]
j=1
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Assume an engineering company borrows $100,000 at 10% per year compound interest and
will pay the principal and all the interest after 3 years. Compute the annual interest and total
amount due after 3 years. Graph the interest and total owed for each year, and compare with the
previous example that involved simple interest.

Solution

To include compounding of interest, the annual interest and total owed each year are calculated
by Equation [1.8].

Interest, year 1: 100,000(0.10) = $10,000

Total due, year 1: 100,000 + 10,000 = $110,000
Interest, year 2: 110,000(0.10) = $11,000

Total due, year 2: 110,000 + 11,000 = $121,000
Interest, year 3: 121,000(0.10) = $12,100

Total due, year 3: 121,000 + 12,100 = $133,100

The repayment plan requires no payment until year 3 when all interest and the principal, a total
of $133,100, are due. Figure 1-11 uses a cash flow diagram format to compare end-of-year
(a) simple and (b) compound interest and total amounts owed. The differences due to com-
pounding are clear. An extra $133,100 — 130,000 = $3100 in interest is due for the compounded
interest loan.

Note that while simple interest due each year is constant, the compounded interest due
grows geometrically. Due to this geometric growth of compound interest, the difference be-
tween simple and compound interest accumulation increases rapidly as the time frame in-
creases. For example, if the loan is for 10 years, not 3, the extra paid for compounding interest
may be calculated to be $59,374.

.

Year

—11 + S

—12 + ~

—-100 -100 + {

~110 4 -110 —

Amount owed (x $1000)
T
%

Amount owed (x $1000)

—120

\
AN ~120 - /
AN .
Arithmetic \ QeomeU1c
increase \ increase

\
N

—130

~140 ~140

(a) )

Figure 1-11
Interest I owed and total amount owed for (a) simple interest (Example 1.14) and () compound interest
(Example 1.15).

|
T T i
rd : : : : H : N H
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-10 +——--F---- -——-—-F—--— " [is constant —-10

1 1 I AN geometrically

—130 +-—-————m - -——-

Difference is
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A more efficient way to calculate the total amount due after a number of years in Example 1.15 is
to utilize the fact that compound interest increases geometrically. This allows us to skip the year-
by-year computation of interest. In this case, the total amount due at the end of each year is

Year 1:  $100,000(1.10)" = $110,000
Year 2:  $100,000(1.10)* = $121,000
Year 3:  $100,000(1.10)° = $133,100

This allows future totals owed to be calculated directly without intermediate steps. The general
form of the equation is

Total due after n years = principal(1 + interest rate)” ¥ [1.10]
=P +i)"

where i is expressed in decimal form. The total due after n years is the same as the future
worth F, defined in Section 1.5. Equation [1.10] was applied above to obtain the $133,100 due
after 3 years. This fundamental relation will be used many times in the upcoming chapters.

We can combine the concepts of interest rate, compound interest, and equivalence to demon-
strate that different loan repayment plans may be equivalent, but differ substantially in amounts
paid from one year to another and in the total repayment amount. This also shows that there are
many ways to take into account the time value of money.

Table 1-1 details four different loan repayment plans described below. Each plan repays a
$5000 loan in 5 years at 8% per year compound interest.

e Plan 1: Pay all at end. No interest or principal is paid until the end of year 5. Interest ac-
cumulates each year on the total of principal and all accrued interest.

e Plan 2: Pay interest annually, principal repaid at end. The accrued interest is paid each
year, and the entire principal is repaid at the end of year 5.

* Plan 3: Pay interest and portion of principal annually. The accrued interest and one-fifth
of the principal (or $1000) are repaid each year. The outstanding loan balance decreases
each year, so the interest (column 2) for each year decreases.

e Plan 4: Pay equal amount of interest and principal. Equal payments are made each year
with a portion going toward principal repayment and the remainder covering the accrued
interest. Since the loan balance decreases at a rate slower than that in plan 3 due to the equal
end-of-year payments, the interest decreases, but at a slower rate.

(a) Make a statement about the equivalence of each plan at 8% compound interest.
(b) Develop an 8% per year simple interest repayment plan for this loan using the same
approach as plan 2. Comment on the total amounts repaid for the two plans.

Solution
(a) The amounts of the annual payments are different for each repayment schedule, and
the total amounts repaid for most plans are different, even though each repayment
plan requires exactly 5 years. The difference in the total amounts repaid can be explained
by the time value of money and by the partial repayment of principal prior to year 5.
A loan of $5000 at time 0 made at 8% per year compound interest is equivalent to each
of the following:

Plan1 $7346.64 at the end of year 5

Plan 2 $400 per year for 4 years and $5400 at the end of year 5

Plan 3 Decreasing payments of interest and partial principal in years 1 ($1400)
through 5 ($1080)

Plan4 $1252.28 per year for 5 years
An engineering economy study typically uses plan 4; interest is compounded, and a con-

stant amount is paid each period. This amount covers accrued interest and a partial
amount of principal repayment.
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1.8 Simple and Compound Interest

TABLE 1-1 Different Repayment Schedules Over 5 Years for $5000 at 8% Per Year
Compound Interest

() (2) @3) (4) (5)
End of Interest Owed Total Owed at End-of-Year Total Owed
Year for Year End of Year Payment After Payment
Plan 1: Pay All at End
0 $5000.00
1 $400.00 $5400.00 — 5400.00
2 432.00 5832.00 — 5832.00
3 466.56 6298.56 — 6298.56
4 503.88 6802.44 — 6802.44
5 544.20 7346.64 $-7346.64
Total $-7346.64
Plan 2: Pay Interest Annually; Principal Repaid at End
0 $5000.00
1 $400.00 $5400.00 $-400.00 5000.00
2 400.00 5400.00 —400.00 5000.00
3 400.00 5400.00 —400.00 5000.00
4 400.00 5400.00 —400.00 5000.00
5 400.00 5400.00 _—5400.00
Total $—7000.00
Plan 3: Pay Interest and Portion of Principal Annually
0 $5000.00
1 $400.00 $5400.00 $—1400.00 4000.00
2 320.00 4320.00 —1320.00 3000.00
3 240.00 3240.00 —1240.00 2000.00
4 160.00 2160.00 —1160.00 1000.00
5 80.00 1080.00 —1080.00
Total $-6200.00
Plan 4: Pay Equal Annual Amount of Interest and Principal
0 $5000.00
1 $400.00 $5400.00 $-1252.28 4147.72
2 331.82 4479.54 —1252.28 3227.25
3 258.18 3485.43 —1252.28 2233.15
4 178.65 2411.80 —1252.28 1159.52
5 92.76 1252.28 —1252.28
Total $-6261.40

(b) The repayment schedule for 8% per year simple interest is detailed in Table 1-2. Since the
annual accrued interest of $400 is paid each year and the principal of $5000 is repaid in
year 5, the schedule is exactly the same as that for 8% per year compound interest, and the
total amount repaid is the same at $7000. In this unusual case, simple and compound in-
terest result in the same total repayment amount. Any deviation from this schedule will
cause the two plans and amounts to differ.

TABLE 1-2 A 5-Year Repayment Schedule of $5000 at 8% per Year Simple Interest

End of Interest Owed Total Owed at End-of-Year Total Owed
Year for Year End of Year Payment After Payment

0 $5000

1 $400 $5400 $—400 5000

2 400 5400 —400 5000

3 400 5400 —400 5000

4 400 5400 —400 5000

5 400 5400 —5400 0
Total $-7000

25
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Minimum Attractive Rate
of Return (MARR)

Chapter 1 Foundations of Engineering Economy

1.9 Minimum Attractive Rate of Return e @

For any investment to be profitable, the investor (corporate or individual) expects to receive more
money than the amount of capital invested. In other words, a fair rate of return, or return on in-
vestment, must be realizable. The definition of ROR in Equation [1.4] is used in this discussion,
that is, amount earned divided by the principal.

Engineering alternatives are evaluated upon the prognosis that a reasonable ROR can be ex-
pected. Therefore, some reasonable rate must be established for the selection criteria (step 4) of
the engineering economy study (Figure 1-1).

The Minimum Attractive Rate of Return (MARR) is a reasonable rate of return established
for the evaluation and selection of alternatives. A project is not economically viable unless
it is expected to return at least the MARR. MARR is also referred to as the hurdle rate,
cutoff rate, benchmark rate, and minimum acceptable rate of return.

Figure 1-12 indicates the relations between different rate of return values. In the United States,
the current U.S. Treasury Bill return is sometimes used as the benchmark safe rate. The MARR
will always be higher than this, or a similar, safe rate. The MARR is not a rate that is calculated
as a ROR. The MARR is established by (financial) managers and is used as a criterion against
which an alternative’s ROR is measured, when making the accept/reject investment decision.

To develop a foundation-level understanding of how a MARR value is established and used to
make investment decisions, we return to the term capital introduced in Section 1.1. Although the
MARR is used as a criterion to decide on investing in a project, the size of MARR is fundamen-
tally connected to how much it costs to obtain the needed capital funds. It always costs money in
the form of interest to raise capital. The interest, expressed as a percentage rate per year, is called
the cost of capital. As an example on a personal level, if you want to purchase a new widescreen
smart TV, but do not have sufficient money (capital), you could obtain a bank loan for, say, a cost
of capital of 9% per year and pay for the TV in cash now. Alternatively, you might choose to use

Rate of return,
percent

Expected rate of return on
anew proposal

Range for the rate of return on
accepted proposals, if other
proposals were rejected

for some reason

All proposals must offer

at least MARR {0 el <= ]| ARR
be considered

Rate of return on
“safe investment”

Figure 1-12
Size of MAAR relative to other rate of return values.
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your credit card and pay off the balance on a monthly basis. This approach will probably cost you
at least 15% per year. Or, you could use funds from your investment account that earns 5% per
year and pay cash. This approach means that you also forgo future returns from these funds. The
9%, 15%, and 5% rates are your cost of capital estimates to raise the capital for the system by dif-
ferent methods of capital financing. In analogous ways, corporations estimate the cost of capital
from different sources to raise funds for engineering projects and other types of projects.

In general, capital is developed in two ways—equity financing and debt financing. A combina-
tion of these two is very common for most projects. Chapter 10 covers these in greater detail, but
a snapshot description follows.

Equity financing The corporation uses its own funds from cash on hand, stock sales, or retained
earnings. Individuals can use their own cash, savings, or investments. In the example above, using
money from the 5% investment account is equity financing.

Debt financing The corporation borrows from outside sources and repays the principal and inter-
est according to some schedule, much like the plans in Table 1-1. Sources of debt capital may be
bonds, loans, mortgages, venture capital pools, and many others. Individuals, too, can utilize debt
sources, such as the credit card (15% rate) and bank options (9% rate) described above.

Combinations of debt-equity financing mean that a weighted average cost of capital (WACC)
results. If the smart TV is purchased with 40% credit card money at 15% per year and 60% savings
account funds earning 5% per year, the weighted average cost of capital is 0.4(15%) + 0.6(5%) =
9% per year.

For a corporation, the established MARR used as a criterion to accept or reject an investment
alternative will usually be equal to or higher than the WACC that the corporation must bear to
obtain the necessary capital funds. So the inequality

ROR > MARR > WACC [1.11]

must be correct for an accepted project. Exceptions may be government-regulated requirements
(safety, security, environmental, legal, etc.), economically lucrative ventures expected to lead to
other opportunities, etc.

Often there are many alternatives that are expected to yield a ROR that exceeds the MARR as
indicated in Figure 1-12, but there may not be sufficient capital available for all, or the project’s
risk may be estimated as too high to take the investment chance. Therefore, new projects that are
undertaken usually have an expected return at least as great as the return on another alternative that
is not funded. The expected rate of return on the unfunded project is called the opportunity cost.

The opportunity cost is the rate of return of a forgone opportunity caused by the inability to
pursue a project. Numerically, it is the largest rate of return of all the projects not accepted
(forgone) due to the lack of capital funds or other resources. When no specific MARR is
established, the de facto MARR is the opportunity cost, that is, the ROR of the first project not
undertaken due to unavailability of capital funds.

As an illustration of opportunity cost, refer to Figure 1-12 and assume a MARR of 12% per
year. Further, assume that a proposal, call it A, with an expected ROR = 13% is not funded due
to a lack of capital. Meanwhile, proposal B has a ROR = 14.5% and is funded from available
capital. Since proposal A is not undertaken due to the lack of capital, its estimated ROR of 13%
is the opportunity cost, that is, the opportunity to make an additional 13% return is forgone.

An opportunity cost can also be expressed in monetary terms. For example, if you lent money
to a friend and he did not repay you, you have lost the opportunity to utilize these funds for other
purposes of your own.

110 Introduction to Spreadsheet Use ® ®

The functions on a computer spreadsheet can greatly reduce the amount of hand work for equiv-
alency computations involving compound interest and the terms P, F, A, i, and n. The use of a
calculator to solve most simple problems is preferred by many students and professors as

¥

Cost of capital

¥l

Opportunity cost
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described in Appendix D. However, as cash flow series become more complex, the spreadsheet
offers a good alternative. Microsoft Excel® is used throughout this book because it is readily
available and easy to use. Appendix A is a primer on using spreadsheets and Excel®. The func-
tions used in engineering economy are described there in detail, with explanations of all the
parameters. Appendix A also includes a section on spreadsheet layout that is useful when the
economic analysis is presented to someone else—a coworker, a boss, or a professor.

The following example demonstrates the use of a spreadsheet to develop relations that
calculate interest and cash flows. Once set up, the spreadsheet can be used to perform sensi-
tivity analysis for estimates that are subject to change. We will illustrate the use of spread-
sheets throughout the chapters. There are problems at the end of many chapters entitled
“Exercises for Spreadsheets” that are specifically written for spreadsheet solution. (Note:
The spreadsheet examples may be omitted, if spreadsheets are not used in the course. A solu-
tion by hand is included in virtually all examples.)

A Japan-based architectural firm has asked a United States-based software engineering group to
infuse GPS sensing capability via satellite into monitoring software for high-rise structures in
order to detect greater than expected horizontal movements. This software could be very benefi-
cial as an advance warning of serious tremors in earthquake-prone areas in Japan and the United
States. The inclusion of accurate GPS data is estimated to increase annual revenue over that for
the current software system by $200,000 for each of the next 2 years, and by $300,000 for each
of years 3 and 4. The planning horizon is only 4 years due to the rapid advances made interna-
tionally in building-monitoring software. Develop spreadsheets to answer the questions below.

(a) Determine the total interest and total revenue after 4 years, using a compound rate of
return of 8% per year.

(b) Repeat part (a) if estimated revenue increases from $300,000 to $600,000 in years 3 and 4.

(c) Repeat part (a) if inflation is estimated to be 4% per year. This will decrease the real rate
of return from 8% to 3.85% per year (Chapter 14 shows why).

Solution by Spreadsheet

Refer to Figure 1-13a to d for the solutions. All the spreadsheets contain the same information,
but some cell values are altered as required by the question. (Actually, all the questions can be
answered on one spreadsheet by changing the numbers. Separate spreadsheets are shown here
for explanation purposes only.)

The spreadsheet functions are constructed with reference to the cells, not the values them-
selves, so that sensitivity analysis can be performed without function changes. This approach
treats the value in a cell as a global variable for the spreadsheet. For example, the 8% rate in
cell B2 will be referenced in all functions as B2, not 8%. Thus, a change in the rate requires
only one alteration in the cell B2 entry, not in every relation where 8% is used. See Appendix
A for additional information about using cell referencing and building spreadsheet relations.

(a) Figure 1-13a shows the results, and Figure 1-13b presents all spreadsheet relations for
estimated interest and revenue (yearly in columns C and E, cumulative in columns D
and F). As an illustration, for year 3 the interest /; and revenue plus interest R, are

I, = (cumulative revenue through year 2)(rate of return)
= $416,000(0.08)
= $33,280

R, =revenue in year 3 + I;
= $300,000 + 33,280
= $333,280

The detailed relations shown in Figure 1-13b calculate these values in cells C8 and ES.

Cell C8 relation for /;: = F7*B2
Cell E8 relation for CF;: = B8 + C8
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A | B \ c D | E \ F
| 1] Part (a) - Find totals in year 4
2 i = 8.0%
-3 End of Revenue at end | Interest earned = Cumulative | Revenue during year Cumulatn{fh
Year of year, $ during year, $  interest, $ with interest, $ revenue wi
4 interest, $
|5/ O
| 6 | 1 200,000 0 0 200,000 200,000
| 7] 2 200,000 16,000 16,000 216,000 416,000
8 | 3 300,000 33,280 49,280 333,280 749,280
9 4 300,000 59,942 109,222 359,942 1,109,222
10 ok 1,109,222
(a) Total interest and revenue for base case, year 4
[ A B [ c ] D E F
| iL | Part (a) - Find totals in year 4
28 i = 0.08
3 -
|| Endof Revenue at | Interest earned Cumulative interest,| Revenue during year Cumulatl\{e
. it revenue with
Year  end of year, $| during year, $ with interest, $ -
. interest, $
s [0
| 6|1 200000 0 =C6 =B6 + C6 =E6
7|2 200000 =F6*$B$2 =C7 + D6 =B7 +C7 =E7 + F6
| 8 (3 300000 =F7*$B$2 =C8 + D7 =B8 + C8 =E8 + F7
9 |4 300000 =F8*$B$2 =C9 + D8 =B9 + C9 =E9 + F8
10 =SUM(C6:C9) =SUM(E6:E9)
(b) Spreadsheet relations for base case
A I B I © I D [ E [ F
1 Part (b) - Find totals in year 4 with increased revenues
2 i = 8.0%
3 .
| Endof Revenue at Interest earned Cumulative Revenue during year Cumulatn{e
end of year, . X L revenue with
Year during year, $ interest, $ with interest, $ -
4 interest, $
5| 0
6 1 200,000 0 0 200,000 200,000
7 2 200,000 16,000 16,000 216,000 416,000
| 8 | 3 600,000 33,280 49,280 633,280 1,049,280
9 4 600,000 83,942 133,222 683,942 1,733,222
10 LY 133,222 1,733,222
i | Revenue changed |
=
(c) Totals with increased revenue in years 3 and 4
A \ B [ G [ D [ E [ F
1 Part (c) - Find totals in year 4 considering 4% inflation Rate of
2 i = 3.85% return
3] i i h d
End of Revenue at Interest earned Cumulative Rever.1ue‘dur|ng Cumulatl\(e change
end of year, 5 > year with interest,  revenue with
Year $ during year, $ interest, $ $ -
A interest, $
5 0
L6 | 1 200,000 0 0 200,000 200,000
7| 2 200,000 7,700 7,700 207,700 407,700
8| 3 300,000 15,696 23,396 315,696 723,396
9 4 300,000 27,851 51,247 327,851 1,051,247
10 51,247 1,051,247
(d) Totals with inflation of 4% per year considered
Figure 1-13
Spreadsheet solutions with sensitivity analysis, Example 1.17a to c.
The equivalent amount after 4 years is $1,109,022, which is comprised of $1,000,000 in
total revenue and $109,022 in interest compounded at 8% per year. The shaded cells in
Figure 1-13a and b indicate that the sum of the annual values and the last entry in the cu-
mulative columns must be equal.

(b) To determine the effect of increasing estimated revenue for years 3 and 4 to $600,000, use
the same spreadsheet and change the entries in cells B8 and B9 as shown in Figure 1-13c.
Total interest increases 22%, or $24,000, from $109,222 to $133,222.

(c) Figure 1-13d shows the effect of changing the original i value from 8% to an inflation-
adjusted rate of 3.85% in cell B2 on the first spreadsheet. [Remember to return to the
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$300,000 revenue estimates for years 3 and 4 after working part (b).] Inflation has now
reduced total interest by 53% from $109,222 to $51,247, as shown in cell C10.

Comment

When you are working with an Excel® spreadsheet, it is possible to display all of the entries
and functions on the screen as shown in Figure 1-13b by simultaneously touching the <Ctrl>
and <> keys, which may be in the upper left of the keyboard on the key with <~>.

A total of seven spreadsheet functions can perform most of the fundamental engineering econ-
omy calculations. The functions are great supplemental tools, but they do not replace the under-
standing of engineering economy relations, assumptions, and techniques. Using the symbols P,
F, A, i, and n defined in the previous section, the functions most used in engineering economic
analysis are formulated as follows.

To find the present value P: = PV(i%,n,A,F)

To find the future value F: = FV(i%,n,A,P)

To find the equal, periodic value A: = PMT(i%,n,P,F)

To find the number of periods n: = NPER(i%,A,P,F)

To find the compound interest rate i: = RATE(n,A,P,F)

To find the compound interest rate i of any series: = IRR(first_cell:last_cell)

To find the present value P of any series: = NPV (i%, second_cell:last_cell) + first_cell

If some of the parameters don’t apply to a particular problem, they can be omitted and zero is
assumed. For readability, spaces can be inserted between parameters within parentheses. If the
parameter omitted is an interior one, the comma must be entered. The last two functions require
that a series of numbers be entered into contiguous spreadsheet cells, but the first five can be used
with no supporting data. In all cases, the function must be preceded by an equals sign (=) in the
cell where the answer is to be displayed.

One of the characteristics of an Excel® spreadsheet to remember is that the first three functions
listed above (PV, FV, and PMT) will always display the answer with the opposite sign of that
entered for the A, F, or P values in parenthesis. This indicates that the cash flow resultant is in the
opposite direction of the cash flow amounts entered. In order to display the same sign, simply
enter a minus sign prior to the function name.

To understand how the spreadsheet functions work, look back at Example 1.6a, where the
equivalent annual amount A is unknown, as indicated by A = ?. (In Chapter 2, we learn how
engineering economy factors calculate A, given P, i, and n.) To find A using a spreadsheet func-
tion, simply enter the PMT function = PMT(5%,5,5000). Figure 1-14 is a screen image of a
spreadsheet with this PMT function entered into cell B4. The answer ($1154.87) is displayed.
The answer may appear in red and in parentheses, or with a minus sign on your screen to indi-
cate a negative amount from the perspective of a reduction in the account balance. The right
side of Figure 1-14 presents the solution to Example 1.6b. The future value F is determined by
using the FV function. The FV function appears in the formula bar. Many examples throughout
this text include cell tags, as shown here, to indicate the format of important entries.

G v fx[=FV(7%,3,5000)

A B c D E F I v !
(@ P =$5,000 n =5years i=5% peryear (b) P=$5,000 n=3years i=7% peryear

($1,154.87) F=($6,125.22)
X
N\ N\
N\ N\

N = PMT(5%.5.5000) | {=Fva%3.5000) |

gwmummﬂwwuo
>
]

Figure 1-14
Use of spreadsheet functions PMT and FV, Example 1.6.
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CHAPTER SUMMARY

Engineering economy is the application of economic factors and criteria to evaluate alternatives,
considering the time value of money. The engineering economy study involves computing a spe-
cific economic measure of worth for estimated cash flows over a specific period of time.

The concept of equivalence helps in understanding how different sums of money at different
times are equal in economic terms. The differences between simple interest (based on principal
only) and compound interest (based on principal and interest upon interest) have been described
in formulas, tables, and graphs. This power of compounding is very noticeable, especially over
extended periods of time, and for larger sums of money.

The MARR is a reasonable rate of return established as a hurdle rate to determine if an alter-
native is economically viable. The MARR is always higher than the return from a safe investment
and the cost to acquire needed capital.

Also, we learned a lot about cash flows:

End-of-year convention for cash flow location

Net cash flow computation

Different perspectives in determining the cash flow sign

Construction of a cash flow diagram

Difficulties with estimating future cash flows accurately

Problems 31

PROBLEMS

Basic Concepts

1.1

1.2

1.6

Ethics

1.7

When faced with different alternatives, there are
many criteria that can be used to identify the best
one. What is the tangible criterion that is usually
used in an engineering economic analysis?

Identify at least three noneconomic attributes that
may be used as evaluation criteria in the decision-
making process.

Define the term measure of worth. Identify three
different commonly-applied measures.

List three evaluation criteria besides the economic
ones for selecting the best automobile to purchase.

Identify the following factors as either tangible or
intangible: sustainability, installation cost, transpor-
tation cost, simplicity, taxes, resale value, morale,
rate of return, dependability, inflation, acceptance
by others, and ethics.

Identify at least five areas of personal finances in
which engineering economic analysis can be used
by you in the future.

After starting the wall and roof construction on a
custom-designed home, FD, the prime contractor, re-
alized he was not going to make the big profit that he
had anticipated due to the many unique features of
the home for which he had not correctly estimated the
cost to the owners. The contract was fixed-price with

no more than 10% override on the total cost. As time
proceeded, FD took the choices of the owners on ap-
pliances, finishing work on the floors and walls, and
many other features and purchased look-alike substi-
tutes from questionable-quality, internationally-
based manufacturers and vendors.

After living in the house for only 3 years, the
owners were so disappointed with the quality of
work that they decided to bring a law suit against
FD and his company for breach of contract. How-
ever, they needed sound reasons upon which to
base their legal claims against FD, were the case to
go to court. One of the owners, being an engineer,
decided to consult the Code of Ethics for Engineers
to gain insight into what may be substantial viola-
tions performed during the construction phase.

(a) Help the owners by suggesting Code viola-
tions and provide a brief logic as to why each
one sited from the Code may be a sound basis
for legal action.

(b) Discuss the applicability to this situation of
the Engineer’s Code of Ethics.

(c) Suggest other resources that may be of use to
the owners as they ponder legal action.

Stefanie is a design engineer with an international
railroad locomotive manufacturing company in
the state of Illinois. Management wants to return
some of the engineering design work to the United
States rather than export all of it to India, where
their primary design work have been accom-
plished for the last decade. This transfer will em-
ploy more people locally and could improve the
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1.9

1.10

Chapter 1

economic conditions for families in and around
[llinois.

Stefanieandherdesignteamwereselectedasatest
case to determine the quality and speed of the de-
sign work they could demonstrate on a more fuel-
efficient diesel locomotive. None of her team
members or she has done such a significant
design job themselves, because their jobs had
previously entailed only the interface with the
subcontracted engineers in India. One of her
team members had a great design idea on a key
element that will improve fuel efficiency by ap-
proximately 15%. She told Stefanie it came from
one of the Indian-generated documents, but that
it would probably be okay for the team to use it
and remain silent as to its origin, since it was
quite clear the U.S. management was about to
cancel the foreign contract. Though reluctant at
first, Stefanie did go forward with a design that
included the efficiency improvement, and no
mention of the origin of the idea was made at the
time of the oral presentation or documentation
delivery. As a result, the Indian contract was can-
celled and full design responsibility was trans-
ferred to Stefanie’s group.

Consult the NSPE Code of Ethics for Engineers
(Appendix C) and identify sections that are points
of concern about Stefanie’s decisions and actions.

Consider the common moral that stealing is wrong.
Hector is with a group of friends in a local super-
market. One of Hector’s buddies takes a high-
energy drink from a 6-pack on the shelf, opens it,
drinks it, and returns the empty can to the package,
with no intention of paying for it. He then invites
the others to do the same saying “It’s only one
drink. Others do it all the time.” All the others, ex-
cept Hector, have now consumed a drink of their
choice. Personally, Hector believes this is a form of
stealing. State three actions that Hector can take
and evaluate them from the personal moral per-
spective.

Claude is a fourth-year engineering university student
who has just been informed by his instructor that he
made a very low grade on his Spanish language final
test for the year. Though he had a passing score prior
to the final, his final grade was so low that he has now
flunked the entire year and will likely have to extend
his graduation another semester or two.
Throughouttheyear, Claude, whohatedthecourse
and his instructor, has copied homework, cheated
on tests, and never seriously studied for anything
in the course. He did realize during the semester
that he was doing something that even he consid-
ered wrong morally and ethically. He knew he
had done badly on the final. The classroom was

Foundations of Engineering Economy

reconfigured for the final exam in a way that he
could not get any answers from classmates, and,
cell phones were collected prior to the exam,
thus removing texting and using WhatsApp pos-
sibilities to friends outside the classroom who
may help him on the final exam. Claude is now
face-to-face with the instructor in her office. The
question to Claude is “What have you been doing
throughout this year to make passing scores re-
peatedly, but demonstrate such a poor command
of Spanish on the final exam?”

From an ethical viewpoint, what options does
Claude have in his answer to this question? Also,
discuss some of the possible effects that this expe-
rience may have upon Claude’s future actions and
moral dilemmas.

Interest Rate and Rate of Return

1.11

1.14

1.15

Abby purchased 100 shares of her dad’s favorite
stock for $25.80 per share exactly 1 year ago, com-
mission free. She sold it today for a total amount of
$2865. She plans to invest the entire amount in a
different corporation’s stock today, but must now
pay a $50 commission fee. If she plans to sell this
new stock exactly 1 year from now and realize the
same return as she has just made, what must be the
total amount she receives next year? Include the
commission fee as a part of the purchase price, but
neglect any tax effects.

In order to build a new warehouse facility, the
regional distributor for Valco Multi-position
Valves borrowed $1.6 million at 10% per year
interest. If the company repaid the loan in a
lump sum amount after 2 years, what was (a) the
amount of the payment, and (b) the amount of
interest?

RKI Instruments borrowed $4,800,000 from a pri-
vate equity firm for expansion of its facility for
manufacturing carbon monoxide monitors. The
company repaid the loan after 1 year with a single
payment of $5,184,000. What was the interest rate
on the loan?

Callahan Construction borrowed $2.6 million to fi-
nance the construction of an entertainment complex
in a smart community development project. The
company made “interest only”” payments of $312,000
each year for 3 years and then repaid the principal in
a single lump sum payment of $2.6 million. What
was the interest rate on the loan?

Which of the following 1-year investments has the
highest rate of return: $12,500 that yields $1125 in
interest, $56,000 that yields $6160 in interest, or
$95,000 that yields $7600 in interest?
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1.16 A new engineering graduate who started a consult-
ing business borrowed money for 1 year to furnish
the office. The amount of the loan was $45,800, and
it had an interest rate of 10% per year. However, be-
cause the new graduate had not built up a credit his-
tory, the bank made him buy loan-default insurance
that costs $900. In addition, the bank charged a loan
set-up fee of 1% of the loan principal. What was the
effective interest rate the engineer paid for the loan?

Terminology and Symbols

In problems 1.17 to 1.21, identify the four engineering
economy symbols and their values. Use a question mark
with the symbol whose value is to be determined.

1.17 Determine the amount of money FrostBank might
loan a housing developer who will repay the loan
2 years from now by selling eight water-view lots
at $240,000 each. Assume the bank’s interest rate
is 10% per year.

1.18 Bodine Electric, based in Des Moines, lowa, USA,
makes gear motors with a three-stage, selectively-
hardened gearing cluster that is permanently lubri-
cated. If the company borrows $20 million for a new
distribution facility in Europe, how much must it
pay back each year to repay the loan in six equal an-
nual payments at an interest rate of 10% per year?

1.19 DubaiWorks manufactures angular contact ball
bearings for pumps that operate in harsh environ-
ments. The company invested $2.4 million in a
process that resulted in net profits of $760,000 per
year for five consecutive years. What rate of return
did the company make?

1.20 A capital investment firm placed $1.5 million
2 years ago to acquire part-ownership in an innova-
tive chip making company. How long will it take
from the date of their initial investment for their
share of the chip company to be worth $3 million,
if the company is realizing a 20% per year return?

1.21  Southwestern Moving and Storage wants to have
enough money to purchase a new tractor-trailer in
3 years. If the unit will cost $250,000, how much
should the company set aside each year provided
the account earns 9% per year?

Cash Flows

1.22  Identify the following as cash inflows or outflows
to a privately-owned water company: well drilling,
maintenance, water sales, accounting, government
grants, issuance of bonds, energy cost, pension
plan contributions, heavy equipment purchases,
used equipment sales, stormwater fees, and dis-
charge permit revenues.

1.23

1.24

1.25

Problems 33

The annual cash flows (in $1000 units) for Brown-

ing Brothers Glass Works are summarized.

(a) Determine the total net cash flow over the
5 years.

(b) Calculate the percentage of revenues repre-
sented by expenses for each year.

Year 1 2 3 4 5
Revenue, $ 521 685 650 804 929
Expenses,$ 610 623 599 815 789

Bucknell, Inc. uses the calendar year as its fiscal
year. Determine the total net cash flow recorded at
the end of the fiscal year.

Month Receipts, $1000  Disbursements, $1000

Jan 300 500
Feb 950 500
Mar 200 400
Apr 120 400
May 600 500
June 900 600
July 800 300
Aug 900 300
Sept 900 200
Oct 500 400
Nov 400 400
Dec 1800 700

To attract new customers, EP Employees Credit
Union advertised that they will begin paying 3%
interest every quarter on all savings accounts.
(Their competitors pay interest every 6 months.)
The credit union uses March 31st, June 30th,
September 30th, and December 31st as quarterly
interest periods. Determine (a) the end-of period
totals in the account, and (b) the interest paid
each quarter on the total. Assume there are no
withdrawals and that quarterly interest is not
redeposited.

Month Deposit, $
Jan 50
Feb 70
Mar 0
Apr 120
May 20
June 0
July 150
Aug 90
Sept 0
Oct 40
Nov 110
Dec 0
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1.26

1.27
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Construct a cash flow diagram that represents the
amount of money that will be accumulated in
7 years from an initial investment of $20,000 now
and $3,500 per year for 7 years at an interest rate of
8% per year.

Construct a cash flow diagram to find the present
worth in year 0 of a $400 expenditure in year 3, a
$900 receipt in year 4, and $100 expenses in each
of years 5 and 6 at an interest rate of 15% per year.

Equivalence

1.28

1.29

1.30

1.31

Use economic equivalence to determine the amount
of money or value of i that makes the following
statements correct.

(a) $5000 today is equivalent to $4275 exactly
1 year ago ati = ___ % per year.

(b) A car that costs $28,000 today will cost
$__ ayear from now at i = 4% per year.

(¢) Ati=4% per year, a car that costs $28,000
now, would have cost $ one year ago.

(d) Last year, Jackson borrowed $20,000 to buy
a preowned boat. He repaid the principal of
the loan plus $2750 interest after only 1 year.
This year, his brother Henri borrowed
$15,000 to buy a car and expects to pay it off
in only 1 year plus interest of $2295. The rate
that each brother paid for his loan is ___ %
for Jackson and ___ % per year for Henri.

(e) Last year, Sheila turned down a job that paid
$75,000 per year. This year, she accepted one
that pays $81,000 per year. The salaries are
equivalentati=___ % per year.

Vebco Water and Gas received a contract for a seawa-
ter desalination plant wherein the company expected
to make a 28% rate of return on its investment. (a) If
Vebco invested $8 million the first year, what was the
amount of its profit in that year? (b) What amount
would have to be invested to realize the same mone-
tary amount of return if the rate decreases to 15%
per year?

A publicly traded construction company reported
that it just paid off a loan that it received 1 year
earlier. If the total amount of money the company
paid was $1.6 million and the interest rate on the
loan was 10% per year, how much money had the
company borrowed 1 year ago?

During a recession, the price of goods and services
goes down because of low demand. A company
that makes Ethernet adapters is planning to expand
its production facility at a cost of $1,000,000 one
year from now. However, a contractor who needs
work has offered to do the job for $790,000 pro-
vided the company will do the expansion now

1.32

1.33
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instead of 1 year from now. If the interest rate is
10% per year, how much of a discount is the com-
pany receiving?

Bull Built, a design/build engineering company
that has always given year-end bonuses in the
amount of $4,000 to each of its engineers, is hav-
ing cash flow problems. The president said that
although Bull Built couldn’t give bonuses this
year, next year’s bonus would be large enough to
make up for this year’s omission. If the interest rate
is 10% per year, what is the equivalent bonus that
engineers should receive next year?

State University tuition and fees can be paid using
one of two plans.

Early-bird: Pay total amount due one year in ad-
vance and get a 10% discount.

On-time: Pay total amount due when classes start.

If the cost of tuition and fees is $20,000 per year,
(a) how much is paid in the early-bird plan, and
(b) at an interest rate of 6% per year, what is the
equivalent amount of the savings compared to pay-
ing when classes start, that is, 1 year later than the
early-bird plan?

Simple and Compound Interest

1.34

1.36

1.37

1.38

Durco Automotive needs a $1 million balance in
its contingency fund 3 years from now. The CFO
(chief financial officer) wants to know how much
to deposit now into Durco’s high-yield investment
account. Determine the amount if it grows at a rate
of 20% per year (a) simple interest, and (b) com-
pound interest.

TMI Systems, a company that customizes software
for construction cost estimates, repaid a loan ob-
tained 3 years ago at 7% per year simple interest. If
the amount that TMI repaid was $120,000, calcu-
late the principal of the loan.

The Nicor family is planning to purchase a new
home 3 years from now. If they have $240,000 now,
how much will be available 3 years from now? The
fund grows at a compound rate of 12% per year.

(a) At a simple interest rate of 12% per year, deter-
mine how long it will take $5000 to increase to
twice as much. (b) Compare the time it will take to
double if the rate is 20% per year simple interest.

Valley Rendering, Inc. is considering purchasing a
new flotation system for grease recovery. The com-
pany can finance a $150,000 system at 5% per year
compound interest or 5.5% per year simple interest.
If the total amount owed is due in a single payment
at the end of 3 years, (a) which interest rate should
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the company select, and (b) how much is the differ-
ence in interest between the two schemes?

1.39  Iselt Welding has extra funds to invest for future
capital expansion. If the selected investment pays
simple interest, what annual interest rate would be
required for the amount to grow from $60,000 to
$90,000 in 5 years?

1.40 In order to make CDs look more attractive as an
investment than they really are, some banks adver-
tise that their rates are higher than their competi-
tors’ rates; however, the fine print says that the rate
is based on simple interest. If you were to deposit
$10,000 at 10% per year simple interest in a CD,
what compound interest rate would yield the same
amount of money in 3 years? Solve by formula and
write the spreadsheet function to display the i value.

1.41 Fill in the missing values (A through D) for a loan
of $10,000 if the interest rate is compounded at
10% per year.

End of Interest AmountOwed End of Year Amount Owed
Year forYear After Interest Payment  After Payment

0 — — — 10,000
1 1000 11,000 2000 9,000
2 900 9,900 2000 A
3 B C 2000 D

1.42 A company that manufactures general-purpose trans-
ducers invested $2 million 4 years ago in high-yield
junk bonds. If the bonds are now worth
$2.8 million, what rate of return per year did the com-
pany make on the basis of (a) simple interest, and
(b) compound interest? (¢) What is the spreadsheet
function to find the answer for compound interest?

MARR and Opportunity Cost

1.43  Identify the following as either equity or debt fi-
nancing: bonds, stock sales, retained earnings, ven-
ture capital, short term loan, capital advance from
friend, cash on hand, credit card, home equity loan.

1.44  What is the weighted average cost of capital for a
corporation that finances an expansion project
using 40% retained earnings and 60% venture

1.45

1.46

1.47

Exercises for Spreadsheets 35

capital? Assume the interest rates are 10% for
equity financing and 16% for debt financing.

Managers from different departments in Bensen
Systems, a large multinational corporation, have of-
fered seven projects for consideration by the corpo-
rate office. A staff member for the chief financial
officer used key words to identify the projects and
then listed them in order of projected rate of return
as shown below. If the company wants to grow rap-
idly through high leverage and uses only 5% equity
financing that has a cost of equity capital of 10% and
95% debt financing with a cost of debt capital of
19%, which projects should the company undertake?

Project ID Projected ROR, % per year
Inventory 30.0
Technology 28.4
Warehouse 21.9
Maintenance 19.5
Products 13.1
Energy 9.6
Shipping 8.2

Your boss, whose background is in financial plan-
ning, is concerned about the company’s high-
weighted average cost of capital of 21%. He has
asked you to determine what combination of debt-
equity financing would lower the company’s
WACC to 13%. If the cost of the company’s equity
capital is 6% and the cost of debt financing is 28%,
what debt-equity mix would you recommend?

Last month you lent a work colleague $5000 to
cover some overdue bills. He agreed to pay you in
1 month with interest at 2% for the month, thus
owing you $5100. Today, when the repayment is
due, he asked you to extend the loan for another
month and he would pay you the $5100 next month.
In the meantime, you have had the offer to invest as
much as you wish in an oil-well venture that is ex-
pected to pay 25% per year and a hot new IT stock
that is estimated to return 30% the first year. If you
let your colleague have another month, what is the
opportunity cost of your decision? (Note: Express
your answer in dollar and percentage amounts.)

EXERCISES FOR SPREADSHEETS

1.48 Write the engineering economy symbol that cor-
responds to each of the following spreadsheet
functions.

(@) PV (b) PMT
(¢c) NPER (d) IRR
(e) FV (f) RATE
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1.49  State the purpose for each of the following six (1) =FV(8%,10,3000,8000)
built-in spreadsheet functions. (2) =PMT(12%,20,-16000)
(a) PV(i%,n,A,F) 3) =PV(©%,15,1000,600)
(b) FV(i%,n,A,P) (4) = NPER(10%,-290,,12000)
(¢) RATE(n,A,P,F) (5) =FV(5%,5,500,-2000)
(d) IRR(first_cell:last_cell) . . .
(e) PMT(i%.n,P,F) 1.51 Emily and Madlson.both 1qvest $1000 .at 10% per
(f) NPER(i%,A,P,F) year for 4 years. Emily receives simple interest and
Madison gets compound interest. Use a spreadsheet
1.50 For the following five spreadsheet functions, and cell reference formats to develop relations that
(a) write the values of the engineering economy show a total of $64 more interest for Madison at the
symbols P, F, A, i, and n, using a ? for the symbol end of the 4 years. Assume no withdrawals or fur-
that is to be determined, and (b) state whether the ther deposits are made during the 4 years.
displayed answer will have a positive sign, a nega-
tive sign, or it can’t be determined from the entries.
E—

ADDITIONAL PROBLEMS AND FE EXAM REVIEW QUESTIONS

1.52

1.54

1.55

1.57

All of the following are examples of noneconomic
factors except:

(a) Availability of resources

(b) Goodwill

(c) Customer acceptance

(d) Profit

Another name for noneconomic attributes is:
(a) Sustainability

(b) Intangible factors

(c) Equivalence

(d) Evaluation criteria

All of the following are noneconomic attributes

except:

(a) Sustainability
(b) Morale

(c) Taxes

(d) Environmental acceptability

All of the following mean the same as Minimum
Attractive Rate of Return except:

(a) Hurdle rate

(b) Inflation rate

(¢) Benchmark rate

(d) Cutoff rate

The time it would take for money to double at a
simple interest rate of 5% per year is closest to:
(a) 10 years

(b) 12 years

(c) 15 years

(d) 20 years

At a compound interest rate of 10% per year, the
amount that $10,000 one year ago is equivalent to
now is closest to:

(a) $8264
(b) $9091
(¢) $11,000

(d) $12,100

1.58

1.59

1.60

1.61

The compound interest rate per year that amounts
of $1000 one year ago and $1345.60 one year
hence are equivalent to is closest to:

(a) 8.5% per year

(b) 10.8% per year

(¢) 20.2% per year

(d) None of the above

The simple interest rate per year that will accu-
mulate the same amount of money in 2 years as
a compound interest rate of 20% per year is
closest to:

(@) 20.5%
b) 21%
(c) 22%
d) 23%

In order to finance a new project costing $30 million,
a company borrowed $21 million at 16% per year
interest and used retained earnings valued at 12%
per year for the remainder of the financing. The
company’s weighted average cost of capital for the
project was closest to:

(@ 12.5%
b)) 13.6%
() 14.8%
@) 15.6%

A company that utilizes carbon fiber 3-D printing
wants to have money available 2 years from now to
add new equipment. The company currently has
$650,000 in a capital account and it plans to de-
posit $200,000 now and another $200,000 one year
from now. The total amount available in 2 years,
provided it returns a compounded rate of 15% per
year, is closest to:

(a) $1,354,100

(b) $1,324,100

(¢) $1,125,125

(d) $1,050,000
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CASE STUDY

Case Study 37

COST OF ELECTRICITY WITH RENEWABLE SOURCES ADDED

Background

Pedernales Electric Cooperative (PEC) is the largest
member-owned electric co-op in the United States with over
232,000 meters in 12 Central Texas counties. PEC has a capac-
ity of approximately 1300 MW (megawatts) of power, of which
277 MW, or about 21%, is from renewable sources. The latest
addition is 60 MW of power from a wind farm in south Texas
close to the city of Corpus Christi. A constant question is how
much of PEC’s generation capacity should be from renewable
sources, especially given the environmental issues with coal-
generated electricity and the rising costs of hydrocarbon fuels.

Wind and nuclear sources are the current consideration
for the PEC leadership as Texas is increasing its generation
by nuclear power and the state is the national leader in wind
farm—produced electricity.

Consider yourself a member of the board of directors of
PEC. You are an engineer who has been newly elected by the
PEC membership to serve a 3-year term as a director-at-large.
As such, you do not represent a specific district within the en-
tire service area; all other directors do represent a specific dis-
trict. You have many questions about the operations of PEC,
plus you are interested in the economic and societal benefits of
pursuing more renewable source generation capacity.

Information

Here are some data that you have obtained. The information
is sketchy, as this point, and the numbers are very approxi-
mate. Electricity generation cost estimates are national
in scope, not PEC-specific, and are provided in cents per kilo-
watt-hour (¢/kWh).

Generation Cost, ¢/kWh

Fuel Source Likely Range Reasonable Average
Coal 4t09 7.4
Natural gas 4t0 10.5 8.6
Wind 4.8t09.1 8.2
Solar 45t015.5 8.8

National average cost of electricity to residential custom-
ers: 11¢/kWh

PEC average cost to residential customers: 10.27 ¢/kWh
(from primary sources) and 10.92 ¢/kWh (renewable sources)

Expected life of a generation facility: 20 to 40 years (it is
likely closer to 20 than 40)

Time to construct a facility: 2 to 5 years
Capital cost to build a generation facility: $900 to $1500
per kW

You have also learned that the PEC staff uses the well-
recognized levelized energy cost (LEC) method to determine the

price of electricity that must be charged to customers to break
even. The formula takes into account the capital cost of the gen-
eration facilities, the cost of capital of borrowed money, annual
maintenance and operation (M&O) costs, and the expected life
of the facility. The LCOE (levelized cost of electricity) formula,

expressed in dollars per kWh for (=1, 2, ..., n), is
S+ M, +F,
- 1+
Lcop=—=_ 1 +D
E,

t

=1 (1 + i)t

where /, = capital investments made in year ¢
M, = annual maintenance and operating (M&O) costs
for year ¢
F, = fuel costs for year ¢
E, = amount of electricity generated in year ¢
n = expected life of facility
i = discount rate (cost of capital)

Case Study Exercises

1. If you wanted to know more about the new arrangement
with the wind farm in south Texas for the additional
60 MW per year, what types of questions would you ask
of a staff member in your first meeting with him or her?

2. Much of the current generation capacity of PEC facilities
utilizes coal and natural gas as the primary fuel source.
‘What about the ethical aspects of the government’s allow-
ance for these plants to continue polluting the atmosphere
with the emissions that may cause health problems for
citizens and further the effects of global warming? What
types of regulations, if any, should be developed for PEC
(and other generators) to follow in the future?

3. You developed an interest in the LCOE relation and
the publicized cost of electricity of 10.27¢/kWh for
this year. You wonder if the addition of 60 MW of
wind-sourced electricity will make any difference in
the LCOE value for this next year. You did learn the
following:

This is year r = 11 for LCOE computation purposes

n =25 years

i = 5% per year

E,, = 5.052 billion kWh

LCOE last year was 10.22 ¢/kWh (last year’s breakeven
cost to customers)

From these sketchy data, can you determine the value of un-
knowns in the LCOE relation for this year? Is it possible to
determine if the wind farm addition of 60 MW makes any
difference in the electricity rate charged to customers? If not,
what additional information is necessary to determine the
LCOE with the wind source included?
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Factors: How
Time and
Interest Affect
Money

© Noel Hendrickson/Blend Images LLC

LEARNING OUTCOMES

Purpose: Derive and use the engineering economy factors to account for the time value of money.

SECTION TOPIC LEARNING OUTCOME

21 F/P and P/F factors ¢ Derive and use factors for single amounts—
compound amount (F/P) and present worth (P/F)
factors.

2.2 P/A and A/P factors ¢ Derive and use factors for uniform series—present
worth (P/A) and capital recovery (A/P) factors.

2.3 F/A and A/F factors ¢ Derive and use factors for uniform series—
compound amount (F/A) and sinking fund (A/F)
factors.

24 Factor values ¢ Use linear interpolation in factor tables or

spreadsheet functions to determine factor values.

25 Arithmetic gradient ¢ Use the present worth (P/G) and uniform annual
series (A/G) factors for arithmetic gradients.

2.6 Geometric gradient ® Use the geometric gradient series factor (P/A,g)
to find present worth.

27 Findiorn ® Use equivalence relations to determine j (interest rate
or rate of return) or n for a cash flow series.
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he cash flow is fundamental to every economic study. Cash flows occur in many con-
figurations and amounts—isolated single values, series that are uniform, and series that
increase or decrease by constant amounts or constant percentages. This chapter devel-
ops derivations for all the commonly used engineering economy factors that take the time value
of money into account.

The application of factors is illustrated using their mathematical forms and a standard notation
format. Spreadsheet functions are used in order to rapidly work with cash flow series and to per-
form sensitivity analysis.

If the derivation and use of factors are not covered in the course, alternate ways to perform time
value of money calculations are summarized in Appendices A and D.

PE)

The Steel Plant Case: Hardee Steel, a projected needs and cost per metric ton, it
subsidiary of the international consortium is possible that the plant could generate as
Beleez Group, headquartered in Italy, has much as $50,000,000 annually in revenue.
announced plans to develop a state-of-the-  All analyses will use a planning horizon of
art steel and customized products fabrica- 5 years commencing when the plant begins
tion plant in North America. The selected operation.

location is ideal because there is a large This case is used in the following topics
deposit of iron ore in the area. The new (and sections) of this chapter:

company will be named Hardee Beleez, Single-amount factors (2.1)

NA, Inc. or HBNA.

The plant investment, expected to
amount to $200 million, is scheduled for
2020. When the plant is completed and Geometric gradient factors (2.6)
operating at full capacity, based upon the Determining unknown n values (2.7)

Uniform series factors (2.2 and 2.3)

Arithmetic gradient factors (2.5)

2.1 Single-Amount Factors (F/Pand P/F)e e ®

The most fundamental factor in engineering economy is the one that determines the amount
of money F accumulated after n years (or periods) from a single present worth P, with interest
compounded one time per year (or period). Recall that compound interest refers to interest paid
on top of interest. Therefore, if an amount P is invested at time ¢ = 0, the amount F'; accumulated
1 year hence at an interest rate of i percent per year will be

F,=P+Pi
=P(1 +1i)

where the interest rate is expressed in decimal form. At the end of the second year, the amount
accumulated F), is the amount after year 1 plus the interest from the end of year 1 to the end of
year 2 on the entire F.

F,=F +Fji
=P+ + P +0i [2.1]
The amount F, can be expressed as
Fy=P(1+i+i+i)
=P +2i+ %)
=P +i)
Similarly, the amount of money accumulated at the end of year 3, using Equation [2.1], will be

Fy=F, +F,i
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40 Chapter 2 Factors: How Time and Interest Affect Money
F=7 F = given
i = given i = given
( [}
| = 9 = . - : —ff— : !
0 1 2 n-2 n-1 n =] 1 2 n-2 n—1 n
P = given pP=2
(@) )
Figure 21

Cash flow diagrams for single-payment factors: (a) find F, given P, and (b) find P, given F.

Substituting P(1 + i)* for F, and simplifying, we get
Fy=P(1 +i)

From the preceding values, it is evident by mathematical induction that the formula can be gen-
eralized for n years. To find F, given P,

F =P +i) [2.2]

The factor (1 + ©)" is called the single-payment compound amount factor (SPCAF), but it is usu-
ally referred to as the F /P factor. This is the conversion factor that, when multiplied by P, yields
the future amount F of an initial amount P after n years at interest rate i. The cash flow diagram
is seen in Figure 2—-1a.

Reverse the situation to determine the P value for a stated amount F that occurs n periods
in the future. Simply solve Equation [2.2] for P.

. 1 . N —n
P_F[m] = F( +i) [2.3]

The expression (1 + )™ is known as the single-payment present worth factor (SPPWF), or the
P/F factor. This expression determines the present worth P of a given future amount F after
n years at interest rate i. The cash flow diagram is shown in Figure 2—-1b.

Note that the two factors derived here are for single payments, that is, they are used to find the
present or future amount when only one payment or receipt is involved.

A standard notation has been adopted for all factors. The notation includes two cash flow sym-
bols, the interest rate, and the number of periods. It is always in the general form (X/Y,i,n). The
letter X represents what is sought, while the letter Y represents what is given. For example, F//P
means find F when given P. The i is the interest rate in percent, and n represents the number of
periods involved.

Using this notation, (F/P,6%,20) represents the factor that is used to calculate the future
amount F accumulated in 20 periods if the interest rate is 6% per period. The P is given. The
standard notation, simpler to use than formulas and factor names, will be used hereafter.

Table 2—1 summarizes the standard notation and equations for the F/P and P/F factors. This
information is also included on the first pages of this text.

TABLE 2-1 F/P and P/F Factors: Notation and Equations

Factor Standard Notation Equation Excel
Notation Name Find/Given Equation with Factor Formula Function
(F/P,i,n) Single-payment F/P F = P(F/P.i,n) F=P1+1i)" = FV(i%,n,,P)
compound amount
(P/F,i,n) Single-payment P/F P = F(P/F.i,n) P=F(+)™" = PV(i%,n,,F)
present worth
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To simplify routine engineering economy calculations, tables of factor values have been pre-
pared for interest rates from 0.25% to 50% and time periods from 1 to large n values, depending
on the i value. These tables, found at the rear of the book, have a colored edge for easy identifica-
tion. They are arranged with factors across the top and the number of periods n down the left side.
The word discrete in the title of each table emphasizes that these tables utilize the end-of-period
convention and that interest is compounded once each interest period. For a given factor, interest
rate, and time, the correct factor value is found at the intersection of the factor name and n. For
example, the value of the factor (P/F,5%,10) is found in the P/F column of Table 10 at period
10 as 0.6139. This value is determined by using Equation [2.3].

(P/F,5%,10) =

(1 +0)
__ 1
(1.05)'0

1 _
= 16280 = 0.6139

For spreadsheets, a future value F is calculated by the FV function using the format

= FV(i%,n,,P) [2.4]
A present amount P is determined using the PV function with the format

= PV(i%,n,,F) [2.5]

These functions are included in Table 2—1. Refer to Appendix A or Excel online help for more
information on the use of FV and PV functions.

Sandy, a manufacturing engineer, just received a year-end bonus of $10,000 that will be invested
immediately. With the expectation of earning at the rate of 8% per year, Sandy hopes to take the
entire amount out in exactly 20 years to pay for a family vacation when the oldest daughter is due to
graduate from college. Find the amount of funds that will be available in 20 years by using (a) hand
solution by applying the factor formula and tabulated value, and () a spreadsheet function.

Solution
The cash flow diagram is the same as Figure 2—1a. The symbols and values are

P =$10,000 F=7? i = 8% per year n = 20 years

(a) Factor formula: Apply Equation [2.2] to find the future value F. Rounding to four
decimals, we have

F=P(1 +i)" = 10,000(1.08)* = 10,000(4.6610)
= $46,610

Standard notation and tabulated value: Notation for the F'/P factor is (F/P,i%,n).

F = P(F/P,8%,20) = 10,000(4.6610)
= $46,610

Table 13 provides the tabulated value. Round-off errors can sometimes cause a slight dif-
ference in the final answer between these two methods.

(b) Spreadsheet: Use the FV function to find the amount 20 years in the future. The format is
that shown in Equation [2.4]; the numerical entry is = FV(8%,20,,10000). The spread-
sheet will appear similar to that in the right side of Figure 1-14, with the answer
($46,609.57) displayed. (You should try it on your own computer now.) The FV function
has performed the computation in part (a) and displayed the result.

The equivalency statement is: If Sandy invests $10,000 now and earns 8% per year every year
for 20 years, $46,610 will be available for the family vacation.
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The Steel Plant Case @

As discussed in the introduction to this chapter, the HBNA plant will require an investment of
$200 million to construct. Delays beyond the anticipated implementation year of 2020 will re-
quire additional money to construct the plant. Assuming that the cost of money is 10% per year
compound interest, use both tabulated factor values and spreadsheet functions to determine
the following for the board of directors of the Italian company that plans to develop the plant.

(a) The equivalent investment needed in 2023 if the plant is delayed for 3 years.
(b) The equivalent investment needed in 2023 if the plant is constructed sooner than origi-
nally planned.

Solution

Figure 2-2 is a cash flow diagram showing the expected investment of $200 million ($200 M)
in 2020, which we will identify as time ¢ = 0. The required investments 3 years in the future
and 4 years in the past are indicated by F; = ? and P_, = ?, respectively.

Fy=2?

Py=?

ﬁ-4 -3 -2 -1 0 1 2 34
| | | | |

e T T I T T aE
2016 2017 2018 2019 20RO 2021 2022 2023 Year

$200 M

Figure 2-2

Cash flow diagram for Example 2.2a and b.
(a) To find the equivalent investment required in 3 years, apply the F//P factor. Use $1 mil-

lion units and the tabulated value for 10% interest (Table 15).
Fy = P(F/P,i,n) =200(F/P,10%,3) = 200(1.3310)
=$266.2 ($266,200,000)

Now, use the FV function on a spreadsheet to find the same answer, F; = $266.20 million.
(Refer to Figure 2-3, left side.)

S A B [ € [ D[ E [ F G O A o K
1

2 | P=$200 i=10% n=3 F = $200 i=10% n=4
|3 |

4 |

|5 | Fy= ($266.20) P, = ($136.60)
6 |

7

Figure 2-3

Spreadsheet functions for Example 2.2.

(b) The year 2016 is 4 years prior to the planned construction date of 2020. To determine the equiva-
lent cost 4 years earlier, consider the $200 M in 2020 (¢ = 0) as the future value F and apply the
P/F factor for n =4 to find P_,. (Refer to Figure 2-2.) Table 15 supplies the tabulated value.
P_,=F(P/F,i,n) =200(P/F,10%,4) = 200(0.6830)
=$136.6 ($136,600,000)
The PV function = PV(10%.,4,,200) will display the same amount as shown in
Figure 2-3, right side.
This equivalence analysis indicates that at $136.6 M in 2016, the plant would have cost about 68% as
much as in 2020, and that waiting until 2023 will cause the price tag to increase about 33% to $266 M.
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2.2 Uniform Series Present Worth Factor and Capital Recovery Factor (P/A and A/P)

2.2 Uniform Series Present Worth Factor and Capital
Recovery Factor (P/Aand A/P)e @

The equivalent present worth P of a uniform series A of end-of-period cash flows (investments)
is shown in Figure 2—4a. An expression for the present worth can be determined by considering
each A value as a future worth F, calculating its present worth with the P/F factor, Equation [2.3],
and summing the results.

P=A | law]  a
e (e

The terms in brackets are the P/F factors for years 1 through n, respectively. Factor out A.

1 1 1 1 1
+ - +oot - —
A+ A+ A+ A+t d+0D
To simplify Equation [2.6] and obtain the P/A factor, multiply the n-term geometric progression
in brackets by the (P/F,i%,1) factor, which is 1/(1 + 7). This results in Equation [2.7]. Now sub-

tract the two equations, [2.6] from [2.7], and simplify to obtain the expression for P when
i # 0 (Equation [2.8]).

[2.6]

1 1 1 1

P _ 1
1+i_A[(1+i)2+(1+i)3+(1+i)4+"'+(1+i)”+(1+i)"+1 [27]
: AN 1
+(1+b"+\(1+i)"+1
_ AN B 1.]
AP Ot
—Lpa—L __ 1,]
I+ A+ A+
_A[_ 1
T =i+ 1]
_La+d -1 .

The term in brackets in Equation [2.8] is the conversion factor referred to as the uniform series
present worth factor (USPWF). It is the P/A factor used to calculate the equivalent P value in
year 0 for a uniform end-of-period series of A values beginning at the end of period 1 and extend-
ing for n periods. The cash flow diagram is shown in Figure 2—4a.

P=2? P= given
i = given i = given
140 1 2 n—2 n—1 n 0 1 2 n
[WE] | | ([ | | | | | ((
| l l “ l l l | ] P
33
A = given A=27?
(a) (b)
Figure 2-4

Cash flow diagrams used to determine (a) P, given a uniform series A, and (b) A, given a present worth P.
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TABLE 2-2 P/A and A/P Factors: Notation and Equations
Factor Factor Standard Excel
Notation Name Find/Given = Formula Notation Equation Function
(P/A,i;n)  Uniform series P/A A+D"=1  p=AP/A,in) = PV(i%,n.A)
present worth i(1+1)
(A/P.in) Capital recovery  A/P i(1+ )" A =P(A/P,i,n) = PMT(i%,n,P)
a+" -1

To reverse the situation, the present worth P is known and the equivalent uniform series
amount A is sought (Figure 2—4b). The first A value occurs at the end of period 1, that is, one
period after P occurs. Solve Equation [2.8] for A to obtain

- p{M] [2.9]
a+i -1

The term in brackets is called the capital recovery factor (CRF), or A /P factor. It calculates the
equivalent uniform annual worth A over n years for a given P in year 0, when the interest
rate is i.

The P/A and A/P factors are derived with the present worth P and the first uniform annual
amount A one year (period) apart. That is, the present worth P must always be located one
period prior to the first A.

The factors and their use to find P and A are summarized in Table 2-2 and on the first pages of
this text. The standard notations for these two factors are (P/A,i%,n) and (A/P,i%,n). Tables at
the end of the text include the factor values. As an example, if i = 15% and n = 25 years, the P/A
factor value from Table 19 is (P/A,15%,25) = 6.4641. This will find the equivalent present worth
at 15% per year for any amount A that occurs uniformly from years 1 through 25.

Spreadsheet functions can determine both P and A values in lieu of applying the P/A and
A/P factors. The PV function calculates the P value for a given A over n years and a separate F
value in year n, if it is given. The format is

= PV(i%n,A,F) [2.10]

Similarly, the A value is determined by using the PMT function for a given P value in year 0 and
a separate F, if given. The format is

= PMT(i%n,P,F) [2.11]

Table 2-2 includes the PV and PMT functions.

How much money should you be willing to pay now for a guaranteed $600 per year for 9 years
starting next year, at a rate of return of 16% per year?

Solution
The cash flows follow the pattern of Figure 2—4a, with A = $600, i = 16%, and n = 9. The present
worth is

P =600(P/A,16%.,9) = 600(4.6065) = $2763.90

The PV function = PV(16%,9,600) entered into a single spreadsheet cell will display the
answer P = ($2763.93).
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The Steel Plant Case

As mentioned in the chapter introduction of this case, the HBNA plant may generate a
revenue base of $50 million per year. The president of the Italian parent company Baleez
may have reason to be quite pleased with this projection for the simple reason that over
the 5-year planning horizon, the expected revenue would total $250 million, which is
$50 million more than the initial investment. With money worth 10% per year, address the
following question from the president: Will the initial investment be recovered over the
5-year horizon with the time value of money considered? If so, by how much extra in
present worth funds? If not, what is the equivalent annual revenue base required for the
recovery plus the 10% return on money? Use both tabulated factor values and spreadsheet
functions.

Solution

Tabulated value: Use the P/A factor to determine whether A = $50 million per year for
n =5 years starting 1 year after the plant’s completion (= 0) at i = 10% per year is equivalently
less or greater than $200 M. The cash flow diagram is similar to Figure 2—4a, where the first A
value occurs 1 year after P. Using $1 million units and Table 15 values,

P =50(P/A,10%,5) = 50(3.7908)
=$189.54 ($189,540,000)

The present worth value is less than the investment plus a 10% per year return, so the president
should not be satisfied with the projected annual revenue.

To determine the minimum required to realize a 10% per year return, use the A/P factor.
The cash flow diagram is the same as Figure 2—4b, where A starts 1 year after P at t = 0 and
n=>5.

A = 200(4/P,10%,5) = 200(0.26380)
= $52.76 per year

The plant needs to generate $52,760,000 per year to realize a 10% per year return over
5 years.

Spreadsheet: Apply the PV and PMT functions to answer the question. Figure 2-5 shows
the use of = PV(i%,n,A,F) on the left side to find the present worth and the use of =
PMT(i%,n,P,F) on the right side to determine the minimum A of $52,760,000 per year. Because
there are no F values, it is omitted from the functions. The minus sign placed before each func-
tion name forces the answer to be positive, since these two functions always display the answer
with the opposite sign entered on the estimated cash flows.

> A B i D E [ F | G | H 1 T [ K [ L
1

2 A=$50 i=10% n=5 P = $200 i=10% n=5
13 |

|4 |

5 P= 5189.54 A= $52.76<—| = —PMT(10%,5,200) |
6

7

Figure 2-5

Spreadsheet functions to find P and A for the steel plant case, Example 2.4.
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2.3 Sinking Fund Factor and Uniform Series Compound
Amount Factor (A/Fand F/A)e @

The simplest way to derive the A/F factor is to substitute into factors already developed. If P
from Equation [2.3] is substituted into Equation [2.9], the following formula results.

o i1+ i)
A_F[(1+i)"H(1+i)"—1

A= F[m] [2.12]

The expression in brackets in Equation [2.12] is the A/F or sinking fund factor. It determines
the uniform annual series A that is equivalent to a given future amount F. This is shown graph-
ically in Figure 2—-6a, where A is a uniform annual investment.

The uniform series A begins at the end of year (period) 1 and continues through the year of
the given F. The last A value and F occur at the same time.

Equation [2.12] can be rearranged to find F for a stated A series in periods 1 through n (Fig-
ure 2-6b).

a1 +iy -1
i

F=A [2.13]

The term in brackets is called the uniform series compound amount factor (USCAF), or F /A factor.
When multiplied by the given uniform annual amount A, it yields the future worth of the uniform
series. It is important to remember that the future amount F' occurs in the same period as the last A.

Standard notation follows the same form as that of other factors. They are (F/A,i,n) and
(A/F,i,n). Table 2-3 summarizes the notations and equations. They are also included on the first
pages of the book.

As a matter of interest, the uniform series factors can be symbolically determined by using an
abbreviated factor form. For example, F/A = (F/P)(P/A), where cancellation of the P is correct.
Using the factor formulas, we have

(F/A,i,n) =[(1 +1)"]

(I+"—-1] A+ -1
i+ |- i
For solution by spreadsheet, the FV function calculates F for a stated A series over n years.
The format is

=FV(i%,n,A,P) [2.14]

The P may be omitted when no separate present worth value is given. The PMT function determines
the A value for n years, given F in year n and possibly a separate P value in year 0. The format is

= PMT(i%,n,P,F) [2.15]

If P is omitted, the comma must be entered so the function knows the last entry is an F value.

F = given F=7?
i = given i = given ﬁ
1 2 n-2 n—1 n 0 1 2 n-2 n—1 | |n
| ([ | | | | | ([ | | =]
T T T T T ' l J ) l l l
A=29 A = given

(@) (b)

Figure 2-6
Cash flow diagrams to (a) find A, given F, and (b) find F, given A.
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TABLE 2-3 F/A and A/F Factors: Notation and Equations

Factor Factor Standard Notation Excel
Notation = Name Find/Given  Formula Equation Functions
(F/A,i,n)  Uniform series F/A (A+)"=1 F=A(F/Ain) =FV(i%.n,A)
compound amount l
(A/Fin) Sinking fund A/F ﬁ A =F(A/F,i,n) = PMT(i%,n,F)
+10)" —

The president of Ford Motor Company wants to know the equivalent future worth of a $1 mil-
lion capital investment each year for § years, starting 1 year from now. Ford capital earns at a
rate of 14% per year.

Solution

The cash flow diagram (Figure 2—7) shows the annual investments starting at the end of year 1
and ending in the year the future worth is desired. In $1000 units, the F value in year 8 is found
by using the F/A factor.

F =1000(F/A,14%,8) = 1000(13.2328) = $13,232.80

ERRRRARE

Figure 2-7
Diagram to find F for a uniform series, Example 2.5.

47

The Steel Plant Case

Once again, consider the HBNA case presented at the outset of this chapter, in which a pro-
jected $200 million investment can generate $50 million per year in revenue for 5 years starting
1 year after start-up. A 10% per year time value of money has been used previously to determine
P, F, and A values. Now the president would like the answers to a couple of new questions
about the estimated annual revenues. Use tabulated values, factor formulas, or spreadsheet
functions to provide the answers.

(a) What is the equivalent future worth of the estimated revenues after 5 years at 10% per year?

(b) Assume that, due to the economic downturn, the president predicts that the corporation
will earn only 4.5% per year on its money, not the previously anticipated 10% per year.
What is the required amount of the annual revenue series over the 5-year period to be
economically equivalent to the amount calculated in (a)?

Solution

(a) Figure 2—-6b is the cash flow diagram with A = $50 million. Note that the last A value and
F = ? both occur at the end of year n = 5. We use tabulated values and the spreadsheet
function to find F in year 5.

Tabulated value: Use the F/A factor and 10% interest factor table. In $1 million units, the
future worth of the revenue series is
F=50(F/A,10%,5) = 50(6.1051)
=$305.255 ($305,255,000)
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A [ B [ C [ D ] E [ F ] G [ H 1 [ J [ K

| 1] F = value in
2 | A=950 i=10% n=5 cell BS i=4.5% n=5

|3

|4 |

B F= $305.255 A= $55798

|6 |
7

= — _FV(10%,5,50) = _PMT(4.5%,5.B5) |
9

Figure 2-8

Spreadsheet functions to find F and A at i = 4.5% for the steel plant case,

Example 2.6.

If the rate of return on the annual revenues were 0%, the total amount after 5 years would
be $250,000,000. The 10% per year return is projected to grow this value by 22%.

Spreadsheet: Apply the FV factor in the format = —FV(10%,5,50) to determine F =
$305.255 million. Because there is no present amount in this computation, P is omitted
from the factor. See Figure 28, left side. (As before, the minus sign forces the FV function
to result in a positive value.)

(b) The president of the Italian company planning to develop the steel plant is getting worried
about the international economy. He wants the revenue stream to generate the equivalent
that it would at a 10% per year return, that is, $305.255 million, but thinks that only a
4.5% per year return is achievable.

Factor formula: The A/F factor will determine the required A for 5 years. Since the factor
tables do not include 4.5%, use the formula to answer the question. In $1 million units,

A =305.255(A/F,4.5%,5) = 305.255| —2945__| — 305 255(0.18279)
(1.045)° — 1
= $55.798

The annual revenue requirement grows from $50 million to nearly $55,800,000. This is a
significant increase of 11.6% each year.

Spreadsheet: It is easy to answer this question by using the = PMT(i%,n,,F) function with
i = 4.5% and F = $305.255 found in part (a). We can use the cell reference method
(described in Appendix A) for the future amount F. Figure 2-8, right side, displays the
required A of $55.798 per year (in $1 million units).

2.4 Factor Values for Untabulated i or n Values ® ®

Often it is necessary to know the correct numerical value of a factor with an i or n value that is
not listed in the compound interest tables in the rear of the book. Given specific values of i and #,
there are several ways to obtain any factor value.

e Use the formula listed in this chapter or the front cover of the book.
* Use an Excel function with the corresponding P, F, or A value set to 1.
e Use linear interpolation in the interest tables.

When the formula is applied, the factor value is accurate since the specific i and n values are
input. However, it is possible to make mistakes since the formulas are similar to each other, espe-
cially when uniform series are involved. Additionally, the formulas become more complex when
gradients are introduced, as you will see in the following sections.

A spreadsheet function determines the factor value if the corresponding P, A, or F argu-
ment in the function is set to 1 and the other parameters are omitted or set to zero. For ex-
ample, the P/F factor is determined using the PV function with A omitted (or set to 0) and
F =1, that is, PV(i%,n,,1) or PV(i%,n,0,1). A minus sign preceding the function identifier
causes the factor to have a positive value. Functions to determine the six common factors are
as follows.
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Factor To Do This Excel Function
P/F Find P, given F. = —PV(i%,n,,1)
F/P Find F, given P. = —FV(i%,n,,1)
P/A Find P, given A. = —-PV(i%.n,1)
A/P Find A, given . = —PMT(i%,n,1)
F/A Find F, given A. = —FV(i%,n,1)
A/F Find A, given /. = —PMT(i%,n,,1)

Figure 2-9 shows a spreadsheet developed explicitly to determine these factor values. When it is
made live in Excel, entering any combination of i and n displays the exact value for all six factors. The
values for i = 3.25% and n = 25 years are shown here. As we already know, these same functions will
determine a final P, A, or F value when actual or estimated cash flow amounts are entered.

Linear interpolation for an untabulated interest rate i or number of years n takes more time
to complete than using the formula or spreadsheet function. Also, interpolation introduces some
level of inaccuracy, depending upon the distance between the two boundary values selected for
i or n, as the formulas themselves are nonlinear functions. Interpolation is included here for indi-
viduals who wish to utilize it in solving problems. Refer to Figure 2—10 for a graphical descrip-
tion of the following explanation. First, select two tabulated values (x; and x,) of the parameter
for which the factor is requested, that is, i or n, ensuring that the two values surround and are not
too distant from the required value x. Second, find the corresponding tabulated factor values
(f, and f,). Third, solve for the unknown, linearly interpolated value f using the formulas below,
where the differences in parentheses are indicated in Figure 2—-10 as a through c.

A [ B C ) Figure 2-9
1 i= n= - Use of Excel functions to displa
Enter requested i and n play
2 3.25% ‘ 25.00 ‘P/i E ] factor values for any i and n
8 Value obtained values.
4 Factor Value with this function
5 P/F 0.44952 "=-PV($A$2,$B$2,,1)
| 6 P/A 16.93786 "=-PV($A%$2,$B%$2,1)
74
| 8 FIP 2.22460 "=-FV($A%$2,$B$2,,1)
9 FIA 37.67993 “=-FV($A%$2,$B%2,1)
10
kil AIF 0.02654 "= -PMT($A%$2,$B%$2,,1)
12 AP 0.05904 "= -PMT($A%$2,$B%$2,1)
13
Factor value Figure 2-10
axis Linear interpolation in factor
value tables.
Table
( fz ————————————————————————— @
|
l
|
| .
LmeaF
| Unknown : assumption
c f _________________ A |
! |
! |
! |
d ! |
! |
: |
Table 1 !
S . !
? . |
I ! I
I ! I
I ! I
| a ! |
I | I
A :
Known Required Known iorn
X, x X, axis

J
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. (x—x)
fEht oy = F) [2.16]
f=h+ge=fi+d [2.17]

The value of d will be positive or negative if the factor is increasing or decreasing, respectively,
in value between x, and x, .

Determine the P/A factor value for i = 7.75% and n = 10 years, using the three methods de-
scribed previously.

Solution
Factor formula: Apply the P/A factor relation in Equation [2.8] or from the summary page at
the front of the text. Showing 5-decimal accuracy,

A+d"—1_ (10779 ~1 _1.10947
i(1+9" 0.0775(1.0775)"° 0.16348
=6.78641

Spreadsheet: Utilize the spreadsheet function in Figure 2-9, that is, = —PV(7.75%,10,1), to
display 6.78641.

Linear interpolation: Use Figure 2-10 as a reference for this solution. Apply the Equa-
tion [2.16] and [2.17] sequence, where x is the interest rate i, the bounding interest rates are
i; =7% and i, = 8%, and the corresponding P/A factor values are f; = (P/A,7%,10) = 7.0236
and f, = (P/A,8%,10) = 6.7101. With 4-place accuracy,

f=f+ %(f2 _£) =7.0236 + % (6.7101 — 7.0236)
2 1

(P/A,1.75%,10) =

=7.0236 + (0.75)(—0.3135) = 7.0236 — 0.2351
=6.7885

Comment

Note that since the P/A factor value decreases as i increases, the linear adjustment is negative
at —0.2351. As is apparent, linear interpolation provides an approximation to the correct factor
value for 7.75% and 10 years, plus it takes more calculations than using the formula or spread-
sheet function. It is possible to perform two-way linear interpolation for untabulated i and n
values; however, the use of a spreadsheet or factor formula is recommended.

2.5 Arithmetic Gradient Factors (P/Gand A/G) e @

Assume a manufacturing engineer predicts that the cost of maintaining a robot will increase by
$5000 per year until the machine is retired. The cash flow series of maintenance costs involves a
constant gradient, which is $5000 per year.

An arithmetic gradient series is a cash flow series that either increases or decreases by a con-
stant amount each period. The amount of change is called the gradient.

Formulas previously developed for an A series have year-end amounts of equal value. In the
case of a gradient, each year-end cash flow is different, so new formulas must be derived. First,
assume that the cash flow at the end of year 1 is the base amount of the cash flow series and,
therefore, not part of the gradient series. This is convenient because in actual applications, the
base amount is usually significantly different in size compared to the gradient. For example, if
you purchase a used car with a 1-year warranty, you might expect to pay the gasoline and insur-
ance costs during the first year of operation. Assume these cost $2500; that is, $2500 is the base
amount. After the first year, you absorb the cost of repairs, which can be expected to increase
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each year. If you estimate that total costs will increase by $200 each year, the amount the second
year is $2700, the third $2900, and so on to year n, when the total cost is 2500 + (n — 1)200. The
cash flow diagram is shown in Figure 2—11. Note that the gradient ($200) is first observed be-
tween year 1 and year 2, and the base amount ($2500 in year 1) is not equal to the gradient.

Define the symbols G for gradient and CF, for cash flow in year n as follows.

G = constant arithmetic change in cash flows from one time period to the next; G may be positive
or negative.

CF, = base amount + (n — 1)G [2.18]

It is important to realize that the base amount defines a uniform cash flow series of the size A that
occurs each time period. We will use this fact when calculating equivalent amounts that involve
arithmetic gradients. If the base amount is ignored, a generalized arithmetic (increasing) gradi-
ent cash flow diagram is as shown in Figure 2—12. Note that the gradient begins between years 1
and 2. This is called a conventional gradient.

A local university has initiated a logo-licensing program with the clothier Holister, Inc. Esti-
mated fees (revenues) are $80,000 for the first year with uniform increases to a total of $200,000
by the end of year 9. Determine the gradient and construct a cash flow diagram that identifies
the base amount and the gradient series.

Solution
The year 1 base amount is CF; = $80,000, and the total increase over 9 years is

CF, — CF, = 200,000 — 80,000 = $120,000
Equation [2.18], solved for G, determines the arithmetic gradient.

G= (CF, - CF)) _ 120,000
n—1 9-1
= $15,000 per year
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Figure 2-11
Cash flow diagram of an
arithmetic gradient series.

Figure 2-12
Conventional arithmetic
gradient series without
the base amount.
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Figure 2-13

Diagram for gradient series, Example 2.8.

The cash flow diagram (Figure 2—-13) shows the base amount of $80,000 in years 1 through 9
and the $15,000 gradient starting in year 2 and continuing through year 9.

The total present worth P, for a series that includes a base amount A and conventional arith-
metic gradient must consider the present worth of both the uniform series defined by A and the
arithmetic gradient series. The addition of the two results in P;.

P,=P, P, [2.19]

where P, is the present worth of the uniform series only, P is the present worth of the gradient
series only, and the + or — sign is used for an increasing (+G) or decreasing (—G) gradient, re-
spectively.

The corresponding equivalent annual worth A; is the sum of the base amount series annual
worth A, and gradient series annual worth A, that s,

A=A, +Ag [2.20]

Three factors are derived for arithmetic gradients: the P/G factor for present worth, the A/G
factor for annual series, and the F/G factor for future worth. There are several ways to derive
them. We use the single-payment present worth factor (P/F,i,n), but the same result can be ob-
tained by using the F/P, F /A, or P/A factor.

In Figure 2—12, the present worth at year O of only the gradient is equal to the sum of the pres-
ent worths of the individual cash flows, where each value is considered a future amount.

P=G(P/F,i2)+2G(P/F,i3)+3GP/F,i4)+---
+ [(n — 2)GI(P/F.,ijn — 1) + [(n — )GI(P/F,i,n)

Factor out G and use the P/F formula.

= ! 2 3 =2 n—1
P_G[(l+i)2+(1+i)3+(1+i)4+ +(1+i)"_1+(1 +l')n] [221]

Multiplying both sides of Equation [2.21] by (1 + i)' yields

P +i)= 2 3 4...4n=2 4 n-l } [2.22]

1
Gl(1+i)1+(1+i)2+(1+i)3 ' A+ 1+t

Subtract Equation [2.21] from Equation [2.22] and simplify.

iP=G| 1 Ly 1 11~ n
lP—G[(] +i)1+(1 +i)2+ +(1 +i)n—1+(1 +l')n} G[(l +i)”] [2.23]

The left bracketed expression is the same as that contained in Equation [2.6], where the
P /A factor was derived. Substitute the closed-end form of the P /A factor from Equation [2.8]
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Conversion diagram from an arithmetic gradient to a present worth.

into Equation [2.23] and simplify to solve for P, the present worth of the gradient series
only.

p _GlA+)'-1 »
CSTT | Tid+) A +iy

[2.24]

Equation [2.24] is the general relation to convert an arithmetic gradient G (not including the
base amount) for n years into a present worth at year 0. Figure 2—14a is converted into the
equivalent cash flow in Figure 2—-14b. The arithmetic gradient present worth factor, or P/G
factor, may be expressed in two forms:

o qfasir-1
P/Gim =3 |0 ~d+ 7
or PGy =T —in=1 [2.25]

(1 + i)

Remember: The conventional arithmetic gradient starts in year 2, and P is located in year 0.

Equation [2.24] expressed as an engineering economy relation is
P;=G(P/G,i,n) [2.26]

which is the rightmost term in Equation [2.19] to calculate total present worth. The G carries a
minus sign for decreasing gradients.

The equivalent uniform annual series A for an arithmetic gradient G is found by multiplying
the present worth in Equation [2.26] by the (A/P,i,n) formula. In standard notation form, the
equivalent of algebraic cancellation of P can be used.

Ay = G(P/G.in)(A/P.in)

=G(A/G,i,n)
In equation form,
A _G|a+)"-1 i1+
ST i+ A+ Ad+)" -1
—_qgll__n_
= G[i — 1] [2.27]

which is the rightmost term in Equation [2.20]. The expression in brackets in Equation [2.27] is
called the arithmetic gradient uniform series factor and is identified by (A /G,i,n). This factor
converts Figure 2—15a into Figure 2-15b.

The P/G and A/G factors and relations are summarized on the first pages of the text. Factor
values are tabulated in the two rightmost columns of factor values at the rear of this text.

¥

Placement of
gradient P
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Figure 2-15
Conversion diagram of an arithmetic gradient series to an equivalent uniform annual series.

There is no direct, single-cell spreadsheet function to calculate P or A for an arithmetic
gradient. Use the NPV function to display P and the PMT function to display A after entering
all cash flows (base and gradient amounts) into contiguous cells. General formats for these func-
tions are

= NPV (i%, second_cell:last_cell) + first_cell [2.28]
= PMT(%, n, cell_with_P;) [2.29]

The word entries in italic are cell references, not the actual numerical values. (See Appendix A,
Section A.2, for a description of cell reference formatting.) These functions are demonstrated in
Example 2.10.

An F/G factor (arithmetic gradient future worth factor) to calculate the future worth F; of a
gradient series can be derived by multiplying the P/G and F/P factors. The resulting factor,
(F/G,i,n), in brackets, and engineering economy relation is

(1+i)”—1)_n]

i

rool]

Neighboring parishes in Louisiana have agreed to pool road tax resources already desig-
nated for bridge refurbishment. At a recent meeting, the engineers estimated that a total of
$500,000 will be deposited at the end of next year into an account for the repair of old and
safety-questionable bridges throughout the area. Further, they estimated that the deposits
will increase by $100,000 per year for only 9 years thereafter, then cease. Determine the
equivalent (a) present worth, and (b) annual series amounts, if public funds earn at a rate
of 5% per year.

Solution

(a) The cash flow diagram of this conventional arithmetic gradient series from the perspec-
tive of the parishes is shown in Figure 2—16. According to Equation [2.19], two compu-
tations must be made and added: the first for the present worth of the base amount P,
and the second for the present worth of the gradient P,. The total present worth P,
occurs in year 0. This is illustrated by the partitioned cash flow diagram in Figure 2-17.
In $1000 units, the total present worth is

P, = 500(P/A,5%,10) + 100(P/G,5%,10)
=500(7.7217) + 100(31.6520)
=$7026.05 ($7,026,050)
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Figure 2-16
Cash flow series with a conventional arithmetic gradient (in $1000 units),
Example 2.9.
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Figure 2-17

Partitioned cash flow diagram (in $1000 units), Example 2.9.

(b) Here, too, it is necessary to consider the gradient and the base amount separately. The
total annual series A, is found by Equation [2.20] and occurs in years 1 through 10.

A; =500+ 100(A/G,5%,10) = 500 + 100(4.0991)
=$909.91 per year ($909,910)

Comment
Remember: The P/G and A/G factors determine the present worth and annual series of the
gradient only. Any other cash flows must be considered separately.

If the present worth is already calculated [as in part (a)], P, can be multiplied by an A/P
factor to get A;. In this case, considering round-off error,

Ay = P(A/P,5%,10) = 7026.05(0.12950)
=$909.873  ($909,873)
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The Steel Plant Case @

The announcement of the HBNA steel plant states that the $200 million (M) investment is
planned for 2020. Most large investment commitments are actually spread out over several
years as the plant is constructed and production is initiated. Further investigation may deter-
mine, for example, that the $200 M is a present worth in the year 2020 of anticipated invest-
ments during the next 4 years (2021 through 2024). Assume the amount planned for 2021 is
$100 M with constant decreases of $25 M each year thereafter. As before, assume the time
value of money for investment capital is 10% per year to answer the following questions using
tabulated factors and spreadsheet functions, as requested below.

(a) In equivalent present worth values, does the planned decreasing investment series equal
the announced $200 M in 2020? Use both tabulated factors and spreadsheet functions.

(b) Given the planned investment series, what is the equivalent annual amount that will be in-
vested from 2021 to 20247 Use both tabulated factors and spreadsheet functions.

(¢) (This optional question introduces Excel’s Goal Seek tool.) What must be the amount of
yearly constant decrease through 2024 to have a present worth of exactly $200 M in 2020,
provided $100 M is expended in 2021? Use a spreadsheet.

Solution

(a) The investment series is a decreasing arithmetic gradient with a base amount of $100 M
in year 1 (2021) and G = $-25 M through year 4 (2024). Figure 2-18 diagrams the cash
flows with the shaded area showing the constantly declining investment each year. The P
value at time 0 at 10% per year is determined by using tables and a spreadsheet.

Tabulated factors: Equation [2.19] with the minus sign for negative gradients determines
the total present worth P,. Money is expressed in $1 million units.

P,.=P,— P;=100(P/A,10%,4) — 25(P/G,10%,4) [2.30]
= 100(3.1699) — 25(4.3781)
= $207.537 ($207,537,000)

In present worth terms, the planned series will exceed the equivalent of $200 M in 2020
by approximately $7.5 M.

Spreadsheet: Since there is no spreadsheet function to directly display present worth for a
gradient series, enter the cash flows in a sequence of cells (rows or columns) and use the
NPV function to find present worth. Figure 2—19 shows the entries and function

NPV (i%,second_cell:last_cell). There is no first_cell entry here because there is no
investment per se in year 0. The result displayed in cell C9, $207.534, is the total P, for
the planned series. (Note that the NPV function does not consider two separate series of
cash flows as is necessary when using tabulated factors.)

The interpretation is the same as in part (a); the planned investment series exceeds the
$200 M in present worth terms by approximately $7.5 M.

(b) Tabulated factors: There are two equally correct ways to find A;. First, apply Equa-
tion [2.20] that utilizes the A/G factor, and second, use the P; value obtained above and
the A/P factor. Both relations are illustrated here, in $1 million units.

Pr=? Figure 2-18
Cash flow diagram for de-
creasing gradient in $1 mil-
lion units, Example 2.10.

i = 10% per year
= 2021 2022 2023 2024 Year
= | | | |
'0 1 2 3 4‘ Time
Base Gradient
A =$100 G=$-25
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Figure 2-19
Spreadsheet solution for
Example 2.10a and b.

25
A B C D | E F | G

1 in $1 M units G= -25.000
2
3 Year Time, t Investment, $1 M

|4 2020 0

| 5 2021 1 100.000
6 2022 2 75.000 .

E 2023 3 50.000 Present worth of investments
8 2024 4 25.000 / = NPV(10%,C5:C8)
9 P@ 10% 207.534
10 5

Annual worth of investments

11 Aofin 10% 65.471 <+—
1| Adinv @ 10% = —PMT(10%4,C9)
13

Use Equation [2.20

Use P;:

]:

A;=100-25(4/G,10%,4) = 100 — 25(1.3812)

= $65.471 per year ($65,471,000)

= $65.471 per year

A;=207.537(A/P,10%,4) = 207.537(0.31547)

Spreadsheet: Apply the PMT function in Equation [2.29] to obtain the same A, =
$65.471 per year (Figure 2—19).

(c) (Optional) The Goal Seek tool is described in Appendix A. It is an excellent tool to apply
when one cell entry must equal a specific value and only one other cell can change. This
is the case here; the NPV function (cell C9 in Figure 2—19) must equal $200, and the gra-
dient G (cell C1) is unknown. This is the same as stating P, = 200 in Equation [2.30] and
solving for G. All other parameters retain their current value.

Figure 2-20 (top) pictures the same spreadsheet used previously with the Goal Seek tem-
plate added and loaded. When OK is clicked, the solution is displayed; G = $—26.721.
Refer to Figure 2-20 again. This means that if the investment is decreased by a constant
annual amount of $26.721 M, the equivalent total present worth invested over the 4 years
will be exactly $200 M.

I A B | C D
1 in$1 M units G= -25.000 =
2 ——
N Year Time, t Investment, $1 M Goal Seek rﬁ»
4 2020 0
5 2021 1 100.000 set cell: $Cga R
6 2022 2 75.000 P
7 2023 3 50.000 To yahe; EI
8 2024 4 25.000 y changing cell:  |§C¢1 T
9 P@10% 20753 < | $1l &3
10
11 Aofinv@ 10% / 65.471 Lox J[ coxe ]
12
13 Present worth of investments:
14 = NPV(10%,C5:C8) | Set up Goal Seek template |
A [ B ] C
1 in $1 M units G= -26.721
2
T Year Time,t Investment, $1 M
4 2020 0 Solution for G = $-26.721 to make
5 2021 1 100.000 present worth exactly $200
6 2022 2 73.279
(7] 2023 3 46.559
8 2024 4 19.838
s P@10% 200.000
10
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Figure 2-20

Solution for arithmetic
gradient using Goal Seek,
Example 2.10c.
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2.6 Geometric Gradient Series Factors @ @

It is common for annual revenues and annual costs such as maintenance, operations, and labor to
go up or down by a constant percentage, for example, +5% or —3% per year. This change occurs
every year on top of a starting amount in the first year of the project. A definition and description
of new terms follow.

A geometric gradient series is a cash flow series that either increases or decreases by a constant
percentage each period. The uniform change is called the rate of change.

g = constant rate of change, in decimal form, by which cash flow values increase or decrease
from one period to the next. The gradient g can be + or —.

A, = initial cash flow in period 1 of the geometric series

P, = present worth of the entire geometric gradient series, including the initial amount
Al

Note that the initial cash flow A, is not considered separately when working with geometric
gradients.

Figure 2-21 shows increasing and decreasing geometric gradients starting at an amount A, in
time period 1 with present worth P, located at time 0. The relation to determine the total present
worth P, for the entire cash flow series may be derived by multiplying each cash flow in Fig-
ure 2-21a by the P/F factor 1/(1 + i)".

po A A+ Ad+e’ A+
£+t A+ 1+ A+
a1 +g (+g* (+9""
I L R ) S ) S 1+ 231

Multiply both sides by (1 + g)/(1 + i), subtract Equation [2.31] from the result, factor out P,
and obtain

l+g )_ (1+g) 1
Pg(l+i —lj=4 (1 +i* T+
Solve for P, and simplify.
1+g)
=1 .
P, =A, i—g gFI [2.32]

The term in brackets in Equation [2.32] is the (P/A,g,i,n) or geometric gradient series present
worth factor for values of g not equal to the interest rate i. When g = i, substitute i for g in Equa-
tion [2.31] and observe that the term 1/(1 + i) appears n times.

P,=7 P=2?
i = given i = given
g = given g = given
140 1 2 3 4 n 10 1 2 3 4 n
L ! ! ! ! ([ L ! ! ! ([ |
I 1— J L 1] ! 1)
A - - -~ - —/ﬁA—l _oy—1
A0+ g =J _ - A1 -g’ -9
A + g7 ~ < A0 -7
Al + ) 7//<\ L7 A =g
\Y \ 4
A +om! A
(a) (b)

Figure 2-21

Cash flow diagram of (a) increasing and (b) decreasing geometric gradient series and present worth P,.
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(1 ! |
Pe=AlgmyTaraTa+st ta+n

_ nA
L [2.33]

The (P/A,g,i,n) factor calculates P, in period 7 = 0 for a geometric gradient series starting in
period 1 in the amount A, and increasing by a constant rate of g each period.

The equation for Pg and the (P/A,g,i,n) factor formula are

P,=A,(P/A,g,in) [2.34]
(1 +g)"
1- :

o 1+ .

(P/A,gin) = ~—i—g £ #1i
[2.35]

n i

1+i E=¢

It is possible to derive factors for the equivalent A and F values; however, it is easier to determine
the P, amount and then multiply by the A/P or F/P factor.

As with the arithmetic gradient series, there are no direct spreadsheet functions for geometric
gradient series. Once the cash flows are entered, P and A are determined using the NPV and PMT
functions, respectively.

A coal-fired power plant has upgraded an emission control valve. The modification costs only
$8000 and is expected to last 6 years with a $200 salvage value. The maintenance cost is ex-
pected to be high at $1700 the first year, increasing by 11% per year thereafter. Determine the
equivalent present worth of the modification and maintenance cost by hand and by spreadsheet
at 8% per year.

Solution by Hand

The cash flow diagram (Figure 2-22) shows the salvage value as a positive cash flow and all
costs as negative. Use Equation [2.35] for g # i to calculate P,. Total Py is the sum of three
present worth components.

Pr=—8000 — P, + 200(P/F,8%,6)

1—(1.11/1.08)°
0.08 —0.11
= —8000 — 1700(5.9559) + 126 = $—17,999

= —8000 — 1700[ ] + 200(P/F,8%,6)

~
-
Il
'~

=

Figure 2-22
Cash flow diagram of a geometric
gradient, Example 2.11.

"l

P, =7 i=8%
g=11% $200
— 1 2 3 4 5 Te
[ ] IL |
$1700 g17000.10 ~ X _
~
$1700(1.11)% ~
~
38000 $1700(1.11)° > (
; N
$1700(1.11)* N
N
AN

$1700(1.11)°

¥

Placement of
gradient P,
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Solution by Spreadsheet

Figure 2-23 details the spreadsheet operations to find the geometric gradient present worth P,
and total present worth P, To obtain P, = $—17,999, three components are summed—first
cost, present worth of estimated salvage in year 6, and P,. Cell tags detail the relations for the
second and third components; the first cost occurs at time 0.

Comment

The relation that calculates the (P/A,g,i%,n) factor is rather complex, as shown in the cell tag
and formula bar for C9. If this factor is used repeatedly, it is worthwhile using cell reference
formatting so that A,, i, g, and n values can be changed and the correct value is always obtained.
Try to write the relation for cell C9 in this format.

c9 A = 1700 ((1- ((1.11)/(1.08)'6)/0.08-0.11))
A [ 8 NG Db [ E | F [ 6 [ W [ 1

1

2 | Information provided |Estimates P value, $

3 |Interest rate, 1% 8%

4 |First cost, $ -8000 -8000 Present worth of salvage

5
> | =-PV(8%,6,,200

6 |Life, n, years 6 / (8% )
| 7 |Salvage, $ 200| 126 |

8
_9 |Maintenance cost, year 1, $ -1.700_-10,125, Present worth of maintenance costs, Eq. [2.35]
10 |Cost gradient, g% 11% — 5 "
1] Total, $ ‘ 17,999 =—1700" ((1-((1.11)/(1.08))"6)/(0.08-0.11))
12 |
Figure 2-23

Geometric gradient and total present worth calculated via spreadsheet, Example 2.11.

The Steel Plant Case @

Now let’s go back to the proposed HBNA steel plant. The revenue series estimate of $50 mil-
lion annually is quite optimistic, especially since there are other steel fabricators operating in
the area. Therefore, it is important to be sensitive in our analysis to possibly declining and in-
creasing revenue series, depending upon the longer-term success of the plant’s marketing,
quality, and reputation. Assume that revenue may start at $50 million by the end of the first
year, but then decreases geometrically by 12% per year through year 5. Determine the present
worth and future worth equivalents of all revenues during this 5-year time frame at the same
rate used previously, that is, 10% per year.

Solution
The cash flow diagram appears much like Figure 2-21b, except that the arrows go up for rev-
enues. In year 1, A; = $50 M and revenues decrease in year 5 to

A(1 = )" =50 M(1 — 0.12)>" = 50 M(0.88)* = $29.98 M

First, we determine P, in year 0 using Equation [2.35] with i = 0.10 and g = —0.12, then we
calculate F in year 5. In $1 million units,

-0
P =50— 1100 1 5013 0560
¢« =010 = (<0.12) :
— $152.80
F = 152.80(F/P,10%,5) = 152.80(1.6105)
= $246.08

This means that the decreasing revenue stream has a 5-year future equivalent worth of
$246.080 M. If you look back to Example 2.6, we determined that the F in year 5 for the
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uniform revenue series of $50 M annually is $305.255 M. In conclusion, the 12% declining
geometric gradient has lowered the future worth of revenue by $59.175 M, which is a sizable
amount from the perspective of the owners.
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2.7 Determining i or n for Known Cash Flow Values ® ®

When all the cash flow values are known or have been estimated, the i value (interest rate or rate
of return) or n value (number of years) is often the unknown. An example for which i is sought
may be stated as follows: A company invested money to develop a new product. After the net
annual income series is known following several years on the market, determine the rate of return
i on the investment. There are several ways to find an unknown i or n value, depending upon the
nature of the cash flow series and the method chosen to find the unknown. The simplest case in-
volves only single amounts (P and F) and solution utilizing a spreadsheet function. The most
difficult and complex involves finding i or n for irregular cash flows mixed with uniform and
gradient series utilizing solution by hand and calculator. The solution approaches are summa-
rized below, followed by examples.

Single Amounts—P and F Only

Hand or Calculator Solution  Set up the equivalence relation and (1) solve for the variable
using the factor formula, or (2) find the factor value and interpolate in the tables.

Spreadsheet Solution Use the IRR or RATE function to find i or the NPER function to find
n. (See below and Appendix A for details.)

Uniform Series—A Series

Hand or Calculator Solution Set up the equivalence relation using the appropriate factor
(P/A, A/P, F/A, or A/F), and use the second method mentioned above.

Spreadsheet Solution Use the IRR or RATE function to find i or the NPER function to find 7.

Mixed A Series, Gradients, and/or Isolated Values

Hand or Calculator Solution  Set up the equivalence relation and use (1) trial and error or
(2) the calculator functions.

Spreadsheet Solution Use the IRR or RATE function to find i or the NPER function to find
n. (This is the recommended approach.)

Besides the PV, FV, and NPV functions, other spreadsheet functions useful in determining i
are IRR (internal rate of return) and RATE, and NPER (number of periods) to find n. The formats
are shown here and on the first pages of the text, with a detailed explanation in Appendix A. In
all three of these functions, at least one cash flow entry must have a sign opposite that of others
in order to find a solution.

= IRR(first_cell:last_cell) [2.36]

To use IRR to find i, enter all cash flows into contiguous cells, including zero values.

= RATEn,A,P,F) [2.37]

The single-cell RATE function finds i when an A series and single P and/or F values are involved.
= NPER(%,A,P,F) [2.38]

NPER is a single-cell function to find n for single P and F values, or with an A series.


http://www.downloadslide.com/

62 Chapter 2 Factors: How Time and Interest Affect Money

EXAMPLE 213

If Laurel made a $30,000 investment in a friend’s business and received $50,000 five years
later, determine the rate of return.

Solution
Since only single amounts are involved, i can be determined directly from the P/F factor.
— Sy — 1
P=F(P/F,in)= F(1 T
30,000 = 50,000 ——
1+
0.600 = ——
1+
(12 L
i=(5g) - 1=01076 (1076%)

Alternatively, the interest rate can be found by setting up the standard P/F relation, solving for
the factor value, and interpolating in the tables.

P = F(P/F,i,n)
30,000 = 50,000(P/F,i,5)
(P/F.i,5) = 0.60

From the interest tables, a P/F factor of 0.6000 for n = 5 lies between 10% and 11%. Interpolate
between these two values to obtain i = 10.76%.

EXAMPLE 214

Pyramid Energy requires that for each of its offshore wind power generators $5000 per year
be placed into a capital reserve fund to cover unexpected major rework on field equipment.
In one case, $5000 was deposited for 15 years and covered a rework costing $100,000 in
year 15. What rate of return did this practice provide to the company? Solve by hand and
spreadsheet.

Solution by Hand
The cash flow diagram is shown in Figure 2-24. Either the A/F or F/A factor can be used.
Using A/F,

A=F(@A/F,in)
5000 = 100,000(A /F,i,15)
(A/F.i,15) = 0.0500

From the A/F interest tables for 15 years, the value 0.0500 lies between 3% and 4%. By inter-
polation, i = 3.98%.

F =$100,000 Figure 2—-24
Diagram to determine the rate
i=2 of return, Example 2.14.

o 1 2 3 4 5 6 7 8 9 10 11 12 13 1415
| I I I I I I I I I

RERRRRNRRRRREY

A = $5000
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Solution by Spreadsheet
Refer to the cash flow diagram (Figure 2—-24) while completing the spreadsheet (Figure 2-25).
A single-cell solution using the RATE function can be applied since A = $—5000 occurs
each year and F = $100,000 takes place in the last year of the series. The function =
RATE(15,-5000,,100000) displays the value i = 3.98%. This function is fast, but it allows
only limited sensitivity analysis because all the A values have to change by the same amount.
The IRR function is much better for answering “what if ” questions.

To apply the IRR function, enter the value 0 in a cell (for year 0), followed by —5000 for
14 years and in year 15 enter +95,000 (Figure 2-25). In any cell enter the IRR function. The
answer i = 3.98% is displayed. It is advisable to enter the year numbers O through n (15 in
this example) in the column immediately to the left of the cash flow entries. The IRR func-
tion does not need these numbers, but it makes the cash flow entry activity easier and more
accurate. Now any cash flow can be changed, and a new rate will be displayed immediately
via IRR.

> A [ B | C_ | D [ E [ Figure 2-25
n Year _ Cashflow, $ Use of RATE and IRR
2 Using RATE 0 0 functions to determine
3 3.98% \ 1 -5000 i value for a uniform
2 -5000 series, Example 2.14.
| 5 | i using RATE function 3 -5000
| 6 = RATE(5,-5000,,100000) 4 -5000
7 5 -5000
8| 6 -5000
|9 UsingIRR 7 -5000
10 3.98% 8 -5000
|11 N 9 -5000
12 i using IRR function 10 -5000
13 =IRR(E2:E17) 11 -5000
|14 12 -5000
|15 13 -5000
16 14 -5000
17 15 95000
|18

63

The Steel Plant Case

From the introductory comments about the HBNA plant, the annual revenue is estimated to be
$50 million. All analysis thus far has taken place at 10% per year; however, the parent company
has made it clear that its other international plants are able to show a 20% per year return on
the initial investment. Determine the number of years required to generate 10%, 15%, and 20%
per year returns on the $200 million investment at the new site.

Solution

If hand solution is utilized, the present worth relation can be established and the n values
interpolated in the tables for each of the three rate of return values. In $1 million units, the
relation is

P =-200+50(P/A,i%n) (i =10%, 15%, 20%)
(P/A,i%.n) = 4.00

This is a good opportunity to utilize a spreadsheet and repeated NPER functions from
Equation [2.38], since several i values are involved. Figure 2-26 shows the single-cell =
NPER(i%,50,—200) function for each rate of return. The number of years (rounded up) to pro-
duce at least the required returns are

Return, i% Years
10 6
15 7

20 9
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A

i value

10%

C D

15% 20%

NPER function

. Result, years

\I‘O\m‘b‘wwuo

'= NPER(10%,50,-200)

5.36

"=NPER(15%,50,-200) = NPER(20%,50,-200)

6.56 8.83

Figure 2-26

Use of NPER function to find n values for various rate of return requirements, Example 2.15.

CHAPTER SUMMARY

Formulas and factors derived and applied in this chapter perform equivalence calculations for
present, future, annual, and gradient cash flows. Capability in using these formulas and their
standard notation manually and with spreadsheets is critical to complete an engineering economy
study. Using these formulas and spreadsheet functions, you can convert single cash flows into
uniform cash flows, gradients into present worths, and much more. Additionally, you can solve

for rate of return i or time n.

PROBLEMS
Use of Interest Tables

2.1

Look up the numerical value for the following fac-
tors from the compound interest factor tables.
(F/P,10%,7)

(A/P,12%,10)

(P/G,15%,20)

(F/A,2%,50)

(P/G,35%,15)

Nk LD =

Determination of F, P, and A

2.2

23

24

2.5

The Department of Traffic Security of a city is con-
sidering the purchase of a new drone for aerial sur-
veillance of traffic on its most congested streets. A
similar purchase 4 years ago cost $1,200,000. At an
interest rate of 7% per year, what is the equivalent
value today of the previous $1,200,000 expenditure?

Pressure Systems, Inc. manufactures high-accu-
racy liquid level transducers. It is investigating
whether it should update in-place equipment now
or wait and do it later. If the cost now is $200,000,
what will be the equivalent amount 3 years from
now at an interest rate of 10% per year?

How much money should a bank be willing to loan
a real estate developer who will repay the loan by
selling seven lakefront lots at $120,000 each
2 years from now? Assume the bank’s interest rate
is 10% per year.

A rotary engine is the essence of a vertical takeoff
and landing (VTOL) personal aircraft known as

2.6

2.7

2.8

2.9

2.10

the Moller Skycar M400. It is a flying car known
as a personal air vehicle (PAV) and it is expected to
make its first untethered flight in 2020. The PAV
has been under development for 30 years at a total
cost of $100 million. Assuming the $100 million
was spent in an equal amount each year, determine
the future worth at the end of the 30-year period at
an interest rate of 10% per year.

What is the present worth of an expenditure of
$25,000 in year 8 if the interest rate is 10% per year?

Calculate the present worth of 10 uniform pay-
ments of $8000 that begin 1 year from now at an
interest rate of 10% per year.

Atlas Long-Haul Transportation is considering
installing Valutemp temperature loggers in all of
its refrigerated trucks for monitoring tempera-
tures during transit. If the systems will reduce in-
surance claims by $100,000 in each of the next
2 years, how much should the company be willing
to spend now if it uses an interest rate of 12% per
year?

Determine the size of your investment account
30 years from now (when you plan to retire) if you
deposit $12,000 each year, beginning 1 year from
now, and the account earns interest at a rate of 10%
per year.

How much could BTU Oil & Gas Fracking afford
to spend on new equipment each year for the next
3 years if it expects a profit of $50 million 3 years
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from now? Assume the company’s MARR is 20%
per year.

2.11  Thompson Mechanical Products is planning to set
aside $150,000 now for possible replacement of
large synchronous refiner motors when it becomes
necessary. If the replacement isn’t needed for
5 years, how much will the company have in its
investment set-aside account? Assume a rate of re-
turn of 18% per year.

2.12  Electric car maker Gentech signed a $75 million
contract with Power Systems, Inc. to automate a
major part of its assembly line system. If Power
Systems will be paid 2 years from now, when the
systems are ready, determine the present worth of

the contract at 18% per year interest.

2.13 Labco Scientific sells high-purity chemicals to
universities, research laboratories, and pharma-
ceutical companies. The company wants to invest
in new equipment that will reduce shipping costs
by better matching the size of the completed prod-
ucts with the size of the shipping container. The
new equipment is estimated to cost $450,000 to
purchase and install. How much must Labco save
each year for 3 years in order to justify the invest-
ment at an interest rate of 10% per year?

2.14  Loadstar Sensors is a company that makes load/
force sensors based on capacitive sensing technol-
ogy. For a major plant expansion project, the com-
pany wants to have $30 million 5 years from now.
If the company already has $15 million in an in-
vestment account for the expansion, how much
more must the company add to the account now so
that it will have the $30 million 5 years from now?
The funds earn interest at the rate of 10% per year.

2.15 Meggitt Systems, a company that specializes in
extreme-high-temperature accelerometers, is in-
vestigating whether it should update certain equip-
ment now or wait and do it later. If the cost now is
$280,000, what is the equivalent amount 2 years
from now at an interest rate of 12% per year?

2.16  Henry Mueller Supply Co. sells vibration control
equipment for wind turbines exposed to harsh en-
vironmental factors. Annual cash flows for an
8-year period are shown in the table. Determine
the future worth of the cash flows at an interest rate

of 10% per year.

Year |1 2 3 4 5 6 7 8
Revenue, $1000 | 200 200 200 200 200 200 200 200
Expenses, $1000 | 90 90 90 90 90 90 90 90

2.17 Stanley, Inc. makes self-clinching fasteners for
stainless steel applications. It expects to acquire

2.18

2.19

2.20

2.21

222

Problems 65

new time-saving punching equipment 4 years from
now. If the company sets aside $125,000 each year,
determine the amount available in 4 years at an
earning rate of 10% per year.

China spends an estimated $100,000 per year on
cloud seeding efforts which include using anti-
aircraft guns and rocket launchers to fill the sky
with silver iodide. In the United States, utilities
that run hydroelectric dams are among the most
active cloud seeders because they believe it is a
cost-effective way to increase limited water sup-
plies by 10% or more. If the yields of cash crops
will increase by 4% per year for the next 3 years
because of extra irrigation water captured behind
dams during cloud seeding, what is the future
worth (in year 3) of the extra value of the cash
crops? Assume the interest rate is 10% per year
and the value of the cash crops without the extra
irrigation water would be $600,000 per year.

American Gas Products manufactures a device
called a Can-Emitor that empties the contents of
old aerosol cans in 2 to 3 seconds. This eliminates
the need to dispose of the cans as hazardous waste.
If a paint manufacturing company can save
$90,000 per year in waste disposal costs, how
much could the company afford to spend now on
the Can-Emitor if it wants to recover its investment
in 3 years at an interest rate of 20% per year?

Durban Moving and Storage wants to have enough
money available 5 years from now to purchase a
new tractor-trailer. If the estimated cost is
$250,000, how much should the company set aside
each year if the funds earn 9% per year?

The Public Service Board (PSB) awarded two con-
tracts worth a combined $3.07 million to increase
the depth of a retention basin and reconstruct a
spillway that was severely damaged in a flood
2 years ago. The PSB president stated that, surpris-
ingly, the bids were $1,150,000 lower than PSB
engineers estimated. If the projects are assumed to
have a 20-year life, what is the annual worth of the
savings at an interest rate of 5% per year?

Syringe pumps oftentimes fail because reagents ad-
here to the ceramic piston and deteriorate the seal.
Trident Chemical developed an integrated polymer
dynamic seal that provides a higher sealing force
on the sealing lip, resulting in extended seal life.
One of Trident’s customers expects to reduce down
time by 30% as a result of the new seal design. If
lost production would have cost the company
$110,000 per year for each of the next 4 years, how
much could the company afford to spend now on
the new seals? Use a MARR of 12% per year.
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2.23 The cost of a fence that can detect poacher intru-
sion into a National Wildlife Preserve is $3 mil-
lion per mile. If the effective life of the fence is
10 years, determine the equivalent annual cost of
a 10-mile long fence at an interest rate of 8% per
year.

2.24 A small oil company wants to replace its Micro
Motion Coriolis flowmeters with nickel-based
steel alloy flowmeters from the Emerson F-Series.
The replacement process will cost the company
$50,000 three years from now. How much money
must the company set aside each year beginning
1 year from now in order to have the total amount
in 3 years? Assume the company earns a generous
20% per year on investment funds.

Factor Values

2.25 Determine the numerical value of the following fac-
tors using (a) linear interpolation, () the formula,
and (c) the spreadsheet function from Figure 2-9.
1. (P/F.8.4%,15)
2. (A/F17%,10)

2.26  Find the numerical value of the following factors
by (a) linear interpolation, (b) using the appropri-
ate formula, and (c) a spreadsheet function.

1. (F/A,19%,20)
2. (P/A26%,15)

2.27 Find the numerical value of the following factors
using (a) linear interpolation and (b) the appropri-
ate formula.

1. (F/P,18%,33)
2. (A/G,12%,54)

2.28  For the factor (F/P,10%,43), find the percent dif-
ference between the interpolated and formula-
calculated values, assuming the formula-calculated
value is the correct one.

Arithmetic Gradient

2.29 A cash flow sequence starts in year 1 at $4000 and
decreases by $300 each year through year 9. Deter-
mine (a) the value of the gradient G; (b) the amount
of cash flow in year 5; and (c) the value of n for the
(P/G,i%,n) factor.

2.30  An arithmetic cash flow gradient series equals
$500 in year 1, $600 in year 2, and amounts in-
creasing by $100 per year through year 9. At
i = 10% per year, determine the present worth of
the cash flow series in year 0.

2.31  NMTeX Oil owns several gas wells in Carlsbad, NM.
Revenue from the wells has been increasing according

Factors: How Time and Interest Affect Money

to an arithmetic gradient for the past 5 years. The rev-
enue in year 1 from well no. 24 was $390,000 and it
increased by $15,000 each year thereafter. Determine
(a) the revenue in year 3, and (b) the equivalent an-
nual worth of the revenue through year 5. Assume an
interest rate of 10% per year.

2.32  Solar Hydro manufactures a revolutionary aeration
system that combines coarse and fine bubble aera-
tion components. This year (year 1) the cost for
check valve components is $9,000. Based on clo-
sure of a new contract with a distributor in China
and volume discounts, the company expects this
cost to decrease. If the cost in year 2 and each year
thereafter decreases by $560, what is the equiva-
lent annual cost for a 5-year period at an interest
rate of 10% per year?

2.33  For the cash flow revenues shown below, find the
value of G that makes the equivalent annual worth
in years 1 through 7 equal to $500. The interest
rate is 10% per year.

Year Cash Flow, $ Year Cash Flow, $
0 4 200 + 3G
1 200 5 200 + 4G
2 200+ G 6 200 + 5G
3 200 + 2G 7 200 + 6G

2.34 A low-cost noncontact temperature measuring tool
may be able to identify railroad car wheels that are
in need of repair long before a costly structural
failure occurs. If the BNF railroad saves $100,000
in year 1, $110,000 in year 2, and amounts increas-
ing by $10,000 each year for 5 years, what is the
future worth of the savings in year 5 at an interest
rate of 10% per year?

2.35 For the cash flows below determine the amount in
year 1, if the annual worth in years 1 through 9 is
$3500 and the interest rate is 10% per year.

Year [I 2 3 4 5 6 7 8 9

Cost, |A A+40 A+80A+120 A+160 A+200 A+240 A+280 A+320
$1000

2.36  Apple Computer wants to have $2.1 billion avail-
able 5 years from now in order to finance initial
production of a device that, based on your behav-
ior, will learn how to monitor and control nearly all
of the electronic devices in your home, such as
thermostat, coffee pot, TV, sprinkler system, etc.
using Internet of Things (IOT) technology. The
company expects to set aside uniformly increasing
amounts of money each year to meet its goal. If the
amount set aside at the end of year 1 is $100 million,
how much will the uniform increase, G, have to be
each year? Assume the investment funds grow at a
rate of 18% per year.
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2.37

2.38

Tacozza Electric, which manufactures brush dc servo
motors, budgeted $95,000 per year to pay for specific
components over the next 5 years. If the company
expects to spend $55,000 in year 1, how much of a
uniform (arithmetic) increase each year is the com-
pany expecting in the cost of this part? Assume the
company uses an interest rate of 10% per year.

The future worth in year 10 of an arithmetic gradi-
ent cash flow series for years 1 through 10 is
$500,000. If the gradient increase each year, G, is
$3,000, determine the cash flow in year 1 at an in-
terest rate of 10% per year.

Geometric Gradient

2.39

2.40

241

242

243

244

Assume you were asked to prepare a table of com-
pound interest factor values (like those in the back
of this book) used in calculating the present worth
of a geometric gradient series. Determine the two
values for n = 1 and 2 for an interest rate of 10%
per year and a rate of change g of 5% per year.

A company that manufactures purgable hydrogen
sulfide monitors will make deposits such that each
one is 7% larger than the preceding one. How large
must the first deposit at the end of year 1 be if the
deposits extend through year 10 and the fourth de-
posit is $5550? Use an interest rate of 10% per year.

Calculate the present worth of a geometric gradi-
ent series with a cash flow of $35,000 in year 1 and
increases of 5% each year through year 6. The in-
terest rate is 10% per year.

To improve crack detection in military aircraft, the
Air Force combined ultrasonic inspection proce-
dures with laser heating to identify fatigue cracks.
Early detection of cracks may reduce repair costs
by as much as $200,000 per year. If the savings
start at the end of year 1 and increase by 3% each
year through year 5, calculate the present worth of
these savings at an interest rate of 10% per year.

A civil engineer planning for her retirement places
10% of her salary each year into a high-technology
stock fund. If her salary this year (end of year 1) is
$160,000 and she expects her salary to increase by
3% each year, what will be the future worth of her
retirement fund after 15 years provided it earns 7%
per year?

El Paso Water (EPW) purchases surface water for
treatment and distribution to EPW customers from
the County Water Improvement District during the
irrigation season. A new contract between the two
entities resulted in a reduction in future price in-
creases in the cost of the water from 8% per year to

2.45

2.46
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4% per year for the next 20 years. The cost of water

next year (which is year 1 of the new contract) will

be $260 per acre-ft. Using an interest rate of 6%

per year,

(a) Determine the present worth of the savings
(in terms of $/acre-ft) to EPW between the
old and the new contracts.

(b) Determine the total present worth of the sav-
ings over the life of the contract if EPW uses
51,000 acre-ft per year.

Toselli Animation plans to offer its employees a
salary enhancement package that has revenue
sharing as its main component. Specifically, the
company will set aside 1% of total sales revenue
for year-end bonuses. The sales are expected to be
$5 million the first year, $5.5 million the second
year, and amounts increasing by 10% each year for
the next 5 years. At an interest rate of 8% per year,
what is the equivalent annual worth in years 1
through 5 of the bonus package?

A northern California consulting firm wants to
start saving money for replacement of network
servers. If the company invests $5000 at the end of
year 1 but decreases the amount invested by 5%
each year, how much will be available 5 years from
now at an earning rate of 8% per year?

Interest Rate and Rate of Return

247

248

2.49

2.50

A start-up company that makes robotic hardware
for CIM (computer integrated manufacturing) sys-
tems borrowed $1 million to expand its packaging
and shipping facility. The contract required the
company to repay the lender through an innovative
mechanism called “faux dividends,” a series of
uniform annual payments over a fixed period of
time. If the company paid $290,000 per year for
5 years, what was the interest rate on the loan?

Your grandmother deposited $10,000 in an invest-
ment account on the day you were born to help pay
the tuition when you go to college. If the account was
worth $50,000 seventeen years after she made the de-
posit, what was the rate of return on the account?

An A&E firm planning for a future expansion de-
posited $40,000 each year for 5 years into a sink-
ing (investment) fund that was to pay an unknown
rate of return. If the account had a total of $451,000
immediately after the fifth deposit, what rate of re-
turn did the company make on these deposits?

Parkhill, Smith, and Cooper, a consulting engi-
neering firm, pays a bonus to each engineer at the
end of the year based on the company’s profit for
that year. If the company’s initial investment was
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$1.2 million, what rate of return has it made if each
engineer’s bonus has been $3000 per year for the
past 10 years? Assume the company has six engi-
neers and that the bonus money represents 5% of
the company’s profit.

For a 5-year period, determine the compound in-
terest rate per year that is equivalent to a simple
interest rate of 15% per year.

A person’s credit score is important in determining
the interest rate they have to pay on a home mortgage.
According to Consumer Credit Counseling Service,
a homeowner with a $100,000 mortgage and a 580
credit score will pay $90,325 more in interest charges
over the life of a 30-year loan than a homeowner with
the same mortgage and a credit score of 720. How
much higher would the interest rate per year have to
be in order to account for this much difference in in-
terest charges, if the $100,000 loan is repaid in a sin-
gle lump sum payment at the end of 30 years?

The business plan for Knowlt, LLC, a start-up
company that manufactures portable multi-gas de-
tectors, showed equivalent annual cash flows of
$400,000 for the first 5 years. If the cash flow in
year 1 was $320,000 and the constant increase
thereafter was $50,000 per year, what interest rate
was used in the calculation? (Solve using factors or
a spreadsheet as requested by your instructor.)

Number of Years

2.54 RKE & Associates is considering the purchase of

a building it currently leases for $30,000 per year.
The owner of the building put it up for sale at a
price of $170,000, but because the firm has been a
good tenant, the owner offered to sell it to RKE for
a cash price of $160,000 now. If purchased now,
how long will it be before the company recovers its
investment at an interest rate of 15% per year?
Solve by speadsheet function or factor.

2.55

2.57

2.60
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A systems engineer who invested wisely can retire
now because she has $2,000,000 in her self-directed
retirement account. Determine how many years she
can withdraw (a) $100,000 per year, or (b) $150,000
per year (beginning 1 year from now) provided her
account earns at a rate of 5% per year. (c) Explain
why the increased annual withdrawal from $100,000
to $150,000 per year is important.

How many years will it take for a uniform annual
deposit of size A to accumulate to 10 times the size
of a single deposit at a rate of return of 10% per year?

Demco Products, a company that manufactures
stainless steel control valves, has a fund for equip-
ment replacement that contains $500,000. The
company plans to spend $85,000 each year on new
equipment. (a) Estimate the number of years it will
take to reduce the fund to no more than $85,000 at
an interest rate of 10% per year. (b) Use the NPER
function to determine the exact number of years.

A company that manufactures ultrasonic wind sen-
sors invested $1.5 million 2 years ago to acquire
part-ownership in an innovative chip-making com-
pany. How long will it take from the date of their
initial investment for their share of the chip-making
company to be worth $6 million, if that company is
growing at a rate of 25% per year?

A trusted friend told you that a cash flow sequence
that started at $3000 in year 1 and increased by
$2000 each year would be worth $15,000 in 12 years
at a rate of return of 10% per year. Is she correct?

You are a well-paid engineer with a well-estab-
lished international corporation. In planning for
your retirement, you are optimistic and expect to
make an investment of $10,000 in year 1 and in-
crease this amount by 10% each year. How long
will it take for your account to have a future worth
of $2,000,000 at a rate of return of 7% per year?

EXERCISES FOR SPREADSHEETS

These are introductory spreadsheet problems to become
familiar with using Excel functions to solve single-factor
problems. The development of correct functions is the pri-
mary goal of working them. The statements and questions
may be similar to or an extension of previous problems.

2.61

A solar-powered personal aircraft with VTOL ca-
pability has been under development for the past
30 years by a group of engineers and physicists.
SPPAYV, as the plane will be termed, is expected to
be available for its final test flight in exactly 3 years

from now. Over the previous 30 years, a total of

$100 million has been spent in its development.

Assuming the $100 million was spent in an equal

amount each year, and assuming an interest rate of

10%, determine the following:

(a) The value of the total investment now, after
the 30 years.

(b) The value of the total investment at the ex-
pected time of the final test flight in three
more years, assuming the same amount is
spent for each of the next three years.
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(¢) The value of the total investment at the ex-
pected time of the final test flight in three
more years, assuming that twice the amount
is spent for each of the next 3 years than that
for the previous 30 years.

You expect to contribute to an investment fund
for your retirement over the next 30 years with
an annual deposit of a yet-to-be determined
amount. Assume your goal is to have $2 million
available when you stop the annual desposits
and that the fund is able to return 10% per year
every year.

(a) Determine if you will reach your goal for either
of the following two deposit scenarios: (1)
$12,000 each and every year; (2) $8000 at the
end of next year for 15 years, followed by
$15,000 deposits in each of years 16 through 30.

(b) Determine the exact number of years neces-
sary to accumulate the $2 million if $12,000
is deposited each year until the goal is
achieved.

(¢) For a little more of a challenge, use only the
FV function to determine the number of
years necessary to attain the $2 million goal
for the second deposit scenario, assuming the
$15,000 is deposited annually until the goal
is achieved.

2.64

2.65

uniformly increasing amounts of money each year
to meet its goal, starting with $100 million at the
end of year 1. How much will the constant in-
crease, G, have to be each year at a rate of return
of 18% per year? Try your skill by using the Goal
Seek tool to find the required gradient. Start the
evaluation with G = $50 million per year.

For the data in Problem 2.60, find the year that
your retirement account first exceeds (a) $2 mil-
lion, and (b) then $3 million. In setting up the
spreadsheet you wish to know the amount that
must be deposited each year. Use any spreadsheet
functions that you choose.

The SEWA (Southwestern Electricity and Water
Authority) authorized construction projects to-
taling $1.07 million to improve desalinization
plant efficiency and salinity-reduction technol-
ogy for reject chemicals. Three bids from poten-
tial vendors were received in the amounts of
$1.06, $1.053, and $1.045 million. Assume the
savings will be realized immediately for each
bid, were it accepted. Use an expected life of
10 years and i = 6% per year to do the following
for the savings anticipated from the lower-than
authorized bids:
(a) Determine the equivalent present worth of
the savings.

2.63 (This is a restatement of Problem 2.36.) Apple (b) Determine the equivalent annual worth of the
Computer wants to have $2.1 billion available savings.
5 years from now in order to finance initial pro- (c) Develop a column chart for the equivalent
duction of a device that applies IOT technology annual worth for the savings for each bid.
for home use. The company expects to set aside

|
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A manufacturer of prototyping equipment wants
to have $3,000,000 available 10 years from now
so that a new product line can be initiated. If the
company plans to deposit money each year,
starting 1 year from now, the equation that rep-
resents how much the company is required to
deposit each year at 10% per year interest to
have the $3,000,000 immediately after the last
deposit is:

() 3,000,000(A/F,10%,10)

(b) 3,000,000(A/F,10%,11)

(¢) 3,000,000 + 3,000,000(A/F,10%,10)

(d 3,000,000(4/P,10%,10)

The amount of money the Teachers Credit Union
should be willing to loan a developer who will

2.68

repay the loan in a lump sum amount of $840,000
two years from now at the bank’s interest rate of
10% per year is:

(a) $694,180

(b) $99,170
() $1,106,400
d $763,650

The cost of updating an outdated production pro-
cess is expected to be $81,000 four years from
now. The equivalent present worth of the update at
6% per year interest is closest to:

(@) $51,230
(b) $55,160
() $60,320
d $64,160
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A single deposit of $25,000 was made by your
grandparents on the day you were born 25 years
ago. The balance in the account today if it grew at
10% per year is closest to:
(@) $201,667 )
(¢) $270,870 )

$241,224
$296,454

A chip manufacturing company wants to have
$10 million available 5 years from now in order to
build new warehouse and shipping facilities. If
the company can invest money at 10% per year,
the amount that it must deposit each year in years
1 through 5 to accumulate the $10 million is clos-
est to:

(a) $1,638,000 (b)
(¢) $2,638,000 ()]

$2,000,000
$2,938,000

An engineer who believes in “save now; play later”
wants to retire in 30 years with $2.0 million. At 8%
per year interest, the amount the engineer will have
to invest each year (starting in year 1) to reach the
$2 million goal is closest to:
(a) $17,660 (b)

(¢) $49.350 )

$28,190
$89,680

The cost of tuition at a large public university was
$390 per credit hour 5 years ago. The cost today
(exactly 5 years later) is $585. The annual rate of
increase is closest to:

(@) 5% b)) 7% () 9% d 11%

The Gap has some of its jeans stone-washed under
a contract with Vietnam Garment Corporation
(VGO). If VGC’s estimated operating cost per ma-
chine is $26,000 for year 1 and it increases by
$1500 per year through year 5, the equivalent uni-
form annual cost per machine over years 1 to 5, at
an interest rate of 8% per year, is closest to:

(@) $30,850 (b) $28,770

(¢) $26,930 (d) $23,670

Adams Manufacturing spent $30,000 on a new
sterilization conveyor belt, which resulted in a cost
savings of $4202 per year. The length of time it
should take to recover the investment at 8% per
year is closest to:

(a) Lessthan 6 years (b) 7 years

(¢) 9years (d) 11 years

The present worth of an increasing geometric gra-
dient is $23,632. The interest rate is 6% per year
and the rate of change series is 4% per year. If the
cash flow in year 1 is $3,000, the year in which the
gradient ends is:

(a) 7 ®» 9 (o) 11 @ 12

2.76

2.77

2.78

2.79

2.80

Factors: How Time and Interest Affect Money

At i = 8% per year, the annual worth for years 1
through 6 of the cash flows shown is closest to:
(a) $302 (b) $421

(c) $572 (d) $824

0 1 2 3 4 5 6
| | |

Years

300
400

500

\ 600
700

y
800

Chemical costs associated with a packed-bed flue gas
incinerator for odor control have been decreasing uni-
formly for 5 years because of increases in efficiency.
If the cost in year 1 was $100,000 and it decreased by
$5,000 per year through year 5, the present worth of
the costs at 10% per year is closest to:

(a) $344,771 (b) $402,200

(¢) $515,400 (d $590,700

The winner of a multistate mega millions lottery
jackpot worth $175 million was given the option
of taking payments of $7 million per year for
25 years, beginning 1 year from now, or taking
$109.355 million now. The interest rate that ren-
ders the two options equivalent to each other is
closest to:

(a) 4% b)) 5% (c) 6% d 7%

Maintenance costs for a regenerative thermal oxi-
dizer increased according to an arithmetic gradient
for 5 years. The cost in year 1 was $7000. If the
interest rate is 10% per year and the present worth
of the costs for a 5-year period was $28,800, the
amount of the yearly increase, G, was closest to:
(@) $1670 () $945

() $620 (d) $330

Aero Serve, Inc. manufactures cleaning nozzles
for reverse pulse jet dust collectors. The company
spent $40,000 on a production control system that
will increase profits by $11,096 per year for
5 years. The rate of return per year on the invest-
ment is closest to:

@ 20%
b) 16%
© 12%

(d) Lessthan 11%
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CASE STUDY

Case Study

THE AMAZING IMPACT OF COMPOUND INTEREST

Background on Five Situations

1.

The first mass produced automobile was the Ford Model
T, initially manufactured and sold in 1909 for $825. The
rate of inflation in the United States over the period
1909 to 2015 has averaged 3.10% per year. You just pur-
chased a new car for $28,000. You wonder what the cost
of this same car might be 50 years from now when your
son may be purchasing a similar car for his daughter
(your granddaughter) so she can attend college. Also,
you wonder what the value of the Model T will be 50
years in the future, that is, in the year 2065.

The purchase price of Manhattan Island, where much of
the city of New York is concentrated, in the year 1626
was $24. After 391 years in 2017, you wonder what the
value of the land might be, provided it has appreciated
in value at a rate of 6% per year, every year.

Last week, your friend Jeremy borrowed $200 from a
pawn shop operator because he was totally broke. He
was to pay the operator $230 after 1 week, but missed
the payment. At first, you thought this was “no big deal,”
but then started to realize that the interest was $30 the
first week alone and would increase, compounded at the
same rate until the total debt was repaid. When your
friend told you he would pay off the loan in a year (pro-
vided the operator didn’t come after him), you gave him
the results of your analysis. He was shocked and paid the
total amount immediately.

In 1939, two people teamed up to manufacture and mar-
ket electronic test equipment. By 1957, the initial capi-
tal investment from themselves and a few friends that
amounted to only $80,805.12 in 1939 had increased in
value to an equivalent of $1 million. After this, the

company skyrocketed to become a world leader in elec-
tronic equipment, computers, and a wide range of other
products. If the net cash flow averaged $150,000 per
year from 1957 to 2017 (60 years) at the same rate,
these two individuals would be quite wealthy.

Assume that when your great-grandmother was 25
years old, she received an engagement ring from her
husband-to-be. He paid $50 for the ring containing a
single, high-quality diamond. When she passed away at
the age of 90, the ring went to your grandmother, who
kept it for 60 years and then gave it to your mother.
After 30 years of keeping the ring in a safe place, she
gave it to you on your 24th birthday. Today is your 48th
birthday and you have just discovered the ring in a desk
drawer, forgotten for all these years. If this high-grade
diamond has been now appraised as a collector’s grade
stone, which has appreciated in value at an average rate
of 4% per year, every year, since it was first purchased,
you wonder what the ring might be valued at today.

Team Exercises

For each situation described, do the following using a five-
person team.

(@)

(b)

Determine the annual compound interest or inflation
rate and discuss the differences in these rates from one
situation to another.

First, each member of the team should make an estimate
(a guess) of the beginning and ending amounts of money
involved for each situation. Each team member should
now calculate the two amounts for one selected situation.
Between team members, discuss the accuracy of their
first estimates compared to the actual amounts calculated.

71
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CHAPTER 3

Combining
Factors and
Spreadsheet

Steve Allen/Brand X Pictures

Functions

LEARNING OUTCOMES

Purpose: Use multiple factors and spreadsheet functions to find equivalent amounts for cash flows that have nonstan-

dard placement.

31

3.2

3.3

Shifted series °
Shifted series and single cash *
flows

Shifted gradients °

Determine the P, F, or A values of a series
starting at a time other than period 1.

Determine the P, F, or A values of a shifted series
and randomly placed single cash flows.

Make equivalence calculations for shifted
arithmetic or geometric gradient series that
increase or decrease in size of cash flows.
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ost estimated cash flow series do not fit exactly the series for which the factors,
equations, and spreadsheet functions in Chapter 2 were developed. For a given
sequence of cash flows, there are usually several correct ways to determine the
equivalent present worth P, future worth F, or annual worth A. This chapter explains how to
combine engineering economy factors and spreadsheet functions to address more complex
situations involving shifted uniform series, gradient series, and single cash flows.

34 Calculations for Uniform Series That Are Shifted @ ® @

When a uniform series begins at a time other than at the end of period 1, it is called a shifted
series. In this case several methods can be used to find the equivalent present worth P. For
example, P of the uniform series shown in Figure 3—1 could be determined by any of the fol-
lowing methods:

e Use the P/F factor to find the present worth of each disbursement at year 0 and add them.

e Use the F/P factor to find the future worth of each disbursement in year 13, add them, and
then find the present worth of the total, using P = F(P/F,i,13).

e Use the F/A factor to find the future amount F = A(F/A,i,10), and then compute the present
worth, using P = F(P/F,i,13).

e Use the P/A factor to compute the “present worth” P, = A(P/A,i,10) (which will be located
in year 3, not year 0), and then find the present worth in year O by using the (P/F,i,3) factor.

Typically the last method is used for calculating the present worth of a uniform series that does
not begin at the end of period 1. For Figure 3—1, the “present worth” obtained using the P/A fac-
tor is located in year 3. This is shown as P, in Figure 3-2. Note that a P value is always located
1 year or period prior to the beginning of the first series amount. Why? Because the P/A factor
was derived with P in time period 0 and A beginning at the end of period 1. The most common
mistake made in working problems of this type is improper placement of P. Therefore, it is ex-
tremely important to remember:

The present worth is always located one period prior to the first uniform series amount when
using the P/A factor.

To determine a future worth or F value, recall that the F/A factor derived in Section 2.3 had
the F located in the same period as the last uniform series amount. Figure 3-3 shows the location
of the future worth when F/A is used for Figure 3—1 cash flows.

The future worth is always located in the same period as the last uniform series amount when
using the F/A factor.

It is also important to remember that the number of periods » in the P/A or F /A factor is equal
to the number of uniform series values. It may be helpful to renumber the cash flow diagram to
avoid errors in counting. Figures 3-2 and 3-3 show Figure 3—1 renumbered to determine n = 10.
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Placement of P

¥

Placement of F

Figure 3-1
A uniform series that is
shifted.

Figure 3-2
Location of present worth
and renumbering for n for
the shifted uniform series
in Figure 3—1.
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Figure 3-3

Placement of F and
renumbering for n for the
shifted uniform series of
Figure 3-1.

Chapter 3 Combining Factors and Spreadsheet Functions
F=7?
o 1 2 3 4 5 6 7 8 9 10 11 12134 Year
I I I I | | | | | | | | | [ |
11 21 31 41 51 61 71 81 91 101 n
A =850

As stated above, several methods can be used to solve problems containing a uniform series
that is shifted. However, it is generally more convenient to use the uniform series factors than the
single-amount factors. Specific steps should be followed to avoid errors:

1. Draw a diagram of the positive and negative cash flows.

2. Locate the present worth or future worth of each series on the cash flow diagram.
3. Determine n for each series by renumbering the cash flow diagram.

4. Draw another cash flow diagram representing the desired equivalent cash flow.

5. Set up and solve the equations.

These steps are illustrated below.

The offshore design group at Bechtel just purchased upgraded CAD software for $5000 now
and annual payments of $500 per year for 6 years starting 3 years from now for annual up-
grades. What is the present worth in year O of the payments if the interest rate is 8% per year?

Solution

The cash flow diagram is shown in Figure 3—4. The symbol P, is used throughout this chapter
to represent the present worth of a uniform annual series A, and P, represents the present worth
at a time other than period 0. Similarly, P, represents the total present worth at time 0. The
correct placement of P, and the diagram renumbering to obtain n are also indicated. Note that
Py is located in actual year 2, not year 3. Also, n = 6, not 8, for the P /A factor. First find the
value of P, of the shifted series.

P; = $500(P/A,8%,6)
Since Py is located in year 2, now find P, in year 0.

P, = P,(P/F.8%.2)

Pr=7
{} , i = 8% per year
— P{=?
nedy
1 1 2‘ 1 3 4 5 6 7 8 Year
[EF I -+ | | | | | |
0 11 21 31 4l Sl Gl n
A = $500
Py = $5000
Figure 3-4

Cash flow diagram with placement of P values, Example 3.1.
The total present worth is determined by adding P, and the initial payment P in year 0.
P,=P,+P,
= 5000 + 500(P/A,8%,6)(P/F,8%,2)
= 5000 + 500(4.6229)(0.8573)
= $6981.60
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The more complex that cash flow series become, the more useful are the spreadsheet func-
tions. When the uniform series A is shifted, the NPV function is used to determine P, and the
PMT function finds the equivalent A value. The NPV function, like the PV function, determines
the P values, but NPV can handle any combination of cash flows directly from the cells. As we
learned in Chapter 2, enter the net cash flows in contiguous cells (column or row), making sure
to enter “0” for all zero cash flows. Use the format

NPV (i%,second_cell:last_cell) + first_cell

First_cell contains the cash flow for year 0 and must be listed separately for NPV to correctly
account for the time value of money. The cash flow in year 0 may be 0.

The easiest way to find an equivalent A over n years for a shifted series is with the PMT func-
tion, where the P value is from the NPV function above. The format is the same as we learned
earlier; the entry for P is a cell reference, not a number.

PMT(%,n,cell_with_P,F)

Alternatively, the same technique can be used when an F value was obtained using the FV func-
tion. Now the last entry in PMT is “cell_with_F.”

It is very fortunate that any parameter in a spreadsheet function can itself be a function. Thus,
it is possible to write the PMT function in a single cell by embedding the NPV function (and FV
function, if needed). The format is

PMT(i%,n,NPV (i%,second_cell:last_cell) + first_cell,F) [3.1]

Of course, the answer for A is the same for the two-cell operation or a single-cell, embedded func-
tion. All three of these functions are illustrated in Example 3.2.

Recalibration of sensitive measuring devices costs $8000 per year. If the machine will be reca-
librated for each of 6 years starting 3 years after purchase, calculate the 8-year equivalent uni-
form series at 16% per year. Show hand and spreadsheet solutions.

Solution by Hand

Figure 3—5a and b shows the original cash flows and the desired equivalent diagram. To con-
vert the $8000 shifted series to an equivalent uniform series over all periods, first convert the
uniform series into a present worth or future worth amount. Then either the A/P factor or the
A/F factor can be used. Both methods are illustrated here.

Present worth method. (Refer to Figure 3—5a.) Calculate P, for the shifted series in year 2,
followed by P, in year 0. There are 6 years in the A series.

P, =8000(P/A,16%,6)
P, =P|(P/F,16%,2) = 8000(P/A,16%,6)(P/F,16%,2)
= 8000(3.6847)(0.7432) = $21,907.75
The equivalent series A" for 8 years can now be determined via the A /P factor.
A'=PrA/P,16%,8) = $5043.60
Future worth method. (Refer to Figure 3—5a.) First calculate the future worth F in year 8.
F =8000(F/A,16%,6) = $71,820
The A/F factor is now used to obtain A’ over all 8 years.

A'= F(A/F,16%.8) = $5043.20

75
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2 Year Cash flow

3 0 0

4 1 0 (1) Ausing PMT and P |

5 2 0 -$5,043.49 -PMT(16%,8,B12)
6 3 -$8,000 <_i= -

7 4 -$8,000 (2) A using embedded NPV

8 5 -$8,000 -$5,043.49

9 6 -$8,000

10 7 -$8,000

11 8 -$8,000

12 Pvalue  -$21,906.87 | = —PMT(16%,8 NPV(16%,B4:B11) + B3 |

13

14
15 [ = NPV(16%,B4:B11) + B3 |

16

(©

Figure 3-5

(a) Original, and (b) equivalent cash flow diagrams, and (c¢) spreadsheet functions to determine
P and A, Example 3.2.

Solution by Spreadsheet
(Refer to Figure 3—5¢.) Enter the cash flows in B3 through B11 with entries of “0” in the first
three cells. Use the NPV function to display P = $21,906.87.

There are two ways to obtain the equivalent A over 8 years. Of course, only one of these
PMT functions needs to be entered. (1) Enter the PMT function making direct reference to
the P value (see cell tag for D/ES5) or (2) use Equation [3.1] to embed the NPV function into
the PMT function (see cell tag for D/ES).

3.2 Calculations Involving Uniform Series and Randomly
Placed Single Amounts @ @

When a cash flow includes both a uniform series and randomly placed single amounts, the proce-
dures of Section 3.1 are applied to the uniform series and the single-amount formulas are applied
to the one-time cash flows. This approach, illustrated in Examples 3.3 and 3.4, is merely a com-
bination of previous ones. For spreadsheet solutions, it is necessary to enter the net cash flows
before using the NPV and other functions.

An engineering company in Wyoming that owns 50 hectares of valuable land has decided to
lease the mineral rights to a mining company. The primary objective is to obtain long-term
income to finance ongoing projects 6 and 16 years from the present time. The engineering
company makes a proposal to the mining company that it pay $20,000 per year for 20 years
beginning 1 year from now, plus $10,000 six years from now and $15,000 sixteen years from
now. If the mining company wants to pay off its lease immediately, how much should it pay
now if the investment is to make 16% per year?
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3.2 Calculations Involving Uniform Series and Randomly Placed Single Amounts

Solution

The cash flow diagram is shown in Figure 3—-6 from the owner’s perspective. Find the present
worth of the 20-year uniform series and add it to the present worth of the two one-time amounts
to determine P;.

P, =20,000(P/A,16%,20) + 10,000(P/F,16%,6) + 15,000(P/F,16%,16)
= $124,075

Note that the $20,000 uniform series starts at the end of year 1, so the P/A factor determines
the present worth at year 0.

$15,000
$10,000 .

T A = $20,000

([
Lo I I I I I I ) I I I I I

OU 1 2 3 4 5 6 1 15 16 17 18 19 20  Year
Pr=7 i = 16% per year
Figure 3-6

Diagram including a uniform series and single amounts, Example 3.3.
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When you calculate the A value for a cash flow series that includes randomly placed single
amounts and uniform series, first convert everything to a present worth or a future worth.
Then you obtain the A value by multiplying P or F by the appropriate A/P or A/F factor.
Example 3.4 illustrates this procedure.

A design-build-operate engineering company in Texas that owns a sizable amount of land
plans to lease the drilling rights (oil and gas only) to a mining and exploration company. The
contract calls for the mining company to pay $20,000 per year for 20 years beginning 3 years
from now (i.e., beginning at the end of year 3 and continuing through year 22) plus $10,000 six
years from now and $15,000 sixteen years from now. Utilize engineering economy relations by
hand and by spreadsheet to determine the five equivalent values listed below at 16% per year.

1. Total present worth P, in year O
Future worth F in year 22

Annual series over all 22 years
Annual series over the first 10 years
Annual series over the last 12 years

ik w0

Solution by Hand
Figure 3—7 presents the cash flows with equivalent P and F' values indicated in the correct years
for the P/A, P/F, and F /A factors.

1. P; in year 0: First determine P, of the series in year 2. Then P; is the sum of three
P values: the series present worth value moved back to r = 0 with the P/F factor, and the
two P values at t = 0 for the two single amounts in years 6 and 16.
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P, =20,000(P/A,16%,20)
P, =P{(P/F,16%,2) + 10,000(P/F,16%,6) + 15,000(P/F,16%,16)

=20,000(P/A,16%,20)(P/F,16%,2) + 10,000(P/F,16%,6)
+ 15,000(P/F,16%,16)

= $93,625 (3.2]

2. F in year 22: To determine F in year 22 from the original cash flows (Figure 3-7), find
F for the 20-year series and add the two F values for the two single amounts. Be sure to
carefully determine the n values for the single amounts: n = 22 — 6 = 16 for the $10,000
amount and n = 22 — 16 = 6 for the $15,000 amount.

F =20,000(F/A,16%,20) + 10,000(F/P,16%,16) + 15,000(F/P,16%,6) [3.3]
= $2,451,626

3. A over 22 years: Multiply P = $93,625 from (1) on the previous page by the A/P factor
to determine an equivalent 22-year A series, referred to as A,_,, here.

Ay = Pp(A/P,16%.22) = 93,625(0.16635) = $15,575 [3.4]

An alternate way to determine the 22-year series uses the F value from (2) above. In this
case, the computation is A, ,, = F(A/F,16%,22) = $15,575.

$15,000
$10000 1
$20,000
Y
0 5 13 20 n
| | ([
og o ) f f f f f
o | x 3 7 15 16 17 18 19 20 21227 Year
Pr=7? - i = 16% per year Fo 9
Figure 3-7
Diagram for Example 3.4.

4. A over years 1 to 10: This and (5), which follows, are special cases that often occur in
engineering economy studies. The equivalent A series is calculated for a number of years
different from that covered by the original cash flows. This occurs when a defined study
period or planning horizon is preset for the analysis. (More is mentioned about study pe-
riods later.) To determine the equivalent A series for years 1 through 10 only (call it A, ,,),
the P, value must be used with the A/P factor for n = 10. This computation transforms
Figure 3-7 into the equivalent series A, _,, in Figure 3-8a.

Ay = Pp(A/P,16%,10) = 93,625(0.20690) = $19,371 [3.5]

5. A over years 11 to 22: For the equivalent 12-year series for years 11 through 22 (call it
Ay ), the F value must be used with the A/F factor for 12 years. This transforms
Figure 3-7 into the 12-year series A,,_,, in Figure 3-8b.

A,y = F(A/F,16%,12) = 2,451,626(0.03241) = $79,457 [3.6]

Notice the huge difference of more than $60,000 in equivalent annual amounts that occurs
when the present worth of $93,625 is allowed to compound at 16% per year for the first 10 years.
This is another demonstration of the time value of money.

Solution by Spreadsheet
Figure 3-9 is a spreadsheet image with answers for all five questions. The $20,000 series and
the two single amounts have been entered into separate columns, B and C. The zero cash flow


http://www.downloadslide.com/

3.2 Calculations Involving Uniform Series and Randomly Placed Single Amounts

App="?

IEEERE RN

| ([ | |
I )] I I
1 2 3 4 5 6 7 8 9 10 11 21 22 Year
i=16%
P, = $93,625
(@)
| ] ([ | |
I I )] I I
0 1 9 10
F=$2,451,626
(&)

<> A B I G D E F
[1] Interest rate 16.00%

2

3 Cash flows Value Spreadsheet function used

4 Year Series Single calculated to obtain result in column F Result
ls| o [} [} Present worth
[ 6 | 1 0 0 of series ‘= NPV(D1,B6:B27) + B5 $88,122

7 2 0 0

8 3 $ 20,000 0

9 4 $ 20,000 0 Present worth
10 | 5 $ 20,000 0 of singles *= NPV(D1,C6:C27) + C5 $5,500

11 6 $ 20,000 $ 10,000

12 7 $ 20,000 0

13 8 $ 20,000 0

14 9 $ 20,000 0 1. Present worth '=F6+F10 or $93,622

15 10 $ 20,000 0 total ‘= NPV(D1,B6:B27) + NPV(D1,C6:C27) $93,622

16 1 $ 20,000 0

17 12 $ 20,000 0 2. Future worth

18 13 $ 20,000 0 total = FV(D1,22,0,-F14) $2,451,621

19 14 $ 20,000 0

20 15 $ 20,000 0 3. Annual series

21 16 $ 20,000 $ 15,000 over 22 years ‘= PMT(D1,22,-F14) $15,574
|22 17 s 20,000 0
(23| 18 $ 20,000 0 4. Annual series
[24 | 19 $ 20,000 0 for first 10 years ‘= PMT(D1,10,-F14) $19,370
25 20 $ 20,000 0
|26 | 21 $ 20,000 0 5. Annual series

27 22 $ 20,000 0 for last 12 years "= PMT(D1,12,0,-F18) $79,469

values are all entered so that the functions will work correctly. This is an excellent example
demonstrating the versatility of the NPV, FV, and PMT functions. To prepare for sensitivity
analysis, the functions are developed using cell reference format or global variables, as indi-
cated in the column E function. This means that virtually any number—the interest rate, any
cash flow estimate in the series or the single amounts, and the timing within the 22-year time
frame—can be changed and the new answers will be immediately displayed.

1. Present worth values for the series and single amounts are determined in cells F6 and F10,
respectively, using the NPV function. The sum of these in F14 is P, = $93,622, which
corresponds to the value in Equation [3.2]. Alternatively, P, can be determined directly
via the sum of two NPV functions, shown in row 15.

2. The FV function in row 18 uses the P value in F14 (preceded by a minus sign) to deter-
mine F 22 years later. This is significantly easier than Equation [3.3].

3. To find the 22-year A series starting in year 1, the PMT function in row 21 references
the P value in cell F14. This is effectively the same procedure used in Equation [3.4] to
obtain A, _,,.

79

Figure 3-8

Cash flows of Figure 3-7
converted to equivalent
uniform series for

(a) years 1 to 10 and

(b) years 11 to 22.

Figure 3-9
Spreadsheet using cell
reference format.
Example 3.4.
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For the spreadsheet enthusiast, it is possible to find the 22-year A series value directly
by using the PMT function with embedded NPV functions. The cell reference format is
=PMT(D1,22,—(NPV(D1,B6:B27)+B5 + NPV(D1,C6:C27)+C5)).

4. and 5. It is quite simple to determine an equivalent uniform series over any number of
periods using a spreadsheet, provided the series starts one period after the P value is lo-
cated or ends in the same period that the F value is located. These are both true for the
series requested here. The results in F24 and F27 are the same as A,_, and A, ,_,, in Equa-
tions [3.5] and [3.6], respectively.

Comment

Remember that round-off error will always be present when comparing hand and spreadsheet
results. The spreadsheet functions carry more decimal places than the tables during calcula-
tions. Also, be very careful when constructing spreadsheet functions. It is easy to miss a value,
such as the P or F in PMT and FV functions, or a minus sign between entries. Always check
your function entries carefully before touching <Enter>.

¥

Placement of gradient P

3.3 Calculations for Shifted Gradients ® ®

In Section 2.5, we derived the relation P = G(P/G,i,n) to determine the present worth of the
arithmetic gradient series. The P/G factor, Equation [2.25], was derived for a present worth in
year O with the gradient first appearing in year 2.

The present worth of an arithmetic gradient will always be located two periods before the
gradient starts.

Refer to Figure 2—14 as a refresher for the cash flow diagrams.

The relation A = G(A/G,i,n) was also derived in Section 2.5. The A /G factor in Equation [2.27]
performs the equivalence transformation of a gradient only into an A series from years 1 through
n (Figure 2—15). Recall that the base amount must be treated separately. Then the equivalent
P or A values can be summed to obtain the equivalent total present worth P, and total annual
series A .

A conventional gradient series starts between periods 1 and 2 of the cash flow sequence. A
gradient starting at any other time is called a shifted gradient. The n value in the P/G and A/G
factors for a shifted gradient is determined by renumbering the time scale. The period in which
the gradient first appears is labeled period 2. The n value for the gradient factor is determined by
the renumbered period where the last gradient increase occurs.

Partitioning a cash flow series into the arithmetic gradient series and the remainder of the cash
flows can make very clear what the gradient n value should be. Example 3.5 illustrates this
partitioning.

Fujitsu, Inc. has tracked the average inspection cost on a robotics manufacturing line for
8 years. Cost averages were steady at $100 per completed unit for the first 4 years, but have
increased consistently by $50 per unit for each of the last 4 years. Analyze the gradient in-
crease, using the P/G factor. Where is the present worth located for the gradient? What is the
general relation used to calculate total present worth in year 0?7

Solution

The cash flow diagram in Figure 3—10a shows the base amount A = $100 and the arithmetic
gradient G = $50 starting between periods 4 and 5. Figure 3-10b and c partitions these two
series. Gradient year 2 is placed in actual year 5 of the entire sequence in Figure 3—10c. It is
clear that n = 5 for the P/G factor. The P, = ? arrow is correctly placed in gradient year 0,
which is year 3 in the cash flow series.


http://www.downloadslide.com/

3.3 Calculations for Shifted Gradients

0 1 2 3 4 5 6 7 8 Year
| | | | | |
T
A =$100 A T
$150 $200 ,
G =350 3250 5300
(@)
0 1 2 3 4 5 6 8 Year
| | | | | | | | |
B
A = $100
(®)
Py="
0 1 2 3 4 5 6 7 8 Year
| | —— | i i j
0 1 Zl 31 4 5| Gradient
530 $100 ’
$150
G = $50 $200
()
Figure 3-10
Partitioned cash flow, (a) = (b) + (¢), Example 3.5.
The general relation for P is taken from Equation [2.19]. The uniform series A = $100
occurs for all 8 years, and the G = $50 gradient present worth P appears in year 3.
P,=P, + P;=100(P/A,i,8) + 50(P/G,i,5)(P/F,i,3)

81

It is important to note that the A/G factor cannot be used to find an equivalent A value in pe-
riods 1 through n for cash flows involving a shifted gradient. Consider the cash flow diagram of
Figure 3—11. To find the equivalent annual series in years 1 through 10 for the gradient series
only, first find the present worth P of the gradient in actual year 5, take this present worth back
to year 0, and annualize the present worth for 10 years with the A/P factor. If you apply the an-
nual series gradient factor (A/G,i,5) directly, the gradient is converted into an equivalent annual
series over years 6 through 10 only, not years 1 through 10, as requested.

To find the equivalent A series of a shifted gradient through all the n periods, first find the
present worth of the gradient at actual time 0, then apply the (A /P,i,n) factor.

Ps=7

0 1 2 3 4 54 6 7 8 9 10  Year

| i i i i OT 1[ 2I 3I 4I 5| Gradientn

$10 $10 $10 $10 $10
t——4-—q-—1-—-—1 G=9$15

Figure 3-11
Determination of G and n values used in factors for a shifted gradient.
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Set up the engineering economy relations to compute the equivalent annual series in years 1
through 7 for the cash flow estimates in Figure 3—12.

T

$50 $50 $50

$70
$90
$110
$130

Figure 3-12
Diagram of a shifted gradient, Example 3.6.

Solution
The base amount annual series is Ay = $50 for all 7 years (Figure 3—13). Find the present worth
P in actual year 2 of the $20 gradient that starts in actual year 4. The gradient n is 5.

P, =20(P/G.i,5)
Bring the gradient present worth back to actual year 0.
P,=P,(P/F.,i,2) =20(P/G.i,5)(P/F,i2)
Annualize the gradient present worth from year 1 through year 7 to obtain A.
Ag=P\A/P.i,T)
Finally, add the base amount to the gradient annual series.
A, =20(P/G,i,5)(P/F,i,2)(A/P.,i,7) + 50

For a spreadsheet solution, enter the original cash flows into adjacent cells, say, B3 through
B10, and use an embedded NPV function in the PMT function. The single-cell function is
= PMT(i%,7,-NPV(i%, B3:B10)).

Pﬁ? PGT}?} 2
O\ 1 I{T 2\ B | ﬁ 4{T 5{T G{T 7{T Year
0 1 2 3 4 5| Gradient n
$50 $50 $50
$70
Ay = $50 $90
$110
G =4§20 $130

Figure 3-13

Diagram used to determine A for a shifted gradient, Example 3.6.

In Section 2.6, we derived the relation Pg = A,(P/A,g,i,n) to determine the present worth of a
geometric gradient series, including the initial amount A,. The factor was derived to find the
present worth in year 0, with A, in year 1 and the first gradient appearing in year 2.

IZ[ The present worth of a geometric gradient series will always be located two periods before
the gradient starts and the initial amount is included in the resulting present worth. Refer

Placement of to Figure 2-21 as a refresher for the cash flows.

gradient P

Equation [2.35] is the formula used for the factor. It is not tabulated.
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Chemical engineers at a Coleman Industries plant in the Midwest have determined that a
small amount of a newly available chemical additive will increase the water repellency of
Coleman’s tent fabric by 20%. The plant superintendent has arranged to purchase the ad-
ditive through a 5-year contract at $7000 per year, starting 1 year from now. He expects the
annual price to increase by 12% per year thereafter for the next 8 years. Additionally, an
initial investment of $35,000 was made now to prepare a site suitable for the contractor to
deliver the additive. Use i = 15% per year to determine the equivalent total present worth
for all these cash flows.

Solution

Figure 3—14 presents the cash flows. The total present worth P; is found using g = 0.12 and
i = 0.15. Equations [2.34] and [2.35] are used to determine the present worth P, for the entire
geometric series at actual year 4, which is moved to year 0 using (P/F,15%.,4).

P;=35,000 + A(P/A,15%.,4) + A \(P/A12%,15%.9)(P/F,15%.4)

1 —(1.12/1.15)

= 35,000 + 7000(2.8550) +| 7000 —575—6 13

= 35,000 + 19,985 + 28,247
= $83,232

Note that n = 4 in the (P/A,15%,4) factor because the $7000 in year 5 is the base cash flow of
the gradient A,.

For solution by spreadsheet, enter the cash flows of Figure 3—14. If cells B1 through B14 are
used, the function to find P = $83,230 is

NPV(15%,B2:B14)+B1

(0.5718)

The fastest way to enter the geometric series is to enter $7000 for year 5 (into cell B6) and set
up each succeeding cell multiplied by 1.12 for the 12% increase.

P, =7 P, =7 i = 15% per year
0ﬁ1234||5678910111213 Year
[ T T N T A N NN AN NN SN NN SN B |
| N RN I R R R BN B |
lJL0123456789 Geometric
A A _!__v ‘ l 1 gradient n
7000
s $7840
$35,000
/
$17,331
12% increase
per year

Figure 3-14
Cash flow diagram including a geometric gradient with g = 12%, Example 3.7.

83

Decreasing arithmetic and geometric gradients are common, and they are often shifted gradi-
ent series. That is, the constant gradient is —G or the percentage change is —g from one period to
the next, and the first appearance of the gradient is at some time period (year) other than year 2
of the series. Equivalence computations for present worth P and annual worth A are basically the
same as discussed in Chapter 2, except for the following.
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$800
—————————— $800— — — — — — — —
$700
$600
$500
$400
| 0 1 2 3 1 4 TS Gradient n
I I I I I I
o 1 3 4 5 6 Year
Py=7
(@)
A, = $800
$800 | p=$ . G = $100
400
$200 LSl '
$100 ]

L — L | | T 1

I (2] I I I I I | 1m! I I I I I
0 i1 4 6 Year 0 j\ 1 2 3 4 5 6 Year

i' Py=?
Py=7 (b) (©
Figure 3-15

Partitioned cash flow of a shifted arithmetic gradient, (a) = (b) — (¢).

For shifted, decreasing gradients:

The base amount A (arithmetic) or initial amount A, (geometric) is the largest amount in the
first year of the series.

The gradient amount is subtracted from the previous year’s amount, not added to it.

The amount used in the factors is —G for arithmetic and —g for geometric gradient series.

The present worth P or P, is located 2 years prior to the appearance of the first gradient;
however, a P/F factor is necessary to find the present worth in year 0.

Figure 3-15 partitions a decreasing arithmetic gradient series with G = $—100 that is shifted
1 year forward in time. P occurs in actual year 1, and P, is the sum of three components.

P, = $800(P/F.,i,1) + 800(P/A,i,5)(P/F.i,1) — 100(P/G.i,5)(P/F,i,1)

Morris Glass Company has decided to invest funds for the next 5 years so that development of
“smart” glass is well funded in the future. This type of new-technology glass uses electro-
chrome coating to allow rapid adjustment to sun and dark in building glass, as well as assisting
with internal heating and cooling cost reduction. The financial plan is to invest first, allow ap-
preciation to occur, and then use the available funds in the future. All cash flow estimates are
in $1000 units, and the interest rate expectation is 8% per year.

Years 1 through 5: Invest $7000 in year 1, decreasing by $1000 per year through year 5.
Years 6 through 10: No new investment and no withdrawals.
Years 11 through 15: Withdraw $20,000 in year 11, decreasing 20% per year through year 15.
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Determine if the anticipated withdrawals will be covered by the investment and appreciation
plans. If the withdrawal series is over- or underfunded, what is the exact amount available in
year 11 (the beginning of the withdrawal series), provided all other estimates remain the same?

Solution by Hand

Figure 3—16 presents the cash flow diagram and the placement of the equivalent P values used
in the solution. Calculate the present worth of both series in actual year 0 and add them to de-
termine if the investment series is adequate to fund the anticipated withdrawals.

Pyo="
Faom ! A
$20,000
AN A, = $20,000
e — - — | "o g=-0.20
N
~N
i = 8% per year SO 88192
01 2 3 5 o |1 |2 [3 |4 s -
U | | | | | | | | | :_IJI 1 Gradient n
| ] I I I I | I I I I
"1231446789101112131415 Year
A =$-7000
\V G =$-1000
Pg=2
Figure 3-16

Investment and withdrawal series, Example 3.8.

Investment series: Decreasing, conventional arithmetic series starting in year 2 with A =
$-7000, G = $—1000, and gradient n = 5 years. The present worth in year 0 is
P, =—[7000(P/A,8%,5) — 1000(P/G,8%.5)]
= $-20,577
Withdrawal series: Decreasing, shifted geometric series starting in year 12 with A, = $20,000,

g = —0.20, and gradient n = 5 years. If the present worth in year 10 is identified as P, ,,, the
present worth in year 0 is P, ;. Use Equation [2.35] for the (P/A,—20%,8%,5) factor.

P,o= P, (P/F,i,n) = A(P/A,g,i,n)(P/F,i,n) [3.7]

8

| _[1+(=020)7
1+0.08
0.08 = (=0.20)

= 20,000(2.7750)(0.4632)
= $25,707

= 20,000

(0.4632)

The net total present worth is
Pr=-20,577 + 25,707 = $+5130

This means that more is withdrawn than the investment series earns. Either additional funds
must be invested or less must be withdrawn to make the series equivalent at 8% per year.

To find the exact amount of the initial withdrawal series to result in P, = 0, let A be an
unknown in Equation [3.7] and set P, , = —P; = 20,577.

20,577 = A,(2.7750)(0.4632)
A, =$16,009 in year 11

The geometric series withdrawal would be 20% less each year.

85
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= A ] B [ C [

1] A B

2 Year Cash flow, $ Function 1

3 0 0 0 2 Year Cash flow, $

[a| 1 -7,000 -7,000 13, 0 0

s 2 6,000 "= C4+1000 4 1 -7,000

6 3 -5,000 "= C5+1000 s 2 -6,000

|78 4 -4,000 “=C6+1000 6 3 -5,000

% Z —3,003 =C7+1 oog 7 4 -4,000

0 7 0 0 | 8 | 5 -3,000

11 8 0 0 9| S 8

l12] 9 0 0 10 i
13| 10 0 0 11, 8 0 Goal Seek r
EEE 20,000 20,000 12 9 0 -
15| 12 16,000 “=C14*0.8 13| 10 0

[16] 13 12,800 “=C15%0.8 R 16,009 < Sef cell: $E§19

17| 14 10,240 "=C16%0.8 sl 12 12.807

18| 15 8,192 =C17%0.8 ’ - T walue: n

16| 13 10,246 =

19 [P value $ 5,130 =

2 18 15 6.557 By changing cell: - $6414

32 | =NPV(8%,B4:B18) + B3 | 10 Pvalie " $ ©

(a) ()
Figure 3-17

Spreadsheet solution, Example 3.8. (a) Cash flows and NPV function and (b) Goal Seek to determine initial with-
drawal amount in year 11.

Solution by Spreadsheet
See Figure 3—17a. To determine if the investment series will cover the withdrawal series, enter
the cash flows (in column B using the functions shown in column C) and apply the NPV func-
tion shown in the cell tag to display P, = $+5130 directly. As above, the + sign indicates that,
from a time value of money perspective, there is more withdrawn than invested and earned.
The Goal Seek tool is very handy in determining the initial withdrawal amount that results
in P =0 (cell B19). Figure 3—17b shows the template and result A; = $16,009 in year 11. Each
succeeding withdrawal is 80% of the previous one.

Comment

If the withdrawal series is fixed as estimated initially and the investment series base amount A
can be increased, the Goal Seek tool can be used to, again, set P = 0 (cell B19). However, now
establish the entry in B4 as the changing cell. The response is A = $—8285, and, as before, suc-
ceeding investments are $1000 less.

CHAPTER SUMMARY

In Chapter 2, we derived the equations to calculate the present, future, or annual worth of specific
cash flow series. In this chapter, we learned how to use these equations on cash flow series that
are shifted in time from those for which the basic relations are derived. For example, when a
uniform series does not begin in period 1, we still use the P/A factor to find the “present worth”
of the series, except the P value is located one period ahead of the first A value, not at time 0. For
arithmetic and geometric gradients, the P value is two periods ahead of where the gradient starts.
With this information, it is possible to solve for P, A, or F for any conceivable cash flow series.

We have used the power of spreadsheet functions in determining P, F, and A values by single-

cell entries and using cash flow estimates entered into a series of spreadsheet cells. Though
spreadsheet solutions are fast, they do remove some of the understanding of how the time value
of money and the factors change the equivalent value of money.

PROBLEMS

Present Worth Calculations

that will be repaid with uniform payments of

3.1 A commercial real estate developer plans to borrow $400,000 over a 15-year period beginning in year 2
money to finance an upscale mall in an exclusive and ending in year 15. How much will a bank be
area of the city. The developer plans to get a loan willing to loan at an interest rate of 10% per year?
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3.2

33

3.6

3.7

A maker of micromechanical systems can reduce
product recalls by 10% with the installation of new
packaging equipment. If the cost of the new equip-
ment is expected to be $40,000 four years from
now, how much could the company afford to spend
now (instead of 4 years from now) at a minimum
attractive rate of return of 12% per year?

A proximity sensor attached to the tip of an endo-
scope could reduce risks during eye surgery by
alerting surgeons to the location of critical retinal
tissue. If an eye surgeon expects that by using this
technology he may avoid lawsuits of $0.6 and
$1.35 million 2 and 5 years from now, respectively,
how much could he afford to spend now provided
his out-of-pocket costs for the lawsuits would be
only 10% of the total amount of each suit? Use an
interest rate of 10% per year.

Industrial Electric Services has a contract with an
Embassy in Mexico to provide maintenance for
scanners and other devices in the building. What is
the present worth of the contract (in year 0) if the
company will receive a total of nine $12,000 pay-
ments beginning in year 2 and ending in year 10
and the interest rate is 10% per year.

Civil Engineering consulting firms that provide
services to outlying communities are vulnerable to
a number of factors that affect the financial condi-
tion of the communities, such as bond issues, real
estate developments, etc. A small consulting firm
entered into a fixed-price contract with a spec
home builder, resulting in a stable income of
$320,000 per year in years 1 through 4. At the end
of that time, a mild recession slowed the develop-
ment, so the parties signed another contract for
$150,000 per year for two more years. Determine
the present worth of the two contracts at an interest
rate of 10% per year.

Because unintended lane changes by distracted driv-
ers are responsible for 43% of all highway fatalities,
Ford Motor Co. and Volvo launched a program to
jointly develop a technology to prevent accidents
by sleepy or distracted drivers. A device costing
$260 tracks lane markings and sounds an alert dur-
ing lane change. If these devices are included in
100,000 new cars per year beginning 3 years from
now, determine the present worth of the cost over a
10-year period at an interest rate of 10% per year.

Pittsburgh Custom Products (PCP) purchased a
new machine for ram cambering large I beams.
PCP expects to bend 80 beams at $2000 per beam
in each of the first 3 years, after which it expects to
bend 100 beams per year at $2500 per beam through
year 8. If the company’s minimum attractive rate

3.8

3.10

Problems 87

of return is 18% per year, what is the present worth
of the expected revenue?

Centrum Water & Gas provides standby power to
pumping stations using diesel-powered generators.
An alternative is the use of natural gas to power the
generators, but it will be a few years before the gas
is available at remote sites. Centrum estimates that
by switching to gas, it will save $15,000 per year,
starting 3 years from now through the end of year
20. At an interest rate of 8% per year, determine
the present worth of the projected savings.

A large water utility is planning to upgrade its
SCADA system for controlling well pumps, booster
pumps, and disinfection equipment for centralized
monitoring and control. Phase I will reduce labor
and travel costs by $28,000 per year. Phase II will
reduce costs by an additional $20,000 per year, that
is $48,000. If phase I savings occur in years 0, 1, 2,
and 3 and phase II savings occur in years 4 through
10, what is the present worth of the upgraded system
in years 1 to 10 at an interest rate of 8% per year?

Costs associated with the manufacture of miniature
high-sensitivity piezoresistive pressure transducers
is, $73,000 per year. A clever industrial engineer
found that by spending $16,000 now to reconfigure
the production line and reprogram two of the ro-
botic arms, the cost will go down to $58,000 next
year and $52,000 in years 2 through 5. Using an
interest rate of 10% per year, determine the present
worth of the savings due to the reconfiguration.
(Hint: Include the reconfiguration cost.)

Annual Worth Calculations

3.11

3.12

3.13

Determine the equivalent annual worth for years 1
through 10 of a uniform series of payments of
$20,000 that begins in year 3 and ends in year 10.
Use an interest rate of 10% per year. Also, write
the single-cell spreadsheet function to find A.

AutomationDirect, which makes 6-inch TFT color
touch screen HMI panels, is examining its cash flow
requirements for the next 5 years. The company ex-
pects to replace office machines and computer equip-
ment at various times over the 5-year planning pe-
riod. Specifically, the company expects to spend
$7000 two years from now, $9000 four years from
now, and $15,000 five years from now. What is the
annual worth over years 1 through 5 of the planned
expenditures at an interest rate of 10% per year? Also,
write the single-cell spreadsheet function to find A.

What is the equivalent annual cost in years 1 through
7 of a contract that has a first cost of $70,000 in year
0 and annual costs of $15,000 in years 3 through 7?
Use an interest rate of 10% per year.
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3.14

3.16

3.18

3.19

3.20

Chapter 3

The net cash flows associated with development
and sale of a new product are shown. Determine
the beginning of period annual worth (i.e., for
years O through 5) at an interest rate of 12% per
year. The cash flows are in $1000 units.

Year | 1 2 3 4 5 6
Cash Flow, $1000 =120 =50 +90 +90 +90 +90

Improvised explosive devices (IEDs) are respon-
sible for many deaths in times of strife and war.
Unmanned ground vehicles (robots) can be used to
disarm the IEDs and perform other tasks as well. If
the robots cost $140,000 each and the Military
Arms Unit signs a contract to purchase 4000 of
them now and another 6000 one year from now,
what is the equivalent annual cost of the contract
over a 4-year period at 10% per year interest?

How much will Kingston Technologies have to pay
each year in eight equal payments, starting 2 years
from now, to repay a $900,000 loan? The interest
rate is 8% per year.

The operating cost for a pulverized coal cyclone
furnace is expected to be $80,000 per year. The
steam produced will be needed for only 6 years be-
ginning now (i.e., years O through 5). What is the
equivalent annual worth in years 1 through 5 of the
operating cost at an interest rate of 10% per year?

An entrepreneurial electrical engineer has ap-
proached a large utility with a proposal that prom-
ises to reduce the utility’s power bill by at least
15% per year for the next 5 years through installa-
tion of patented surge protectors. The proposal
states that the engineer will get $20,000 now and
annual payments that are equivalent to 75% of the
power savings achieved from the devices. Assum-
ing the savings are the same every year at 15% and
that the utility’s power bill is $1 million per year,
what would be the equivalent uniform amount for
years 1 to 5 of the payments to the engineer at an
interest rate of 6% per year?

For the cash flows shown, find the value of x that
makes the equivalent annual worth in years 1
through 7 equal to $300 per year. Use an interest
rate of 10% per year.

Year Cash Flow, $ Year Cash Flow, $
0 X 4 300
1 300 5 300
2 300 6 300
3 300 7 X

Kenworth Imaging got a $700,000 loan that came
with a choice of two different repayment sched-
ules. In Plan 1, the company would have to repay

Combining Factors and Spreadsheet Functions

the loan in 4 years with four equal payments at an
interest rate of 10% per year. In Plan 2, the com-
pany would repay the loan in 3 years, with each
payment twice as large as the preceding one. How
much larger in dollars was the final payment in
Plan 2 than the final payment in Plan 1?

Future Worth Calculations

3.21

322
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\]
(98

3.24

3.25

3.27

Lifetime Savings Accounts, known as LSAs, allow
people to invest after-tax money without being
taxed on any of the gains. If an engineer invests
$10,000 now and $10,000 each year for the next
20 years, how much will be in the account imme-
diately after the last deposit, provided the account
grows by 10% per year?

Calculate the equivalent future cost in year 10 for the
following series of disbursements at an interest rate
of 10% per year. Also, write a single-cell spreadsheet
function that will determine the future worth.

Disbursement, $
4000
5000
5000
5000
5000

Year Disbursement, $ Year
0 5
4000
4000
4000
4000

N S R S
O 0 3

How much money would be accumulated 18 years
from now from deposits of $15,000 per year for
five consecutive years, starting 3 years from now,
if the interest rate is 8% per year?

A manufacturer of industrial grade gas handling
equipment wants to have $500,000 in an equip-
ment replacement contingency fund 10 years from
now. If the company plans to deposit a uniform
amount of money each year beginning now and
continuing through year 10 (total of 11 deposits),
what must be the size of each deposit? Assume the
account grows at a rate of 10% per year.

For the cash flows shown, find the future worth in
(a)year5, and (b) year 4. Assume an i of 10% per year.

Year | 0 1 2 3 4 5
Cash Flow, $ | 0 O 3000 3000 3000 3000

For the cash flows shown, calculate the future
worth in year 9 using i = 10% per year.

Year | 0 1 2 3 4 5 6
Cash Flow,$| 200 200 200 200 300 300 300

For the cash flows shown, calculate the future
worth in year 8 at i = 10% per year.

Year | 0 1 2 3 4 5 6 71

Cash Flow, $ | 500 500 500 0

800 800 800 800
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3.28 For the cash flows shown in the diagram, deter-

mine the value of x and 2x that will make the future
worth in year 8 equal to $100,000.

i = 10% per year

\ \ \ Y
2x 2x 2x 2x

Random Single Amounts and Uniform Series

3.29 Find the present worth for the following cash flow

series (in $1000 units).
i = 6% per year
€|3 Year

1 2 3 4

e T

5
90 90 90 90

100
200 200

3.30 A company that manufactures air-operated drain

3.31

valve assemblies currently has $85,000 available
to pay for plastic components over a 5-year period.
If the company spent only $42,000 in year 1, what
uniform annual amount can the company spend in
each of the next 4 years to deplete the entire bud-
get? Let i = 10% per year.

Marcia observed the following cash flow series (in
$1000 units) in an accounting report at work. The
actual amounts in years 1 and 4 are missing; how-
ever, the report states that the present worth in year
0 was $300,000 at an interest rate of 10% per year.
Calculate the value of x.

[0 1 2 3 4 5 6
[40 x 40 40 x 40 40

Year
Cash Flow, $1000

El Paso Water is planning to install wind turbines
to provide enhanced evaporation of reverse osmo-
sis concentrate from its inland desalting plant. The
company will spend $1.5 million in year 1 and $2
million in year 2. Annual maintenance is expected
to cost $65,000 per year through year 10. Deter-
mine the equivalent annual cost of the project in
years 1 through 10 at an interest rate of 6% per
year. Also, develop a single-cell spreadsheet func-
tion to display the total A value.

A 5-year plan to raise extra funds for public schools
involves an “enrichment tax” that will raise $56 for

3.34

Problems 89

every student the first year, increasing by $1 per
student per year thereafter. There are 50,000 stu-
dents in the district in year one, 51,000 in year 2,
with increases of 1000 students per year thereafter.
Calculate the future worth in year 5 of the enrich-
ment plan over a 5-year planning period at an in-
terest rate of 8% per year. Solve this problem using
(a) tabulated factors, and (b) a spreadsheet.

A recently hired CEO (chief executive officer)wants
to reduce future production costs to improve the
company’s earnings, thereby increasing the value of
the company’s stock. The plan is to invest $70,000
now and $50,000 in each of the next 2 years to im-
prove productivity. By how much must annual costs
decrease in years 3 through 10 to recover the invest-
ment plus a return of 15% per year?

A construction management company is examin-
ing its cash flow requirements for the next 7 years.
The company expects to replace software and in-
field computing equipment at various times over a
7-year planning period. Specifically, the company
expects to spend $6000 one year from now, $9000
three years from now, and $10,000 each year in
years 6 through 10. What is the future worth in
year 10 of the planned expenditures, at an interest
rate of 12% per year?

The following series of revenues and expenses in
$1000 units were recorded by a mobile phone busi-
ness. At a return rate of 10% per year, (a) determine
the net future worth in year 10. (b) Did the owners
make their expected 10% return? How do you know?

Expenses, $
-2500
-200
-300

Year Revenues, $
0 0
1-4 700
5-10 2000

Shifted Gradients

3.37

Find the present worth in year O for the cash flows
shown. Let i = 10% per year.

i=10%

8 Year

130V
150 \ 4

170

Silastic-LC-50 is a liquid silicon rubber designed
to provide excellent clarity, superior mechanical


http://www.downloadslide.com/

20

3.39

Year

Chapter 3

properties, and short cycle time for high speed
manufacturers. One high-volume manufacturer
used it to achieve smooth release from molds. The
company’s projected growth will result in silicon
costs of $26,000 in years 1 and 2, with costs in-
creasing by $2000 per year in years 3 through 5. At
an interest rate of 10% per year, what is the present
worth of these costs?

For the cash flows shown, calculate the equivalent
annual worth in years 1 through 4 at an interest rate
of 10% per year.

| o0 1 2 3 4

Cash Flow, $ | 250,000 275,000 300,000 325,000 375,000

3.40

3.41

3.43

10-kilo packs purchased | 0-100

A build-to-operate (BTO) company signed a con-
tract to operate Alamosa County industrial waste-
water treatment plants for the next 20 years. The
contract will pay the company $2.5 million now
and amounts increasing by $200,000 each year
through year 20. At an interest rate of 10% per
year, what is the present worth now? Solve using
(a) tabulated factors, and () a spreadsheet.

Nippon Steel’s expenses for heating and cooling a
large manufacturing facility are expected to in-
crease according to an arithmetic gradient begin-
ning in year 2. If the cost is $550,000 this year
(year 0) and will be $550,000 again in year 1, but
then are estimated to increase by $40,000 each
year through year 12, what is the equivalent annual
worth in years 1 to 12 of these energy costs at an
interest rate of 10% per year?

The Pedernales Electric Cooperative estimates that the
present worth now of increased revenue from an in-
vestment in renewable energy sources is $12,475,000.
There will be no new revenue in years 1 or 2, but in
year 3 revenue will be $250,000, and thereafter it will
increase according to an arithmetic gradient through
year 15. What is the required gradient, if the expected
rate of return is 15% per year? Solve (a) by tabulated
factors, and (b) using a spreadsheet.

A software company that installs systems for in-
ventory control using RFID technology spent
$600,000 per year for the past 3 years in devel-
oping their latest product. The company opti-
mistically hopes to recover its investment in
5 years on a single contract beginning immedi-
ately (year 0). The company is negotiating a

101-250  251-1000

3.44

Combining Factors and Spreadsheet Functions

contract that will pay $250,000 now and a to-be-
agreed-upon annual increase of a constant
amount each year through year 5. How much
must the income increase (an arithmetic gradi-
ent) each year, if the company wants to realize a
return of 15% per year?

The future worth in year 8 for the cash flows shown
is $20,000. At an interest rate of 10% per year,
what is the value, x, of the cash flow in year 4?

0 1 2 3 4 5 6 7 8
I 1 | | | |
1000
1200 1400
X
1800 /
2000 \
2200 /
2400
3.45 The annual worth for years 1 through 8 of the cash
flows shown is $30,000. What is the amount of x,
the cash flow in year 3, at i = 10% per year? Solve
using (a) tabulated factors, and (b) a spreadsheet.
0 1 2 3 4 5 6 7 8
I 1 | | | | |
2000
2200
2x
2800
3000 \/
3200 \
3400
3.46 United Fruits now offers volume discounts by the

10-kilogram (10-kilo) pack to small, as well as
large, supermarket chains for organically grown
in-season fruit shipped directly from the orchard.
Over the last 8 years, the food market chain Coop-
ForAll has purchased the number of 10-kilo packs
shown below when United Fruits has California
free-stone peaches in season. Through a special ar-
rangement, the price per 10-kilo pack has remained
constant at $15.00 per pack. United Fruits will
now charge CoopForAll according to the volume
discount schedule shown. The no-discount price
this year is $19.95 per 10-kilo pack.

Yearsago | 8 7 6 5 4 3 2 1

10-kilo packsl 100 150 500 800 1100 1400 1700 2000

1001-10,000

10,001-50,000  50,001-100,000 > 100,000

Discount, %

| None  10%off  Added 10%

Added 10%

Added 20% Added 20% Added 20%
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Based on the progressive discounts of 10% more
for increased-size orders, if CoopForAll buys the
same amount as last year, the total cost with dis-
counts will be: 2000 packs x $19.95[1 — (3 X
0.10)] =2000 x 13.97 = $27,940. This is less than
$30,000, the cost for 2000 packs at the flat rate of
$15.00 per pack.

Calculate the equivalent worth now of the an-
nual costs for the 8 years of prior purchases at the
flat rate of (a) $15.00 per pack, and (b) the cost had
they been purchased using the discount schedule.
Let i = 8% per year. (Hint: This is a future worth
value now at the end of year 1.)

Calculate the present worth of all costs for a newly
acquired machine with an initial cost of $29,000,
no trade-in value, a life of 10 years, and an annual
operating cost of $13,000 for the first 4 years, in-
creasing by 10% per year thereafter. Use an inter-
est rate of 10% per year.

Dakota Hi-C Steel signed a contract that will
generate revenue of $210,000 now, $226,800 in
year 1, and amounts increasing by 8% per year
through year 5. Calculate the future worth of the
contract at an interest rate of 8% per year. Also,
develop the FV function that will correctly de-
termine F for revenues placed in cells B2
through B7.

Wrangler Western has some of its jeans stone-
washed under a contract with an independent
contractor, Almos Garment Corp. If Almos’ op-
erating cost is $22,000 per year for years 1 and 2
and then it increases by 8% per year through year
10, what is the year-zero present worth of the
machine operating cost at an interest rate of 10%
per year?

McCarthy Construction is trying to bring the
company-funded portion of its employee retire-
ment fund into compliance with HB-301. The
company has already deposited $500,000 in each
of the last 5 years. If the company increases its
deposits beginning in year 6 by 15% per year
each year through year 20, how much will be in
the fund immediately after the last deposit, pro-
vided the fund grows at a rate of 12% per year?
Solve using (a) tabulated factors, and (b) a
spreadsheet.

Shifted Decreasing Gradients

3.51

Find the present worth at time O of the chrome
plating costs shown in the cash flow diagram. As-
sume i = 10% per year.

3.52

Problems 91

1 2 3 4 5

gE

1400

S

Year

1600

41800
2000

For the cash flows shown in the diagram, deter-
mine the equivalent uniform annual worth over
years 1 through 5 at an interest rate of 10% per
year.

i = 10% per year

1 2 3 4 5 Year

3.53

3.54

3.55

450
500

The pumping cost for delivering water from the
Ohio River to Wheeling Steel for cooling hot
rolled steel was $1.8 million for the first 4
years. An effective energy conservation pro-
gram resulted in a reduced cost of $1.77 million
in year 5, $1.74 million in year 6, and amounts
decreasing by $30,000 each year through year
10. What is the present worth of the pumping
costs in year 0 at an interest rate of 12% per
year?

Prudential Realty has an escrow account for one of
its property management clients that contains
$20,000. How long will it take to deplete the ac-
count if the client withdraws $5000 now, $4500
one year from now, and amounts decreasing by
$500 each year? Assume the account earns interest
at a rate of 8% per year.

For the cash flow diagram shown, determine the
value of G that will make the present worth in
year 0 equal to $2500 at an interest rate of 10%
per year.

i = 10% per year

1 2 3 4 5 Year

I | | | i
l l 900-3G
900-2G

900-G
900
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The City of San Antonio is considering various
options for providing water in its 50-year plan, in-
cluding desalting. One brackish aquifer is expected
to yield desalted water that will generate revenue
of $4.1 million per year for the first 4 years, after
which less production will decrease revenue by
10% per year each year. If the aquifer will be to-
tally depleted in 20 years, what is the present worth
of the desalting option revenue at an interest rate of
6% per year?

3.57

Combining Factors and Spreadsheet Functions

Revenue from gas wells that have been in produc-
tion for at least 5 years tends to follow a decreasing
geometric gradient. One particular rights holder re-
ceived royalties of $4000 per year for years 1 through
6; however, beginning in year 7, income decreased
by 15% per year each year through year 14. Calcu-
late the future value in year 14 of the royalty income
from the wells provided all of it was invested at 10%
per year.

EXERCISES FOR SPREADSHEETS

3.58

3.60

A large water utility is planning to upgrade its

SCADA system for controlling well pumps,

booster pumps, and disinfection equipment so

that everything can be centrally controlled. Phase

I will reduce labor and travel costs by $28,000

per year. Phase II will reduce costs by an addi-

tional $20,000 per year, that is, $48,000. Phase I

savings should occur in years 0, 1, 2, and 3 and

phase II savings should occur in years 4 through

10. Let i = 8% per year.

(a) Determine the present worth of the upgraded
system for years 1 to 10.

(b) The utility General Manager had hoped for a
present worth of at least $400,000. Deter-
mine the interest rate at which this would be
correct.

The operating cost of a pulverized coal cyclone
furnace is expected to be $80,000 per year. The
steam produced will be needed for 6 years—now
through year 5. Determine the equivalent annual
worth, A, in years 1 through 5 of the operating
costs at an interest rate of 10% per year.

Hansus Enterprises is a start-up small business
specializing in software systems for machine-
based high-school student tutoring in science
and math. Sheryl Hansus, the owner, has spoken
with lenders to obtain a loan of $50,000 now
(year 0), and the same amount in years 3 and 6.
Two different repayment schedules are available.
They are:

Schedule A: Pay a uniform amount of $19,500 in
years 3 through 12.

Schedule B: Pay a uniform amount of $20,000 in
years 1 through 6, with “balloon” payments of an
additional $20,000 in year 2 and a final amount of
$40,000 in year 7.

3.61

3.62

3.63

To assist in the decision of which schedule to se-

lect, determine the following:

(a) Total amount repaid for each schedule.
Which is smaller?

(b) The equivalent annual worth of the loan
amounts and of the repayments at i = 5% per
year over a 12-year evaluation period. Which
schedule has the smaller loss per year? Why
is this the case?

(This is Problem 3.19 repeated for spreadsheet so-
lution.) For the cash flows shown, find the value of
x that makes the equivalent annual worth in years
1 through 7 equal to $300 per year. Use an interest
rate of 10% per year. Start the analysis at x = $300
and use Goal Seek to solve.

Year Cash Flow, $ Year Cash Flow, $
0 X 4 300
1 300 5 300
2 300 6 300
3 300 7 X

For the cash flows shown, find the future worth in
(a) year 5, and (b) year 4. Assume an i of 10% per
year. (This is Problem 3.25 above.)

Year | 0 1 2 3 4 5
Cash Flow, $ | 0 O 3000 3000 3000 3000

For the cash flows shown (in $1000 units), calcu-
late the value of x that makes the present worth in
year 0 equal to $300,000 at an interest rate of 10%
per year.

Year | 0 1 2 3 4 5 6
Cash Flow, $1000 | 40 x 40 40 x 40 40
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Jowel Smithers and Sonda Richards merged all of
their financial resources and opened a mobile
phone sales and repair business in the upscale Do-
main Mall in Los Angeles 10 years ago with an
initial investment of $2.5 million. As revenues in-
creased significantly over the first 4 years, they
took out salaries that totaled $500,000 each year
for the two of them. With increased success, they
decided to pay themselves a total of $1.7 million
each year from years 5 through 10. They hoped at
the initiation of the joint business venture to make
10% per year on the investment in terms of salaries.
(a) Determine the equivalent future worth after
10 years of the salaries.

3.65

(b) If they had been satisfied with a $5 million
future worth, calculate the size that the initial
investment could have been instead of the
$2.5 million, provided they had the funds
available.

The negative arithmetic gradient series in Prob-
lem 3.44 is missing the value in year 4. Solve for
this value on a spreadsheet. In doing so, display
both the full amount of the missing payment and
the extra amount over the expected amount of
$-1600.

ADDITIONAL PROBLEMS AND FE EXAM REVIEW QUESTIONS

3.66

3.67

3.68

3.69

A uniform series of payments begins in year 4
and ends in year 11. If you use the P/A factor
with n = 8, the P value you get will be located in
year:

(@ 0 (b 3 (c) 4 d 5

Detrich Products is planning to upgrade an
aging manufacturing operation 5 years from
now at a cost of $100,000. If the company plans
to deposit money into an account each year for
4 years beginning 2 years from now (first de-
posit is in year 2) to pay for the expansion, the
amount of the deposit at 10% per year interest is
closest to:

(@ $30.211
(b) $21,547
() $16,380
@ $14,392

An arithmetic gradient has cash flows of $1000 in
year 4, $1200 in year 5, and amounts increasing by
$200 per year through year 10. If you use the factor
200(P/G,10%,n) to find Py in year 3, the value of
n you have to use in the P/G factor is:

@ 10 B 9 © 8 @ 17

For the diagram shown below, the respective val-
ues of n to calculate the present worth in year 0 by
the equation P, = 100(P/A,10%,n,)(P/F,10%,n,)
are:

(@ n=6mn=1

b)) n=5n=2

(¢ n=T,n,=1

d n=7n=2

Py="?
i=10%
=m0 1 2 3 4 5 6 7 Year
= | | | | |
| I
100 100 100 100 100 100
3.70  You plan to pay $38,000 cash for the new truck

3.71

you want to buy 5 years from now. You are a
very astute investor; all your money earns at
20% per year. If you have already saved $9500,
the amount your rich aunt has to give you 2
years from now (as a graduation present) in
order for you to have the total amount of $38,000
is closest to:

(@) <$7500
(b) $7654
(¢) $8310
d) $9.880

At a return rate of 20% per year, the amount of
money you must deposit for five consecutive years
starting 3 years from now for the account to con-
tain $50,000 fifteen years from now is closest to:
(a) $1565

(b) $1759
(c) $1893
d) $2093

You found a report stating that the equivalent an-
nual worth of chemical costs associated with a
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water treatment process were $125,000 per year
for a 5-year period. The report stated that the cost
in year 1 was $190,000 and the cost decreased by a
uniform amount each year over that 5-year period.
However, it did not say how much the decrease
was each year. If the interest rate was 20% per year,
the amount of the annual decrease, G, is closest to:
(@) $27,358 (b) $31,136

(¢) $33,093 (d) $39,622

3 If you borrow $24,000 now at an interest rate of
10% per year and promise to repay the loan with
payments of $3695 per year starting 1 year from
now, the number of payments that you will have to
make is closest to:
(@ 7 b) 8 () 11 d 14

4 The maker of a motion-sensing towel dispenser is
considering adding new products to enhance offer-
ings in the area of touchless technology. If the
company does not expand its product line now, it
will definitely do so in 2 years. Assume the interest
rate is 10% per year. The amount the company can
afford to spend now if the cost 2 years from now is
estimated to be $100,000 is closest to:

(@ $75,130
(b) $82,640
(¢) $91,000
d $93,280

5 Assume you borrow $10,000 today and promise to
repay the loan in two payments, one in year 2 and
the other in year 4, with the one in year 4 being
only half as large as the one in year 2. At an inter-
est rate of 10% per year, the size of the payment in
year 4 is closest to:

(@) $4280 (b) $3975
(c) $3850 d) $3690
CASE STUDY

PRESERVING LAND FOR PUBLIC USE
Background and Information

The Trust for Public Land (TPL) is a national organization
that purchases and oversees the improvement of large land
sites for government agencies at all levels. Its mission is to
ensure the preservation of the natural resources, while pro-
viding necessary, but minimal, development for recreational
use by the public. All TPL projects are evaluated at 7% per
year, and TPL reserve funds earn 7% per year.

3.77

Combining Factors and Spreadsheet Functions

3.76  For the cash flows shown, you have been asked to

calculate the present worth (in year 0) using i =
10% per year. Which of the following solutions is
not correct?

Year | 0 1 2 3 4 5 6
Cash FloW,$| 200 200 200 200 300 300 300

(@ P =200+ 200(P/A,10%,3) +
300(P/A,10%,3)(P/F,10%.3)

(b) P =200(P/A,10%,4) + 300(P/A,10%,3)
(P/F,10%,3)

(c) P =[200(F/A,10%,7) + 100(F/A,10%,3)]
(P/F,10%,6)

d P =[200(P/A,10%,7) + 100(P/A,10%,3)
(P/F,10%,4)|(F/P,10%,1)

In order to establish a contingency fund to replace

equipment after unexpected breakdowns, a manu-

facturer of thin-wall plastic bottles plans to de-

posit $100,000 now and $150,000 two years from

now into an investment account. Assuming the

account grows at 15% per year, the equation that

does not represent the future value of the account

in year 5 is:

(@) F=100,000(F/P,15%,5) +
150,000(F/P,15%,3)

(b) F =1[100,000(F/P,15%,2) + 150,000]
(F/P,15%,3)

(¢) F=1[100,000 + 150,000(P/F,15%,2)]
(F/P,15%,5)

(d) F=100,000(F/P,15%,5) +
150,000(F/P,15%,2)

A southern U.S. state, which has long-term groundwater

problems, has asked the TPL to manage the purchase of
10,000 acres of aquifer recharge land and the development of
three parks of different use types on the land. The 10,000
acres will be acquired in increments over the next 5 years
with $4 million expended immediately on purchases. Total
annual purchase amounts are expected to decrease 25% each
year through year 5 and then cease for this particular project.
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A city with 1.5 million citizens immediately to the south-
east of this acreage relies heavily on the aquifer’s water. Its
citizens passed a bond issue last year, and the city govern-
ment now has available $3 million for the purchase of land.
The bond interest rate is an effective 7% per year.

The engineers working on the park plan intend to com-
plete all the development over a 3-year period starting in year
4, when the amount budgeted is $550,000. Increases in con-
struction costs are expected to be $100,000 each year through
year 6.

At arecent meeting, the following agreements were made:

* Purchase the initial land increment now. Use the bond
issue funds to assist with this purchase. Take the remain-
ing amount from TPL reserves.

* Raise the remaining project funds over the next 2 years in
equal annual amounts.

¢ Evaluate a financing alternative (suggested informally by
one individual at the meeting) in which the TPL provides

Case Study 95

all funds, except the $3 million available now, until the
park’s development is initiated in year 4.

Case Study Exercises

1.

For each of the 2 years, what is the equivalent annual
amount necessary to supply the remaining project
funds?

If the TPL did agree to fund all costs except the $3 million
bond proceeds now available, determine the equivalent
annual amount that must be raised in years 4 through 6 to
supply all remaining project funds. Assume the TPL will
not charge any extra interest over the 7% to the state or
city on the borrowed funds.

Review the TPL website (www.tpl.org). Identify some
economic and noneconomic factors that you believe
must be considered when the TPL is deciding to pur-
chase land to protect it from real estate development.
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Nominal and
—ffective
nterest Rates

LEARNING OUTCOMES

g

Chad Baker/Getty Images

Purpose: Make computations for interest rates and cash flows that are on a time basis other than a year.

SECTION TOPIC

441 Statements

4.2 Effective annual rate

4.3 Effective rate

4.4 Payment period and
compounding period

4.5 Single cash flows with PP > CP

4.6 Series cash flows with PP > CP

47 Single amounts and series with
PP < CP

4.8 Continuous compounding

4.9 Varying rates

LEARNING OUTCOME

Understand interest rate statements that include
nominal and effective rates.

Derive and use the formula for an effective
annual interest rate.

Determine the effective interest rate for any
stated time period.

Determine the payment period (PP) and
compounding period (CP) for equivalence
computations.

Perform equivalence calculations for single-
amount cash flows and PP > CP.

Perform equivalence calculations for series and
gradient cash flows and PP > CP.

Perform equivalence calculations for cash flows
with PP < CP.

Derive and use the effective interest rate formula
for interest rates that are compounded
continuously.

Perform equivalency calculations for interest rates
that vary from one time period to another.
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n all engineering economy relations developed thus far, the interest rate has been a con-
stant, annual value. For a substantial percentage of the projects evaluated by professional
engineers in practice, the interest rate is compounded more frequently than once a year;
frequencies such as semiannually, quarterly, and monthly are common. In fact, weekly, daily, and
even continuous compounding may be experienced in some project evaluations. Also, in our own
personal lives, many of our financial considerations—loans of all types (home mortgages, credit
cards, automobiles, boats), checking and savings accounts, investments, stock option plans, etc.—
have interest rates compounded for a time period shorter than 1year. This requires the introduction
of two new terms—nominal and effective interest rates.

This chapter explains how to understand and use nominal and effective interest rates in
engineering practice and in daily life situations. Equivalence calculations for any compounding
frequency in combination with any cash flow frequency are presented.

PE)

The Credit Card Offer Case: Today, Dave
received a special offer of a new credit
card from Chase Bank linked with the ma-
jor airline that he flies frequently. It offers
a generous bonus package for signing

up by a specific date about 60 days from
now. The bonus package includes extra
airline points (once the first purchase is
made), priority airport check-in services
(for 1 year), several free checked-bag
allowances (for up to 10 check-ins), extra
frequent-flyer points on the airline, access
to airline lounges (provided he uses the
card on a set time basis), plus several
other rewards (rental car discounts, cruise
trip amenities, and floral order discounts).

The annual fee of $85 for membership
does not start until the second year, and
balance transfers from other credit cards
have a low transfer fee, provided they are
made at the time of initial membership.

Dave has a credit card currently with a
bank that he is planning to leave due to its
poor customer service and high monthly
fees. If he enrolls, he will transfer the $1000
balance on the current card to the new
Chase Bank card.

In the page that accompanies the offer
letter, “pricing information” is included. This
includes interest rates, interest charges, and
fees. A summary of several of these rates
and fees follows.

APR (annual percentage rate) for pur-
chases and balance transfers*

APR for cash and overdraft advances*
Penalty APR for late minimum payment,
exceeding credit limit, and returned
unpaid payments*

Fees are listed as follows:
Annual membership
Balance transfers
Cash advances
Late payment
Over the credit limit
Returned check or payment

14.24% per year (sum of the current U.S.
Government prime rate of 3.25% and 10.99%,
which is the APR added to determine the bal-
ance transfer APR for Chase Bank)

19.24% per year

29.99% per year (maximum penalty APR)

$85; free the first year

$5 or 3% of each transfer, whichever is greater
$10 or 3% of each advance, whichever is greater
$39 each occurrence, if balance exceeds $250
$39 each occurrence

$39 each occurrence

*All APR rates are variable, based on a current 3.25% prime rate with 10.99% added to determine
purchase/balance transfer APR; with 15.99% added to determine cash/overdraft APR; and with 26.99%

added to determine penalty APR.

The penalty APR applies indefinitely to future transactions. If no minimum payment is received within
60 days, the penalty APR applies to all outstanding balances and all future transactions on the

account.

(Continued)
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Chapter 4 Nominal and Effective Interest Rates
This case is used in the following topics (and Effective annual interest rates (4.2)
sections) of this chapter: Equivalence relations: Series with
Nominal and effective interest rate state- PP > CP (4.6)
ments (4.1)

41 Nominal and Effective Interest Rate Statements @ ®

In Chapter 1, we learned that the primary difference between simple interest and compound
interest is that compound interest includes interest on the interest earned in the previous pe-
riod, while simple interest does not. Here we discuss nominal and effective interest rates, which
have the same basic relationship. The difference here is that the concepts of nominal and effec-
tive must be used when interest is compounded more than once each year. For example, if an
interest rate is expressed as 1% per month, the terms nominal and effective interest rates must
be considered.

Understanding and correctly handling effective interest rates are important in engineering prac-
tice as well as for individual finances. The interest amounts for loans, mortgages, bonds, and stocks
are commonly based upon interest rates compounded more frequently than annually. The engi-
neering economy study must account for these effects. In our own personal finances, we manage
most cash disbursements and receipts on a nonannual time basis. Again, the effect of compound-
ing more frequently than once per year is present. First, consider a nominal interest rate.

A nominal interest rate r is an interest rate that does not account for compounding. By definition,

r = interest rate per time period X number of periods [4.1]

A nominal rate may be calculated for any time period longer than the time period stated by using
Equation [4.1]. For example, the interest rate of 1.5% per month is the same as each of the follow-
ing nominal rates.

Nominal Rate by

Time Period Equation [4.1] What This Is
24 months 1.5 X 24 =36% Nominal rate per 2 years
12 months 1.5x12=18% Nominal rate per 1 year
6 months 1.5%X6=9% Nominal rate per 6 months
3 months 1.5%x3=45% Nominal rate per 3 months

Note that none of these rates mention anything about compounding of interest; they are all of the
form “r% per time period.” These nominal rates are calculated in the same way that simple rates
are calculated using Equation [1.7], that is, interest rate times number of periods.

After the nominal rate has been calculated, the compounding period (CP) must be included
in the interest rate statement. As an illustration, again consider the nominal rate of 1.5% per
month. If we define the CP as 1 month, the nominal rate statement is 18% per year, com-
pounded monthly, or 4.5% per quarter, compounded monthly. Now we can consider an effective
interest rate.

An effective interest rate i is a rate wherein the compounding of interest is taken into
account. Effective rates are commonly expressed on an annual basis as an effective annual
rate; however, any time basis may be used.

The most common form of interest rate statement when compounding occurs over time periods
shorter than 1 year is “% per time period, compounded CP-ly,” for example, 10% per year, com-
pounded monthly, or 12% per year, compounded weekly. An effective rate may not always include
the compounding period in the statement. If the CP is not mentioned, it is understood to be the
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41 Nominal and Effective Interest Rate Statements

same as the time period mentioned with the interest rate. For example, an interest rate of “1.5%
per month” means that interest is compounded each month; that is, CP is 1 month. An equivalent
effective rate statement, therefore, is 1.5% per month, compounded monthly.

All of the following are effective interest rate statements because either they state they are
effective or the compounding period is not mentioned. In the latter case, the CP is the same as
the time period of the interest rate.

Statement CcpP What This Is

i = 10% per year CP not stated; CP = year Effective rate per year

i = effective 10% per year, CP stated; CP = month Effective rate per year
compounded monthly

i= l%% per month CP not stated; CP = month ~ Effective rate per month

i = effective l%% per month, CP stated; CP = month Effective rate per month; terms effective
compounded monthly and compounded monthly are redundant

i = effective 3% per quarter, CP stated; CP = day Effective rate per quarter

compounded daily

All nominal interest rates can be converted to effective rates. The formula to do this is discussed
in the next section.

All interest formulas, factors, tabulated values, and spreadsheet functions must use an effective
interest rate to properly account for the time value of money.

The term APR (Annual Percentage Rate) is often stated as the annual interest rate for credit
cards, loans, and house mortgages. This is the same as the nominal rate. An APR of 15% is the
same as a nominal 15% per year or a nominal 1.25% on a monthly basis. Also the term APY
(Annual Percentage Yield) is a commonly stated annual rate of return for investments, certifi-
cates of deposit, and saving accounts. This is the same as an effective rate. The names are differ-
ent, but the interpretations are identical. As we will learn in the following sections, the effective
rate is always greater than or equal to the nominal rate, and similarly APY > APR.

Based on these descriptions, there are always three time-based units associated with an inter-
est rate statement.

Interest period (f/)—The period of time over which the interest is expressed. This is the ¢ in
the statement of r% per time period ¢, for example, 1% per month. The time unit of 1 year is
by far the most common. It is assumed when not stated otherwise.

Compounding period (CP)—The shortest time unit over which interest is charged or earned.
This is defined by the compounding term in the interest rate statement, for example, 8% per
year, compounded monthly. If CP is not stated, it is assumed to be the same as the interest
period.

Compounding frequency (m)—The number of times that compounding occurs within the
interest period t. If the compounding period CP and the time period ¢ are the same, the com-
pounding frequency is 1, for example, 1% per month, compounded monthly.

Consider the (nominal) rate of 8% per year, compounded monthly. It has an interest period ¢ of
1 year, a compounding period CP of 1 month, and a compounding frequency m of 12 times per
year. A rate of 6% per year, compounded weekly, has r = 1 year, CP = 1 week, and m = 52, based
on the standard of 52 weeks per year.

In previous chapters, all interest rates had ¢ and CP values of 1 year, so the compounding fre-
quency was always m = 1. This made them all effective rates because the interest period and
compounding period were the same. Now, it will be necessary to express a nominal rate as an
effective rate on the same time base as the compounding period.

An effective rate can be determined from a nominal rate by using the relation

r% per time period ¢ r

Effecti P = . - ==
B P ¢ m compounding periods per¢ M

[4.2]

As an illustration, assume r = 9% per year, compounded monthly; then m = 12. Equation [4.2]
is used to obtain the effective rate of 9%/12 = 0.75% per month, compounded monthly. Note that

99
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changing the interest period ¢ does not alter the compounding period, which is 1 month in this illustra-
tion. Therefore, r = 9% per year, compounded monthly, and » = 4.5% per 6 months, compounded
monthly, are two expressions of the same interest rate.

Three different bank loan rates for electric generation equipment are listed below. Determine
the effective rate on the basis of the compounding period for each rate.

(a) 9% per year, compounded quarterly.
(b) 9% per year, compounded monthly.
(¢) 4.5% per 6 months, compounded weekly.

Solution

Apply Equation [4.2] to determine the effective rate per CP for different compounding periods.
The graphic in Figure 4—1 indicates the effective rate per CP and how the interest rate is dis-
tributed over time.

Effective
Nominal Compounding Compounding Rate per
r% pert Period (CP) Frequency (m) cP (#) Distribution over Time Period t
(a) 9% per Quarter 4 2.25% 2.25% 2.25% 2.25% 2.25%
year
1 2 3 4 Quarter
SR RN R RS RN R R R R RSE RN
v v v v v v v v v v v v
(b) 9% per Month 12 0.75% slslslsleslslslasls|lelsls
year 1 2 3 4 5 6 7 8 9 10 11 12 Month
L B ——
(c) 4.5% per Week 26 0.173%
6 months
1 12 14 16 26 Week
Figure 4-1

Relations between interest period ¢, compounding period CP, and effective interest rate per CP.

Sometimes it is not obvious whether a stated rate is a nominal or an effective rate. Basically
there are three ways to express interest rates, as detailed in Table 4-1. The right column includes
a statement about the effective rate. For the first format, a nominal interest rate is given and the
compounding period is stated. The effective rate must be calculated (discussed in the next sec-
tions). In the second format, the stated rate is identified as effective (or APY could also be used),
so the rate is used directly in computations.

In the third format, no compounding period is identified, for example, 8% per year. This rate
is effective over a compounding period equal to the stated interest period of 1 year in this case.
The effective rate for any other time period must be calculated.

TABLE 41 Various Ways to Express Nominal and Effective Interest Rates

Format of Rate Statement Example of Statement What about the Effective Rate?

Nominal rate stated, 8% per year, compounded Find effective rate for any time
compounding period stated quarterly period (next two sections)

Effective rate stated Effective 8.243% per year, Use effective rate of 8.243% per year

compounded quarterly directly for annual cash flows

Interest rate stated, no 8% per year Rate is effective for CP equal to stated

compounding period stated interest period of 1 year; find effec-
tive rate for all other time periods
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The Credit Card Offer Case @

As described in the introduction to this case, Dave has been offered what is described as a credit
card deal that should not be refused—at least that is what the Chase Bank offer letter implies. The
balance transfer APR interest rate of 14.24% is an annual rate, with no compounding period men-
tioned. Therefore, it follows the format of the third entry in Table 4—1, that is, interest rate stated,
no CP stated. Therefore, we should conclude that the CP is 1 year, the same as the annual interest
period of the APR. However, as Dave and we all know, credit card payments are required monthly.

(a) First, determine the effective interest rates for compounding periods of 1 year and
1 month so Dave knows some effective rates he might be paying when he transfers the
$1000 balance from his current card.

(b) Second, assume that immediately after he accepts the card and completes the $1000 transfer,
Dave gets a bill that is due 1 month later. What is the amount of the total balance he owes?

Now, Dave looks a little closer at the fine print of the “pricing information” sheet and discovers
a small-print statement that Chase Bank uses the daily balance method (including new transac-
tions) to determine the balance used to calculate the interest due at payment time.

(c) We will reserve the implication of this new finding until later, but for now help Dave by
determining the effective daily interest rate that may be used to calculate interest due at
the end of 1 month, provided the CP is 1 day.

Solution
(a) The interest period is 1 year. Apply Equation [4.2] for both CP values of 1 year (m = 1
compounding period per year) and 1 month (m = 12 compounding periods per year).

CP of year: Effective rate per year = 14.24/1 = 14.24%
CP of month: Effective rate per month = 14.24/12 = 1.187%
(b) The interest will be at the monthly effective rate, plus the balance transfer fee of 3%.
Amount owed after 1 month = 1000 + 1000(0.01187) + 0.03(1000)
= 1000 + 11.87 + 30
=$1041.87

Including the $30 fee, this represents an interest rate of (41.87/1000)(100%) = 4.187%
for only the 1-month period.

(c) Again apply Equation [4.2], now with m = 365 compounding periods per year.
CP of day: Effective rate per day = 14.24/365 = 0.039%

4.2 Effective Annual Interest Rates @ @
In this section, effective annual interest rates are calculated. Therefore, the year is used as the in-
terest period 7, and the compounding period CP can be any time unit less than 1 year. For example,
we will learn that a nominal 18% per year, compounded quarterly, is the same as an effective rate of
19.252% per year.
The symbols used for nominal and effective interest rates are

r = nominal interest rate per year

CP = time period for each compounding
m = number of compounding periods per year
i = effective interest rate per compounding period = r/m

i, = effective interest rate per year

The relation i = r/m is exactly the same as Equation [4.2].
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Figure 4-2 P+ 0" =P(1 +i,)
Future worth calculation P(1 + i)y"!
at a rate i, compounded m P( + iy~ 2
times in a year.
P + i)
P + i)? Future worth amounts
P(1 + i)
([
l 1 2 3 V m-2 m-1 m Number of CPs
P
. . . j . . . Effective i per
i i i i i i . .
compounding period
1 2 3 7 m-2 m-1 m

Compounding period

As mentioned earlier, treatment for nominal and effective interest rates parallels that of
simple and compound interest. Like compound interest, an effective interest rate at any point
during the year includes (compounds) the interest rate for all previous compounding periods
during the year. Therefore, the derivation of an effective interest rate formula directly parallels
the logic used to develop the future worth relation F = P(1 + i)". We set P = $1 for
simplification.

The future worth F at the end of 1 year is the principal P plus the interest P(i) through the
year. Since interest may be compounded several times during the year, use the effective annual
rate symbol i, to write the relation for F with P = $1.

F=P+Pi,=1(1+i,)

Now consider Figure 4-2. The effective rate i per CP must be compounded through all m periods
to obtain the total effect of compounding by the end of the year. This means that F can also be
written as

F=1(14+ )"

Equate the two expressions for /" and solve for i,. The effective annual interest rate formula
fori,is

i, =1+ -1 [4.3]

Equation [4.3] calculates the effective annual interest rate i, for any number of compounding
periods per year when i is the rate for one compounding period.

If the effective annual rate i, and compounding frequency m are known, Equation [4.3] can be
solved for i to determine the effective interest rate per compounding period.

i=(1+i)m—1 [4.4]

As an illustration, Table 4-2 utilizes the nominal rate of 18% per year for different compound-
ing periods (year to week) to determine the effective annual interest rate. In each case, the effec-
tive rate i per CP is applied m times during the year. Table 4-3 summarizes the effective annual
rate for frequently quoted nominal rates using Equation [4.3]. A standard of 52 weeks and
365 days per year is used throughout. The values in the continuous-compounding column are
discussed in Section 4.8.
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TABLE 4—-2

r = 18% per year, compounded CP-ly
Times Rate per
Compounding Compounded Compound Distribution of i over the Year of Effective Annual
Period, CP per Year, m Period, i% Compounding Periods Rate,i,=(1+i)"—1
Year 1 18 18% (1.18)' — 1 = 18%
1
6 months 2 9 9% 9% (1.09° — 1 = 18.81%
1 2
Quarter 4 4.5 4.5% 4.5% 4.5% 4.5% (1.045)* = 1 =19.252%
1 2 3 4
f 1.5% in each \
Month 12 15 (1.015)" — 1 = 19.562%
1 2 3 4 5 6 7 8 9 10 11 12
0.34615% i h
Week 52 0.34615 (1.0034615) — 1 = 19.684%
123 77 24 26 28 7/ 50 52
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Nominal Semiannually Quarterly Monthly Weekly Daily Continuously
Rate, r% (m=2) (m=4) (m=12) (m=52) (m = 365) (m=o0;€e"—1)

0.25 0.250 0.250 0.250 0.250 0.250 0.250
0.50 0.501 0.501 0.501 0.501 0.501 0.501
1.00 1.003 1.004 1.005 1.005 1.005 1.005
1.50 1.506 1.508 1.510 1.511 1.511 1.511
2 2.010 2.015 2.018 2.020 2.020 2.020
3 3.023 3.034 3.042 3.044 3.045 3.046
4 4.040 4.060 4.074 4.079 4.081 4.081
5 5.063 5.095 5.116 5.124 5.126 5.127
6 6.090 6.136 6.168 6.180 6.180 6.184
7 7.123 7.186 7.229 7.246 7.247 7.251
8 8.160 8.243 8.300 8.322 8.328 8.329
9 9.203 9.308 9.381 9.409 9.417 9.417
10 10.250 10.381 10.471 10.506 10.516 10.517
12 12.360 12.551 12.683 12.734 12.745 12.750
15 15.563 15.865 16.076 16.158 16.177 16.183
18 18.810 19.252 19.562 19.684 19.714 19.722
20 21.000 21.551 21.939 22.093 22.132 22.140
25 26.563 27.443 28.073 28.325 28.390 28.403
30 32.250 33.547 34.489 34.869 34.968 34.986
40 44.000 46.410 48.213 48.954 49.150 49.182
50 56.250 60.181 63.209 64.479 64.816 64.872

Janice is an engineer with Southwest Airlines. She purchased Southwest stock for $6.90 per share
and sold it exactly 1 year later for $13.14 per share. She was very pleased with her investment
earnings. Help Janice understand exactly what she earned in terms of (a) effective annual rate and
(b) effective rate for quarterly compounding, and for monthly compounding. Neglect any com-
mission fees for purchase and selling of stock and any quarterly dividends paid to stockholders.

Solution

(a) The effective annual rate of return i, has a compounding period of 1 year, since the
stock purchase and sales dates are exactly 1 year apart. Based on the purchase price of
$6.90 per share and using the definition of interest rate in Equation [1.2],

fi 1
j — amount ol Increase per 1 year . nnq, _ 624 o 1009 = 90.43% per year
a original price 6.90

(b) For the effective annual rates of 90.43% per year, compounded quarterly, and 90.43%,
compounded monthly, apply Equation [4.4] to find corresponding effective rates on the
basis of each compounding period.

Quarter: m = 4 times per year i= (1.9043)'/4 —-1=1.17472 - 1 =0.17472
This is 17.472% per quarter, compounded quarterly.

Month: m =12 times per year i =(1.9043)"" = 1 =1.05514 — 1 =0.05514
This is 5.514% per month, compounded monthly.

Comment

Note that these quarterly and monthly rates are less than the effective annual rate divided by the
number of quarters or months per year. In the case of months, this would be 90.43%/12 =
7.54% per month. This computation is incorrect because it neglects the fact that compounding
takes place 12 times during the year to result in the effective annual rate of 90.43%.

The spreadsheet function that displays the result of Equation [4.3], that is, the effective annual

rate i, is the EFFECT function. The format is
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= EFFECT(nominal_rate_per_year, compounding_frequency)

= EFFECT (%, m) [4.5]

Note that the rate entered in the EFFECT function is the nominal annual rate r% per year, not the
effective rate i% per compounding period. The function automatically finds i for use in Equation [4.3].
As an example, assume the nominal annual rate is » = 5.25% per year, compounded quarterly, and
you want to find the effective annual rate i,. The correct input is = EFFECT(5.25%,4) to display i, =
5.354% per year. This is the spreadsheet equivalent of Equation [4.3] with i = 5.25/4 = 1.3125% per
quarter with m = 4.

i,=(140.013125)* =1 = 0.05354 (5.354%)

The thing to remember about using the EFFECT function is that the nominal rate r entered
must be expressed over the same period of time as that of the effective rate required, which is
1 year here.

The NOMINAL spreadsheet function finds the nominal annual rate r. The format is

= NOMINA L(effective_rate, compounding_frequency_per_year)
= NOMINAL(,,%,m) [4.6]

This function is designed to display only nominal annual rates. Accordingly, the m entered must
be the number of times interest is compounded per year. For example, if the effective annual rate
is 10.381% per year, compounded quarterly, and the nominal annual rate is requested, the func-
tion is = NOMINAL(10.381%,4) to display » = 10% per year, compounded quarterly. The nomi-
nal rates for shorter time periods than 1 year are determined by using Equation [4.1]. For exam-
ple, the quarterly rate is 10%/4 = 2.5%.

The things to remember when using the NOMINAL function are that the answer is always a
nominal annual rate, the rate entered must be an effective annual rate, and the m must equal the
number of times interest is compounded annually.

The Credit Card Offer Case

In our Progressive Example, Dave is planning to accept the offer for a Chase Bank credit card
that carries an APR (nominal rate) of 14.24% per year, or 1.187% per month. He will transfer
a balance of $1000 and plans to pay it and the transfer fee of $30, due at the end of the first
month. Let’s assume that Dave makes the transfer, and only days later his employer has a 1-year
assignment for him in the country of Cameroon in West Africa. Dave accepts the employment
offer, and in his hurried, excited departure, he forgets to send the credit card service company
a change of address. Since he is now out of mail touch, he does not pay his monthly balance
due, which we calculated in Example 4.2 to be $1041.87.

(a) If this situation continues for a total of 12 months, determine the total due after 12 months
and the effective annual rate of interest Dave has accumulated. Remember, the fine print on
the card’s interest and fee information states a penalty APR of 29.99% per year after one late
payment of the minimum payment amount, plus a late payment fee of $39 per occurrence.

(b) If there were no penalty APR and no late-payment fee, what effective annual interest rate
would be charged for this year? Compare this rate with the answer in part (a).

Solution
(a) Because Dave did not pay the first month’s amount, the new balance of $1041.87 and all
future monthly balances will accumulate interest at the higher monthly rate of

29.99%/12 = 2.499% per month

Additionally, the $39 late-payment fee will be added each month, starting with the second
month, and interest will be charged on these fees also each month thereafter. The first

3 months and last 2 months are detailed below. Figure 4-3 details the interest and fees for
all 12 months.

105
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A ] 8 ] ¢ ] o ] E ] F GooloHi ] R R—"
1 Amount Monthly Amount
| 2 |Month of credit interest Fees due Interest rates
3 0 1000.00 0 1000.00 Regular = Penalty
la| 1 1000.00 11.87 30  1041.87 Per year 0.1424  0.2999
5| 2 1041.87 26.04 39 | 1106.90 Permonth 001187 0.02499
6| 3 1106.90 27.66 39 | 1173.57
7 4 117357 29.33 39 | 1241.90
s 5 124190 3104 39 131193 = K4/12:|
9| & 1311.93 3279 39  1383.72
10| 7 1383.72 3458 39  1457.30
11| 8 1457.30 3642 39 1532.72
12| o 1532.72 3831 39  1610.03
13| 10 @ 1610.03 40.24 39  1689.27
14| 11 | 1689.27 4222 39 177048
15| 12 | 1770.48 4425 39 | 1853.73
|16 | / + Month 1: transfer fee
17 | Interest rate per month Months 2-12: late-payment fee
% Month 1: 1.187%
ol Months 2-12: penalty 2.499%

Figure 4-3
Monthly amounts due for a credit card, Example 4.4.

Month 1: 1000 + 1000(0.01187) + 30 = $1041.87
Month 2: 1041.87 + 1041.87(0.02499) + 39 = $1106.91
Month 3: 1106.91 + 1106.91(0.02499) + 39 = $1173.57

Month 11: 1689.25 + 1689.25(0.02499) + 39 = $1770.46
Month 12: 1770.46 + 1770.46(0.02499) + 39 = $1853.71

The effective monthly rate is determined by using the F'/P factor to find the i value at
which $1000 now is equivalent to $1853.71 after 12 periods.

1853.71 = 1000(F/P,i,12) = 1000(1 + )"
14i=(1.85371)" = 1.05278
i = 5.278% per month

Since the compounding period is 1 month, use Equation [4.3] to determine the effective
annual rate of 85.375% per year, compounded monthly.

i, = +i)"—1=(1.05278)"— 1
=0.85375 (85.375%)

(b) If there were no penalty fees for late payments and the nominal annual rate of 14.24% (or
1.187% per month) were applied throughout the 12 months, the effective annual rate
would be 15.207% per year, compounded monthly. By Equation [4.3], with a small round-
ing error included,

i,=(+i"—1=(1.01187)"> = 1 = 0.15207

First, Dave will not pay at the stated rate of 14.24%, because this is the APR (nominal
rate), not the APY (effective rate) of 15.207%. Second, and much more important, is the
huge difference made by (1) the increase in rate to an APR of 29.99% and (2) the monthly
fees of $39 for not making a payment. These large fees become part of the credit balance
and accumulate interest at the penalty rate of 29.99% per year. The result is an effective
annual rate jump from 15.207% to 85.375% per year, compounded monthly.

Comment

This is but one illustration of why the best advice to an individual or company in debt is to
spend down the debt. The quoted APR by credit card, loan, and mortgage institutions can be
quite deceiving; plus, the addition of penalty fees increases the effective rate very rapidly.
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4.3 Effective Interest Rates for Any Time Period

When Equation [4.3] is applied to find i,, the result is usually not an integer. Therefore, the
engineering economy factor cannot be obtained directly from the interest factor tables. There are
alternative ways to find the factor value.

» Use the factor formula with the i, rate substituted for i.
* Use the spreadsheet function with i, (as discussed in Section 2.4).
» Linearly interpolate between two tabulated rates (as discussed in Section 2.4).

4.3 Effective Interest Rates for Any Time Period ® @

Equation [4.3] in Section 4.2 calculates an effective interest rate per year from any effective rate
over a shorter time period. We can generalize this equation to determine the effective interest
rate for any time period (shorter or longer than 1 year).

Effective i per time period = (1 + %)’” -1 [4.7]

where i = effective rate for specified time period (say, semiannual)
r = nominal interest rate for same time period (semiannual)

m = number of times interest is compounded per stated time period (times per
6 months)

The term r/m is always the effective interest rate over a compounding period CP, and m is
always the number of times that interest is compounded per the time period on the left of the
equals sign in Equation [4.7]. Instead of i, this general expression uses i as the symbol for the
effective interest rate, which conforms to the use of i throughout the remainder of this text.
Examples 4.5 and 4.6 illustrate the use of this equation.

Tesla Motors manufactures high-performance battery electric vehicles. An engineer is on a
Tesla committee to evaluate bids for new-generation coordinate-measuring machinery to be
directly linked to the automated manufacturing of high-precision vehicle components. Three
bids include the interest rates that vendors will charge on unpaid balances. To get a clear un-
derstanding of finance costs, Tesla management asked the engineer to determine the effective
semiannual and annual interest rates for each bid. The bids are as follows:

Bid 1: 9% per year, compounded quarterly
Bid 2: 3% per quarter, compounded quarterly
Bid 3: 8.8% per year, compounded monthly
(a) Determine the effective rate for each bid on the basis of semiannual periods.

(b) What are the effective annual rates? These are to be a part of the final bid selection.
(¢) Which bid has the lowest effective annual rate?

Solution
(a) Convert the nominal rates to a semiannual basis, determine m, then use Equation [4.7] to
calculate the effective semiannual interest rate i. For bid 1,

r = 9% per year = 4.5% per 6 months
m = 2 quarters per 6 months

Effective i% per 6 months = (1 + 0045

) ’ 1 =1.0455—1=455%

Table 4-4 (left section) summarizes the effective semiannual rates for all three bids.
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108 Chapter 4 Nominal and Effective Interest Rates
TABLE 4—-4
Semiannual Rates Annual Rates

Nominal r per CP per Equation [4.7], Nominal r CP per Equation [4.7],

Bid 6 Months, % 6 Months, m Effective i, % per Year, % Year, m Effective i, %
1 4.5 2 4.55 9 4 9.31
2 6.0 2 6.09 12 4 12.55
3 4.4 6 4.48 8.8 12 9.16

(b) For the effective annual rate, the time basis in Equation [4.7] is 1 year. For bid 1,

r = 9% per year m = 4 quarters per year

. _ 0.09\* _, _ —
Effective i% per year = |1 to ) - 1=1.0931-1=931%

The right section of Table 4—4 includes a summary of the effective annual rates.
(c) Bid 3 includes the lowest effective annual rate of 9.16%, which is equivalent to an effec-
tive semiannual rate of 4.48% when interest is compounded monthly.

A dot-com company plans to place money in a new venture capital fund that currently returns
18% per year, compounded daily. What effective rate is this (a) yearly and (b) semiannually?

Solution
(a) Use Equation [4.7], with r = 0.18 and m = 365.
Effective i% per year = (1 + %)3“ - 1=19.716%

(b) Here r = 0.09 per 6 months and m = 182 days.

c s 0.09)1#
Effective i% per 6 months = (1 + m) - 1=9415%

Figure 4-4

One-year cash flow dia-
gram for a monthly pay-
ment period (PP) and
semiannual compounding
period (CP).

4.4 Equivalence Relations: Payment Period
and Compounding Period ® ®

Now that the procedures and formulas for determining effective interest rates with consideration
of the compounding period are developed, it is necessary to consider the payment period.

The payment period (PP) is the length of time between cash flows (inflows or outflows). It is com-
mon that the lengths of the payment period and the compounding period (CP) do not coincide. It
is important to determine if PP = CP, PP > CP, or PP < CP.

If a company deposits money each month into an account that earns at the nominal rate of 8%
per year, compounded semiannually, the cash flow deposits define a payment period of 1 month
and the nominal interest rate defines a compounding period of 6 months. These time periods are
shown in Figure 4—4. Similarly, if a person deposits a bonus check once a year into an account
that compounds interest quarterly, PP = 1 year and CP = 3 months.

r = nominal 8% per year, compounded semiannually

CcP CP |
6 months 6 months ‘

Months

|

o 1 2 3 4 5 6 7 8 9 10 11 12
| I
I

1 month
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4.5 Equivalence Relations: Single Amounts with PP > CP
TABLE 4-5
Involves Involves Uniform Series
Length Single Amounts or Gradient Series
of Time (P and F Only) (A, G,org)
PP =CP Section 4.5 Section 4.6
PP > CP Section 4.5 Section 4.6
PP < CP Section 4.7 Section 4.7

As we learned earlier, to correctly perform equivalence calculations, an effective interest
rate is needed in the factors and spreadsheet functions. Therefore, it is essential that the
time periods of the interest rate and the payment period be on the same time basis. The next
three sections (4.5 to 4.7) describe procedures to determine correct i and n values for engineer-
ing economy factors and spreadsheet functions. First, compare the length of PP and CP,
then identify the cash flows as only single amounts (P and F) or as a series (A, G, or g).
Table 4-5 provides the section reference. The section references are the same when PP = CP
and PP > CP, because the procedures to determine i and n are the same, as discussed in Sec-
tions 4.5 and 4.6.

A general principle to remember throughout these equivalence computations is that when
cash actually flows, it is necessary to account for the time value of money. For example, assume
that cash flows occur every 6 months and that interest is compounded quarterly. After 3 months,
there is no cash flow and no need to determine the effect of quarterly compounding. However,
at the 6-month time point, it is necessary to consider the interest accrued during the previous
two quarters.

4.5 Equivalence Relations: Single Amounts with PP > CP e @

When only single-amount cash flows are involved, there are many correct combinations of i and
n that can be used to calculate P or F, because of the following two requirements: (1) i must be
expressed as an effective rate, and (2) the time period of n must be exactly the same as that of i.
These two requirements are fulfilled in two equally correct ways to determine i and n for P/F and
F/P factors. Method 1 is easier to apply because the interest tables in the back of the text can
usually provide the factor value. Method 2 likely requires a factor formula calculation because the
resulting effective interest rate is not an integer. For spreadsheets, either method is acceptable;
however, method 1 is usually easier.

Method 1: Determine the effective interest rate over the compounding period CP, and set n
equal to the number of compounding periods between P and F. The relations to calculate P and
F are

P = F(P/F, effective i% per CP, total number of periods r) [4.8]
F = P(F /P, effective i% per CP, total number of periods n) [4.9]

For example, assume that the stated interest rate is a nominal 15% per year, compounded monthly.
Here CP is 1 month. To find P or F over a 2-year span, calculate the effective monthly rate of
15%/12 = 1.25% and the total months of 2(12) = 24. Then 1.25% and 24 are used in the P/F and
F /P factors.

While any time period can be used to determine the effective interest rate (as shown in method
2 below), the interest rate that is associated with the CP is typically the best because it is usually
a whole number. Therefore, the factor tables in the back of the text can be used.

Method 2: First, determine the effective interest rate for any time period t, then for the same
time period, set n equal to the total number of periods between P and F.
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The P and F relations are the same as in Equations [4.8] and [4.9] with the term effective i% per t
substituted for the interest rate. For an interest rate of 15% per year, compounded monthly, and a
2-year time span between P and F, if a time period 7 of 1 year is used, the effective yearly rate and
the n values are

Effective i% per year = (1 + %)12 - 1=16.076%

n =2 years

The P/F factor is the same by both methods: (P/F,1.25%,24) = 0.7422 using Table 5 in the rear
of the text, and (P/F,16.076%,2) = 0.7422 using the P/F factor formula. With these calculations,
you can see why method 1 is recommended when a spreadsheet is not utilized.

Over the past 10 years, Gentrack has placed varying sums of money into a special capital
accumulation fund. The company sells compost produced by garbage-to-compost plants in
the United States and Vietnam. Figure 4-5 is the cash flow diagram in $1000 units. Find the
amount in the account now (after 10 years) at an interest rate of 12% per year, compounded
semiannually.

Solution
Only P and F values are involved. Both methods are illustrated to find F in year 10.

Method 1:  Use the semiannual CP to express the effective semiannual rate of 6% per 6-month
period. There are n = (2)(number of years) semiannual periods for each cash flow. Using tabu-
lated factor values, the future worth by Equation [4.9] is

F = 1000(F/P,6%,20) + 3000(F/P,6%,12) + 1500(F/P,6%,8)
= 1000(3.2071) + 3000(2.0122) 4+ 1500(1.5938)
=$11,634 ($11.634 million)

Method 2:  Express the effective annual rate, based on semiannual compounding.

2

0.1217 _ | _ 12.36%

Effective i% per year = (1 +75°

The n value is the actual number of years. Use the factor formula (F/P,i,n) = (1.1236)" and
Equation [4.9] to obtain the same answer as above.

F =1000(F/P,12.36%,10) + 3000(F/P,12.36%,6) + 1500(F/P,12.36%,4)
= 1000(3.2071) + 3000(2.0122) 4+ 1500(1.5938)
=3$11,634 ($11.634 million)

F=7

0 1 2 3 4 5 6 7 8 9 10,4 Year

| | | | | | | | | | [WE]

l I | | | l | | | |
$1000

$1500
$3000

Figure 4-5

Cash flow diagram, Example 4.7.
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Equivalence Relations: Series with PP > CP

What to Find;
Cash Flow Series Interest Rate What Is Given Standard Notation
$500 semiannually ~ 16% per year, Find P; given A P = 500(P/A,8%,10)
for 5 years compounded
semiannually
$75 monthly for 24% per year, Find F; given A  F =75(F/A,2%,36)
3 years compounded
monthly
$180 quarterly for 5% per quarter Find F; given A F = 180(F/A,5%,60)
15 years
$25 per month 1% per month Find P; given G P = 25(P/G,1%,48)
increase for
4 years
$5000 per quarter 1% per month Find A; given P A = 5000(A/P,3.03%,24)
for 6 years

4.6 Equivalence Relations: Series with PP > CP e @

When uniform or gradient series are included in the cash flow sequence, and the payment period
equals or exceeds the compounding period, PP is defined by the length of time between cash
flows. This also establishes the time unit of the effective interest rate. For example, if cash flows
occur on a guarterly basis, PP is 1 quarter and the effective quarterly rate is necessary. The n
value is the total number of quarters. If PP is a quarter, 5 years translates to an n value of 20 quar-
ters. This is a direct application of the following general guideline:

When cash flows involve a series (i.e., A, G, g) and the payment period equals or exceeds the
compounding period in length:

e Find the effective i per payment period.
e Determine n as the total number of payment periods.

In performing equivalence computations for series, only these values of i and n can be used in
interest tables, factor formulas, and spreadsheet functions. In other words, there are no other
combinations that give the correct answers as there are for single-amount cash flows.

Table 4-6 shows the correct formulation for several cash flow series and interest rates. Note
that n is always equal to the total number of payment periods and i is an effective rate expressed
over the same time period as n.

For the past 7 years, Excelon Energy has paid $500 every 6 months for a software maintenance
contract. What is the equivalent total amount after the last payment, if these funds are taken
from a pool that has been returning 8% per year, compounded quarterly?

Solution

The cash flow diagram is shown in Figure 4—6. The payment period (6 months) is longer than
the compounding period (quarter); that is, PP > CP. Applying the guideline, we need to deter-
mine an effective semiannual interest rate. Use Equation [4.7] with » = 4% per 6-month pe-
riod and m = 2 quarters per semiannual period.

Effective i% per 6 months = (1 + %)2 - 1=4.04%

The effective semiannual interest rate can also be obtained from Table 4-3 by using the r value
of 4% and m = 2 to get i = 4.04%.

1M
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The value i = 4.04% seems reasonable, since we expect the effective rate to be slightly
higher than the nominal rate of 4% per 6-month period. The total number of semiannual pay-
ment periods is n = 2(7) = 14. The relation for F is

F =A(F/A4.04%,14)
= 500(18.3422)
=$9171.09

To determine the F/A factor value 18.3422 using a spreadsheet, enter the FV function from
Figure 2-9, that is, = —FV(4.04%,14,1). Alternatively, the final answer of $9171.09 can be
displayed directly using the function = —FV(4.04%,14,500).

F=7
i = 8% per year, compounded quarterly
0 1 2 3 4 5 74 Years
| I I I I I
A = $500
Figure 4-6
Diagram of semiannual deposits used to determine F, Example 4.8.
The Credit Card Offer Case @

In our continuing credit card saga of Dave and his job transfer to Africa, let’s assume he did
remember that the total balance is $1030, including the $30 balance transfer fee, and he wants
to set up a monthly automatic checking account transfer to pay off the entire amount in 2 years.
Once he learned that the minimum payment is $25 per month, Dave decided to be sure the
monthly transfer exceeds this amount to avoid any further penalty fees and the penalty APR of
29.99% per year. What amount should he ask to be transferred by the due date each month?
What is the APY he will pay, if this plan is followed exactly and Chase Bank does not change
the APR during the 2-year period? Also, assume he left the credit card at home and will charge
no more to it.

Solution
The monthly A series is needed for a total of n = 2(12) = 24 payments. In this case,
PP = CP = 1 month, and the effective monthly rate is i = 14.24%/12 = 1.187% per month.

Solution by hand: Use a calculator or hand computation to determine the A /P factor value.
A =P(A/P,i;n) = 1030(A/P,1.187%,24) = 1030(0.04813)
= $49.57 per month for 24 months

Solution by spreadsheet: Use the function = —PMT(1.187%,24,1) to determine the fac-
tor value 0.04813 to determine A for n = 24 payments. Alternatively use the function
= PMT (1.187%,24,1030) to directly display the required monthly payment of A = $—49.57.

The effective annual interest rate or APY is computed using Equation [4.7] with r = 14.24%
per year, compounded monthly, and m = 12 times per year.

Effective i per year = (1 +%)12_ 1=1.15207 —1

= 15.207% per year

This is the same effective annual rate i, determined in Example 4.45.
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4.6 Equivalence Relations: Series with PP > CP

The Scott and White Health Plan (SWHP) has purchased a robotized prescription fulfillment
system for faster and more accurate delivery to patients with stable, pill-form medication for
chronic health problems, such as diabetes, thyroid, and high blood pressure. Assume this high-
volume system costs $3 million to install and an estimated $200,000 per year for all materials,
operating, personnel, and maintenance costs. The expected life is 10 years. An SWHP bio-
medical engineer wants to estimate the total revenue requirement for each 6-month period that
is necessary to recover the investment, interest, and annual costs. Find this semiannual A value
both by hand and by spreadsheet, if capital funds are evaluated at 8% per year, using two dif-
ferent compounding periods:

Rate 1. 8% per year, compounded semiannually.
Rate 2. 8% per year, compounded monthly.

Solution

Figure 4-7 shows the cash flow diagram. Throughout the 20 semiannual periods, the
annual cost occurs every other period, and the capital recovery series is sought for every
6-month period. This pattern makes the solution by hand quite involved if the P/A and A/P
factors are used to find P and A values. The spreadsheet solution is recommended in cases
such as this.

Solution by hand—rate 1: Steps to find the semiannual A value are as follows. First, calculate

the present worth P at time 0 with n = 10 years using the effective annual rate.

Effective i per year = (1 4+ 0.08/2)> — 1 = 8.16%
P = 3,000,000 + 200,000(P/A,8.16%,10)
= 3,000,000 + 200,000(6.6619)
= $4,332,380

Now, find A per 6-month period.

PP = CP at 6 months; find the effective rate per semiannual period.
Effective semiannual i = 8%/2 = 4% per 6 months, compounded semiannually.
Number of semiannual periods n = 2(10) = 20.

A = $4,332,380(A/P,4%,20) = $318,777 per 6-months

Conclusion: Revenue of $318,777 is necessary every 6 months to cover all costs and interest at
8% per year, compounded semiannually.

A per 6 months = ?

nnnnnnnmm

6 months

$200,000 per year

i; = 8%, compounded semiannually
i, = 8%, compounded monthly

1
P = $3 million

Figure 4-7
Cash flow diagram with two different compounding periods, Example 4.10.
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Solution by hand—rate 2: As before, calculate P at time 0 with n = 10 years and an effective
annual year for monthly compounding.

Effective i per year = (1 + 0.08/12)"> — 1 = 8.30%
P = 3,000,000 + 200,000(P/A,8.30%,10)
= 3,000,000 + 200,000(6.6202)
= $4,324,040

Now, find A per semiannual period, where

PP is 6 months, but the CP is monthly; therefore, PP > CP. To find the effective semiannual
rate, the effective interest rate Equation [4.7] is applied with r = 4% and m = 6 months per
semiannual period. The n value to determine A is 20 semiannual periods.

Effective semiannual i = (1 + %)6 - 1=4.067%

A = $4,324,080(A/P,4.067%,20) = $320,061 per 6-months

Now, $320,061, or $1284 more semiannually, is required to cover the more frequent com-
pounding of the 8% per year interest. Note that all P/A and A/P factors must be calculated with
factor formulas at 8.30% and 4.067%, respectively. This method is usually more calculation-
intensive and error-prone than the spreadsheet solution.

Solution by spreadsheet—rates 1 and 2: Once the effective interest rates per semiannual period
have been determined, a spreadsheet solution is simple. For rate 1, a single-cell PMT function,
with an imbedded PV function (in italics) to determine the present worth of the $200,000 an-
nual series at the effective annual rate of 8.16%, displays A = $318,784 per 6-month period.
The function is:

= PMT(4%,20,PV(8.16%,10,200000) — 3000000)

Similarly, for rate 2, the single-cell spreadsheet function = PMT(4.067%,20,PV(8.30%,10,
200000)-3000000) displays A = $320,061 per 6-month period. Note that the EFFECT function
can be used separately or incorporated into these single-cell PMT functions to calculate the
effective rates necessary to determine the correct semiannual A values.

A spreadsheet can also be used if the $200,000 annual amounts are considered single
amounts, but the spreadsheet is more involved as follows. Figure 4—8 presents a general solu-

N

A | B | . ©c | D - T s N

Rate #1 Rate #2
Nominal rate per year 8% 8% = C5/C6
Compounding period Semiannual Wonth
Number of periods, n 20 = E5/E6
PP in months 6 /268/ -
5 |CP in months 6 / ; A/l = EFFECT(E2/2,E7) |

m|u’|‘.l> u‘r\)‘...a

Number of CP per PP, m 1
Effective rate per PP 4.00% 4.07%

Present worth  $4,332,385 > $4,324,048
Semiannual

o

$3,000,000

period Cash flow [A, $/6-month § 318,784 | $ 320,089

0

$ 2%0,000 = PMT(ES,E4,-F9)

1
2
3
4 $ 200,000
5
o

P zuu,uuu

17 0 | = NPV(E8,B13:B32)+B12 |
18 $ 200,000
19 0

T
wlwlolm[dalalalalalalalo
82885355 26" 2 8~

20 $ 200,000

Figure 4-8

Spreadsheet solution for semiannual A series for different compounding periods, Example 4.10.
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4.7 Equivalence Relations: Single Amounts and Series with PP < CP

tion for the problem at both rates. (Several rows at the bottom of the spreadsheet are not printed.
They continue the cash flow pattern of $200,000 every other 6 months through cell B32.) The
functions in C8 and E8 are general expressions for the effective rate per PP, expressed in
months. This allows some sensitivity analysis to be performed for different PP and CP values.
Note the functions in C7 and E7 to determine m for the effective rate relations. This technique
works well for spreadsheets once PP and CP are entered in the time unit of the CP.

Each 6-month period is included in the cash flows, including the $0 entries, so the NPV and
PMT functions work correctly. The final A values in D14 ($318,784) and F14 ($320,069) are
slightly different than those of the hand solution due to the number of significant digits used by
spreadsheet functions.

The EFFECT function is applied in cells C8 and E8 to obtain the effective semiannual
rate i. When using EFFECT for payment periods other than a year, the first entry of “nomi-
nal_rate” is the rate per payment period, not per year as indicated in Equation [4.5]. In the
case for rate #2, the percentage is per 6-month payment period, that is, 4%, as determined in
cell E8 using the relation E2/2. EFFECT correctly displays the effective semiannual rate of
4.07%.

115

4.7 Equivalence Relations: Single Amounts
and Series with PP < CP e ®

If a person deposits money each month into a savings account where interest is compounded quar-
terly, do all the monthly deposits earn interest before the next quarterly compounding time? If a
person's credit card payment is due with interest on the 15th of the month, and if the full payment
is made on the 1st, does the financial institution reduce the interest owed, based on early payment?
The usual answers are no. However, if a monthly payment on a $10 million, quarterly compounded,
bank loan were made early by a large corporation, the corporate financial officer would likely insist
that the bank reduce the amount of interest due, based on early payment. These are examples of PP
< CP. The timing of cash flow transactions between compounding points introduces the question of
how interperiod compounding is handled. Fundamentally, there are two policies, one of which
must be applied: interperiod cash flows earn no interest or they earn compound interest.

For a no-interperiod-interest policy, negative cash flows (deposits or payments, depending on the
perspective used for cash flows) are all regarded as made at the end of the compounding period,
and positive cash flows (receipts or withdrawals) are all regarded as made at the beginning.

As an illustration, when interest is compounded quarterly, all monthly deposits are moved to the end
of the quarter (no interperiod interest is earned) and all withdrawals are moved to the beginning (no
interest is paid for the entire quarter). This procedure can significantly alter the distribution of cash
flows before the effective quarterly rate is applied to find P, F, or A. This effectively forces the cash
flows into a PP = CP situation, as discussed in Sections 4.5 and 4.6. Example 4.11 illustrates this
procedure and the economic fact that, within a one-compounding-period time frame, there is no
interest advantage to making payments early. Of course, noneconomic factors may be present.

Last year AllStar Venture Capital agreed to invest funds in Clean Air Now (CAN), a start-up
company in Las Vegas that is an outgrowth of research conducted in mechanical engineering at
the University of Nevada—Las Vegas. The product is a new filtration system used in the process
of carbon capture and sequestration (CCS) for coal-fired power plants. The venture fund manager
generated the cash flow diagram in Figure 4-9a in $1000 units from AllStar’s perspective. In-
cluded are payments (outflows) to CAN made over the first year and receipts (inflows) from CAN
to AllStar. The receipts were unexpected this first year; however, the product has great promise,
and advance orders have come from eastern U.S. plants anxious to become zero-emission
coal-fueled plants. The interest rate is 12% per year, compounded quarterly, and AllStar uses the
no-interperiod-interest policy. How much is AllStar in the “red” at the end of the year?
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Receipts from CAN
120
$90  $90 $
$45
0 T T f 1 Year
1 | | | | | | | |
I I I I I I I I Month
0o 1 2 3 4 5 6 7 8 9 10 11 12 on
$50
$75 $100
$150 Payments to CAN
$200
(@)
$180 $165
A
0 1 2 3 4
1 | | | | | | | | Qua.rter
I I I I I I I I I Month
0 1 23 4 5 6 7 8 9 10 11 12 on
$50
||
[k ]
$150 \
$175
$200
F=?
(b)
Figure 4-9

(a) Actual and (b) moved cash flows (in $1000) for quarterly compounding periods using no interperiod
interest, Example 4.11.

Solution

With no interperiod interest considered, Figure 4-9b reflects the moved cash flows. All nega-
tive cash flows (payments to CAN) are moved to the end of the respective quarter, and all
positive cash flows (receipts) are moved to the beginning of the respective quarter. Calculate
the F value at 12% /4 = 3% per quarter.

F =1000[—-150(F/P,3%,4) — 200(F/P,3%,3) + (=175 + 180)(F/P,3%,2)
+ 165(F/P,3%,1) — 50]
=$-262,111
AllStar has a net investment of $262,111 in CAN at the end of the year.

If PP < CP and interperiod compounding is earned, then the cash flows are not moved, and the
equivalent P, F, or A values are determined using the effective interest rate per payment period.
The engineering economy relations are determined in the same way as in the previous two sections
for PP > CP. The effective interest rate formula will have an m value less than 1 because there is
only a fractional part of the CP within one PP. For example, weekly cash flows and quarterly com-
pounding require that m = 1/13 of a quarter. When the nominal rate is 12% per year, compounded
quarterly (the same as 3% per quarter, compounded quarterly), the effective rate per PP is

Effective weekly i% = (1.03)"/"* — 1 = 0.228% per week

4.8 Effective Interest Rate for Continuous
Compounding ® ®

If we allow compounding to occur more and more frequently, the compounding period becomes
shorter and shorter and m, the number of compounding periods per payment period, increases.
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Continuous compounding is present when the duration of CP, the compounding period,
becomes infinitely small and m, the number of times interest is compounded per period, becomes
infinite. Businesses with large numbers of cash flows each day consider the interest to be con-
tinuously compounded for all transactions.

As m approaches infinity, the effective interest rate Equation [4.7] must be written in a new
form. First, recall the definition of the natural logarithm base.

h
e (1 + l) — 0= 271828+ [4.10]

h— h

The limit of Equation [4.7] as m approaches infinity is found by using r/m = 1/h, which makes
m = hr. .
lim i = lim (1+ 2"~ 1

m—»c0 m—o00
— T Y 1
‘}flo(”h) I‘I}L“&c(”h)‘ !
i=e —1 [4.11]

Equation [4.11] is used to compute the effective continuous interest rate, when the time periods
on i and r are the same. As an illustration, if the nominal annual r = 15% per year, the effective
continuous rate per year is

i% =e""% —1=16.183%
For convenience, Table 4-3 includes effective continuous rates for the nominal rates listed.

To find an effective or nominal interest rate for continuous compounding using the spread-
sheet functions EFFECT or NOMINAL, enter a very large value for the compounding fre-
quency m in Equation [4.5] or [4.6], respectively. A value of 10,000 or higher provides sufficient
accuracy. Both functions are illustrated in Example 4.12.

(a) For an interest rate of 18% per year, compounded continuously, calculate the effective
monthly and annual interest rates.

(b) An investor requires an effective return of at least 15%. What is the minimum annual
nominal rate that is acceptable for continuous compounding?

Solution by Hand
(a) The nominal monthly rate is r = 18%/12 = 1.5%, or 0.015 per month. By Equa-
tion [4.11], the effective monthly rate is

i%permonth=¢"—1=¢""—-1=1511%
Similarly, the effective annual rate using r = 0.18 per year is
i% peryear =¢" — 1 =% — 1 =19.722%
(b) Solve Equation [4.11] for r by taking the natural logarithm.

e —1=0.15

e =1.15
Ine"=1In1.15
r=0.13976

Therefore, a rate of 13.976% per year, compounded continuously, will generate an effec-
tive 15% per year return. The general formula to find the nominal rate, given the effective
continuous rate i, is » = In(1 + i).
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Solution by Spreadsheet
(a) Use the EFFECT function with the nominal monthly rate » = 1.5% and annual rate
r = 18% with a large m to display effective i values. The functions to enter on a spread-
sheet and the responses are as follows:
Monthly: = EFFECT(1.5%,10000) effective i = 1.511% per month
Annual: = EFFECT(18%,10000) effective i = 19.722% per year

(b) Use the function in Equation [4.6] in the format = NOMINAL(15%,10000) to display
the nominal rate of 13.976% per year, compounded continuously.

Engineers Marci and Suzanne both invest $5000 for 10 years at 10% per year. Compute the
future worth for both individuals if Marci receives annual compounding and Suzanne receives
continuous compounding.

Solution
Marci: For annual compounding the future worth is

F = P(F/P,10%,10) = 5000(2.5937) = $12,969
Suzanne: Using Equation [4.11], first find the effective i per year for use in the F//P factor.
Effective i% = "' — 1 = 10.517%
F =P(F/P,10.517%,10) = 5000(2.7183) = $13,591

Continuous compounding causes a $622 increase in earnings. For comparison, daily com-
pounding yields an effective rate of 10.516% (F = $13,590), only slightly less than the 10.517%
for continuous compounding.

For some business activities, cash flows occur throughout the day. Examples of costs are en-
ergy and water costs, inventory costs, and labor costs. A realistic model for these activities is to
increase the frequency of the cash flows to become continuous. In these cases, the economic
analysis can be performed for continuous cash flow (also called continuous funds flow) and the
continuous compounding of interest as discussed above. Different expressions must be derived
for the factors for these cases. In fact, the monetary differences for continuous cash flows relative
to the discrete cash flow and discrete compounding assumptions are usually not large. Accord-
ingly, most engineering economy studies do not require the analyst to utilize these mathematical
forms to make a sound economic decision.

4.9 Interest Rates That Vary Over Time @ @

Real-world interest rates for a corporation vary from year to year, depending upon the financial
health of the corporation, its market sector, the national and international economies, forces of infla-
tion, and many other elements. Loan rates may increase from one year to another. Home mortgages
financed using ARM (adjustable-rate mortgage) interest is a good example. The mortgage rate is
slightly adjusted annually to reflect the age of the loan, the current cost of mortgage money, etc.

When P, F, and A values are calculated using a constant or average interest rate over the life
of a project, rises and falls in 7 are neglected. If the variation in i is large, the equivalent values
will vary considerably from those calculated using the constant rate. Although an engineering
economy study can accommodate varying i values mathematically, it is more involved computa-
tionally to do so.

To determine the P value for future cash flow values (F)) at different i values (i,) for each year ¢,
we will assume annual compounding. Define

i, = effective annual interest rate for year ¢ (t =years 1 to n)


http://www.downloadslide.com/

Interest Rates That Vary Over Time

To determine the present worth, calculate the P of each F, value, using the applicable i,, and sum
the results. Using standard notation and the P/F factor,

P = F(P/F,i,,]) + Fy(P/F,i,,))(P/F,i1) + - - -
+ F (P/F,i;,1)(P/Fiyl) - - - (P/Fi,1) [4.12]

The future worth F'is determined in a similar fashion. Calculate the F for each P, value using the
applicable 7, and sum the results to obtain the total F in year n.

When only single amounts are involved, that is, one P and one F in the final year n, the last
term in Equation [4.12] is the expression for the present worth of the future cash flow.

P =F, (P/Fi,)(P/Fil) - (P/Fi,l) [4.13]

If the equivalent uniform series A over all n years is needed, first find P, using either of the last
two equations; then substitute the symbol A for each F, symbol. Since the equivalent P has been
determined numerically using the varying rates, this new equation will have only one unknown,
namely, A. Example 4.14 illustrates this procedure.

CE, Inc. leases large earth tunneling equipment. The net profit from the equipment for each of the
last 4 years has been decreasing, as shown below. Also shown are the annual rates of return on
invested capital. The return has been increasing. Determine the present worth P and equivalent
uniform series A of the net profit series. Take the annual variation of rates of return into account.

Year 1 2 3 4

Net Profit $70,000 $70,000 $35,000 $25,000

Annual Rate 7% 7% 9% 10%
Solution

Figure 4—10 shows the cash flows, rates for each year, and the equivalent P and A. Equation [4.12]
is used to calculate P. Since for both years 1 and 2, the net profit is $70,000 and the annual rate
is 7%, the P/A factor can be used for these 2 years only.

P =[70(P/A,7%,2) + 35(P/F,7%.,2)(P/F,9%,1)
+25(P/F,7%,2)(P/F,9%,1)(P/F,10%,1)]1(1000)
= [70(1.8080) + 35(0.8013) + 25(0.7284)](1000)
=$172,816 [4.14]

Equivalent P and A values for varying interest rates, Example 4.14.

$70,000
A="?
$35,000
1. 1. B | |
0 |:> 0 \|| \II ||| |||
= 1 2 3 4 1 2 3 4 Year
i=7%]
iz 7% I 7% I 9% I 10% |
i=9%)
i=10%)
pP=7 $172,816
Figure 4-10

19
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To determine an equivalent annual series, substitute the symbol A for all net profit values
on the right side of Equation [4.14], set it equal to P = $172,816, and solve for A. This
equation accounts for the varying i values each year. See Figure 4-10 for the cash flow diagram
transformation.

$172,816 = A[(1.8080) + (0.8013) + (0.7284)] = A[3.3377]
A = $51,777 per year
Comment

If the average of the four annual rates, that is, 8.25%, is used, the result is A = $52,467. This is
a $690 per year overestimate of the equivalent annual net profit.

When there is a cash flow in year O and interest rates vary annually, this cash flow must be
included to determine P. In the computation for the equivalent uniform series A over all years,
including year 0, it is important to include this initial cash flow at = 0. This is accomplished by
inserting the factor value for (P/F,i,,0) into the relation for A. This factor value is always 1.00. It
is equally correct to find the A value using a future worth relation for F in year n. In this case, the
A value is determined using the F'/P factor, and the cash flow in year n is accounted for by includ-
ing the factor (F/P,i,,0) = 1.00.

CHAPTER SUMMARY

Since many real-world situations involve cash flow frequencies and compounding periods other
than 1 year, it is necessary to use nominal and effective interest rates. When a nominal rate r is
stated, the effective interest rate i per payment period is determined by using the effective interest
rate equation.

Effectivei = (1 + 7;]" — 1

The m is the number of compounding periods (CP) per interest period. If interest compounding
becomes more and more frequent, then the length of a CP approaches zero, continuous com-
pounding results, and the effective i is e — 1.

All engineering economy factors require the use of an effective interest rate. The i and n values
placed in a factor depend upon the type of cash flow series. If only single amounts (P and F) are
present, there are several ways to perform equivalence calculations using the factors. However,
when series cash flows (A, G, and g) are present, only one combination of the effective rate i and
number of periods 7 is correct for the factors. This requires that the relative lengths of PP and CP
be considered as i and n are determined. The interest rate and payment periods must have the
same time unit for the factors to correctly account for the time value of money.

From one year (or interest period) to the next, interest rates will vary. To accurately perform
equivalence calculations for P and A when rates vary significantly, the applicable interest rate
should be used, not an average or constant rate.

| =
PROBLEMS
Nominal and Effective Rates 4.3 Identify the compounding period for the following
4.1 Identify the compounding period for the following interest statements: (@) nomlna.ll 7% per year, com-
. pounded monthly; (b) effective 6.8% per year,
interest statements: (a) 1% per week; (b) 2.5 % per .
. compounded monthly; and (c) effective 3.4% per
quarter; and (c) 8.5% per year, compounded semi-
quarter, compounded weekly.
annually.
49 What is the difference between APR and APY? 4.4 Determine the number of times interest is com-

Which one is used in interest factor formulas,
tables, and spreadsheet functions?

pounded in a year for the following interest state-
ments: (a) 1% per quarter; (b) 2% per month; and
(c) 8% per year, compounded every 2 months.
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4.6

4.7

4.8

4.9

4.10

4.11

4.12

4.13

4.14

For an interest rate of 10% per year, compounded
quarterly, determine the number of times interest is
compounded (a) per quarter, (b) per 6 months,
(c) per year, and (d) per 3 years.

For an interest rate of 1% per quarter, determine
the nominal interest rate per (a) semiannual pe-
riod, (b) year, and, (c) 2 years.

First Corp Bank advertises interest paid at 2%
every 6 months. What is the APR?

For an interest rate of 9% per year, compounded
every 4 months, determine the nominal interest rate
per (@) 8 months, (b) 12 months, and (c) 2 years.

For an APR of 10% per year, if interest is com-
pounded quarterly, determine the nominal rate per
(a) 6 months, and () 2 years.

Identify the following interest rate statements as
either nominal or effective: (a) 1.3% per month;
(b) 1% per week, compounded weekly; (c) nomi-
nal 15% per year, compounded monthly; (d) ef-
fective 1.5% per month, compounded daily; and
(e) 15% per year, compounded semiannually.

You plan to deposit $100 per week into a fund that
pays interest of 6% per year, compounded quar-
terly. Identify the interest period, compounding
period, and number of times interest is com-
pounded per interest period.

Western Energy makes quarterly deposits into an ac-
count reserved for purchasing new equipment 2 years
from now. The interest paid on the deposits is 12%
per year, compounded monthly. («) Identify the inter-
est period, compounding period, and compounding
frequency in the interest period. (b) Calculate the ef-
fective annual interest rate, that is, the APY.

Citizens Bank of Toronto advertises an APR of
12% compounded monthly for collateral loans.
What is the APY? Also, write the spreadsheet
function to display the APY.

A company that makes modular bevel gear drives
with a tight swing ratio for optimizing fork-lift ve-
hicles was told that the interest rate on a loan
would be an effective 3.5% per quarter, com-
pounded monthly. The owner, confused by the ter-
minology, asked you to help. What is the (a) APR,
and (b) APY? (c¢) Explain how the EFFECT and
NOMINAL functions can or cannot be used to find
the APR and APY.

The Premier Car Title Loan Company makes
emergency loans of up to $500 for 1 month for a

4.16

4.17
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fee of 4% of the loan amount. If a person borrows
$500, what is (@) the nominal interest rate per year,
and (b) the effective rate per year?

A credit card issued by the GECU credit union has
an APR of 16% and an APY of 16.64%. (a) What
is the compounding period? (b) Use the EFFECT
function to find the compounding period.

Eckelberger Products, Inc. makes high-speed re-
corders with high-speed scanning. The small com-
pany has been growing at an average rate of 75%
per year for the past 4 years. The CEO asked you to
convert the past growth rate into a monthly rate for
its annual report. If the past growth rate was an ef-
fective rate, what was the effective growth rate per
month?

Equivalence When PP > CP

4.18

4.19

4.20

4.21

4.22

In order to find the future worth, F, from a present
amount, P, 5 years from now at an interest rate of
12% per year, compounded quarterly, what interest
rate must be used in the F/P factor, (F/P,i%,n),
when n is (a) 5, (b) 10, and (c) 20?

Jennifer and Rex both receive a dividend from
their 401(k) retirement plan every 6 months. The
earning rates for this year have been 5% per year,
compounded quarterly for Jennifer, and 4.85% per
year, compounded monthly for Rex. Rex felt good
about this because he knew the monthly com-
pounding on his plan would make his APY higher
than Jennifer’s APY.

(a) Is Rex correct? Explain your answer.

(b) What is the effective rate for each plan on the

basis of the payment period?

Videotech specializes in online security software
development. It wants to have $65 million avail-
able in 3 years to pay stock dividends. How much
money must the company set aside now in an ac-
count that earns interest at a rate of 12% per year,
compounded quarterly? Solve using (a) tabu-
lated factors, and (b) a single-cell spreadsheet
function.

If the VF Corporation deposits $20 million of its
retained earnings in an aggressive stock ownership
fund for only 1 year, what will be the difference in
the total amount accumulated (i.e., F) at 18% per
year, compounded monthly versus 18% per year
simple interest?

A friend tells you she has saved for 7 years and has
a present sum of $10,000, which earned at the rate
of 8% per year, compounded quarterly. (a) Deter-
mine the equivalent amount she had to start with
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4.24

4.25

4.26

4.27

4.28
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7 years ago. (b) Write the EFFECT function to find
the effective rate per year.

The TerraMax truck currently being manufactured
by Oshkosh Truck Co. is a driverless truck that is
intended for military use. Such a truck frees person-
nel to more effectively perform nondriving tasks,
such as reading maps, scanning for roadside explo-
sives, or scouting for the enemy. If such trucks can
result in reduced injuries to military personnel
amounting to $15 million 3 years from now, deter-
mine the present worth of these benefits at an inter-
est rate 10% per year, compounded semiannually.

Because testing of nuclear bombs was halted inter-
nationally in 1992, the Department of Energy has
developed a laser system that allows engineers to
simulate (in a laboratory) conditions in a thermo-
nuclear reaction. Due to soaring cost overruns, a
congressional committee undertook an investiga-
tion and discovered that the estimated develop-
ment cost of the project increased at an average
rate of 2% per month over a 5-year period. If the
original cost was estimated to be $2.3 billion
5 years ago, what is the expected cost today?

The patriot missile, developed by Lockheed Martin,
is designed to detect, identify, and shoot down air-
craft and other missiles. The Patriot Advanced Capa-
bility-3 was originally promised to cost $3.9 billion,
but due to extra time needed to develop computer
code and scrapped tests (due to high winds) at White
Sands Missile Range, the actual cost was much
higher. If the total project development time was 10
years and costs increased at a rate of 0.5% per month,
what was the final cost of the project?

Pollution control equipment for a pulverized coal cy-
clone furnace is estimated to cost $190,000 two years
from now and an additional $120,000 four years
from now. If Monongahela Power wants to set aside
enough money now to cover these future costs, how
much must be invested at an interest rate of 8% per
year, compounded semiannually?

In an effort to have enough money to finance his pas-
sion for top-level off-road racing, a mechanical engi-
neering graduate decided to sell some of his “toys." At
time 7 =0, he sold his chopper motorcycle for $18,000.
Six months later, he sold his Baja pre-runner SUV for
$26,000. At the end of year 1, he got $42,000 for his
pro-light race truck. If he invested all of the money in
a high-risk commodity hedge fund that earned 24%
per year, compounded semiannually, how much did
he have in the account at the end of 2 years?

Head & Shoulders shampoo insured a spokesman
football player’s long hair for $1 million with

4.29
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Lloyd’s of London. The insurance payout would
be triggered if he lost at least 60% of his hair dur-
ing an on-field event. The insurance company
placed the odds of a payout at 1% in year 5. Deter-
mine how much Head & Shoulders had to pay in a
lump-sum amount for the insurance policy if
Lloyd’s of London wanted a rate of return of 20%
per year, compounded quarterly.

Radio Frequency Identification (RFID) is a tech-
nology used by drivers with “speed passes” at toll
booths and ranchers who track livestock from
“farm to fork.” Thrift-Mart is implementing the
technology to track products within its stores. The
RFID-tagged products will result in better inven-
tory control and save the company $1.3 million per
month beginning 3 months from now. How much
can the company afford to spend now to implement
the technology at an interest rate of 12% per year,
compounded monthly, if it wants to recover its in-
vestment in 2Y2 years? Also, write a spreadsheet
function to display the answer.

The optical products division of Panasonic is plan-
ning a $3.5 million building expansion for manu-
facturing its powerful Lumix DMC digital zoom
camera. If the company uses an interest rate of
16% per year, compounded quarterly for all new
investments, what is the uniform amount per quar-
ter the company must make in order to recover its
investment in 3 years?

Hemisphere, LLC is planning to outsource its
51-person information technology (IT) department
to Dyonyx. Hemisphere’s president believes this
move will allow access to cutting-edge technolo-
gies and skill sets that would be cost prohibitive to
obtain on its own. If it is assumed that the loaded
cost of an IT employee is $100,000 per year and
that Hemisphere will save 25% of this cost through
outsourcing, determine the present worth of the
total savings for a 5-year contract at an interest rate
of 6% per year, compounded monthly.

Environmental recovery company RexChem Part-
ners plans to finance a site reclamation project that
will require a 4-year cleanup period. If the com-
pany borrows $4.1 million now, how much will the
company have to get at the end of each year in
order to earn 15% per year, compounded quarterly
on its investment? Additionally, what is the spread-
sheet function?

Northwest Iron and Steel is considering getting in-
volved in electronic commerce. A modest e-commerce
package is available for $30,000. The company wants
to recover the cost in 2 years. Find the equivalent
amount of new revenue that must be realized every
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4.38
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6 months at an interest rate of 3% per quarter using (@)
factor formula, and () a single-cell spreadsheet func-
tion that includes an EFFECT function.

Metropolitan Water Utilities purchases surface
water from Elephant Butte Irrigation District at a
cost of $100,000 per month in the months of
February through September. Instead of paying
monthly, the utility makes a single payment of
$800,000 at the end of each calendar year for the
water it used. The delayed payment essentially rep-
resents a subsidy by Elephant Butte Irrigation Dis-
trict to the water utility. At an interest rate of 0.25%
per month, what is the amount of the subsidy?

For the cash flows shown, determine the equivalent
uniform annual worth in years 1 through 5 at an
interest rate of 18% per year, compounded monthly.

Year 1 2 3 4 5
CashFlow,$ 0 0 350,000 350,000 350,000

Lotus Development has a software rental plan
called SmartSuite that is available on the World
Wide Web. A number of programs are available at
$2.99 for 48 hours. If a construction company uses
the service every week for an average of 48 hours,
what is the future worth of the rental costs for
1 year at an interest rate of 1% per month, com-
pounded weekly? (Assume 4 weeks per month.)

Assume you are considering the consolidation of all
your electronic services with one company. By pur-
chasing a digital phone from AT&T wireless, you can
buy wireless e-mail and fax services for $6.99 per
month. For $14.99 per month, you will get unlimited
web access and personal organization functions. For
a 2-year contract period, what is the future worth of
the difference between the services at an interest rate
of 12% per year, compounded monthly?

Thermal Systems, a company that specializes in
odor control for wastewater treatment plants, made
deposits of $100,000 now and $25,000 every
6 months for 2 years. Determine the future worth
after 2 years of the deposits for i = 16% per year,
compounded quarterly.

McMillan Company manufactures electronic flow
sensors that are designed as an alternative to ball-
and-tube rotometers. The company recently spent
$3 million to increase the capacity of an existing
production line. If the extra revenue generated by
the expansion amounts to $200,000 per month,
how long will it take for the company to recover its
investment at an interest rate of 12% per year,
compounded monthly? Solve using (a) tabulated
factors and (b) a spreadsheet or calculator.
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Metalfab Pump and Filter, Inc. estimates that the
cost of steel bodies for pressure valves will in-
crease by $2 every 3 months. If the cost for the first
quarter is expected to be $80, what is the present
worth of the costs for a 3-year time period at an
interest rate of 3% per quarter?

Fieldsaver Technologies, a manufacturer of preci-
sion laboratory equipment, borrowed $2 million to
renovate one of its testing labs. The loan was re-
paid in 2 years through quarterly payments that
increased by $50,000 each time. At an interest rate
of 12% per year, compounded quarterly, what was
the size of the first quarterly payment?

Frontier Airlines hedged the cost of jet fuel by pur-
chasing options that allowed the airline to buy fuel
at a fixed price for 2 years. The savings in fuel
costs were $140,000 in month 1, $141,400 in
month 2, and amounts increasing by 1% per month
through the 2-year option period. What was the
present worth of the savings at an interest rate of
18% per year, compounded monthly?

Equipment maintenance costs for manufacturing
explosion-proof pressure switches are projected to
be $125,000 in year 1 and increase by 3% each
year through year 5. What is the equivalent annual
worth of the maintenance costs at an interest rate
of 10% per year, compounded semiannually? Solve
using (a) the factor formula and () a spreadsheet.

The Fairfold family decided to buy a super ski and
water sports boat. They took out an $80,000,
S-year, 6% per year, compounded semiannually
loan with monthly payments from First Bank and
Trust (FB&T). After making only two payments, a
banker friend offered to make them a better deal: a
S-year, 4.2% per year, compounded semiannually
loan with no transfer fee to his bank and a com-
plete repayment no-fee-required of the remaining
principal to FB&T. The principal on the new loan
will be the remaining principal from the current
loan. Answer the following questions for the
Fairfolds as they deliberate this new offer.
(a) What is the current monthly payment on the
$80,000 loan?
(b) What is the current principal due on the cur-
rent loan?
(c) How much interest have they already paid in
the first two payments?
(d) What is the amount of the new monthly pay-
ment starting with month 3, if the new loan
offer is accepted?

(Note: Problem 4.65 requests a spreadsheet solution
for this problem, if assigned by your instructor.)
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In an effort to save money for early retirement, an
environmental engineering colleague plans to de-
posit $1200 per month, starting 1 month from now,
into a fixed rate account that pays 8% per year,
compounded semiannually. How much will be in
the account at the end of 25 years?

Beginning 1 month from now, Thaxton Mechanical
Products will set aside $1500 per month for possibly
replacing its corrosion-resistant diaphragm pumps
whenever it becomes necessary. The replacement
isn’t needed for 3 years. How much will the com-
pany have available if the hoped-for rate of return of
18% per year is achieved?

Income from recycling the paper and cardboard
generated in an office building has averaged $3000
per month for the past 3 years. What is the income
stream’s equivalent worth now at an interest rate
of 8% per year, compounded quarterly?

How much would your parents have to deposit
each month into an account that grows at a rate of
12% per year, compounded semiannually, if they
want to have $80,000 at the end of year 3 to cover
part of your college expenses? Assume no interpe-
riod compounding. Also, write the spreadsheet
function to display the monthly amount.

Western Refining purchased a model MTVS peri-
staltic pump for injecting antiscalant at its nanofil-
tration water conditioning plant. The cost of the
pump was $1200. If the chemical cost is $11 per
day, determine the equivalent cost per month (pump
plus chemicals) at an interest rate of 1% per month.
Assume 30 days per month and a 4-year pump life.

An engineer deposited her annual bonus of $10,000
into an account that pays interest at 8% per year,
compounded semiannually. If she withdrew $1000
in months 2, 11, and 23, what was the total value of
the account at the end of 3 years? Assume no inter-
period compounding. (Note: See Problem 4.65 for
additional analysis of this series.)

Continuous Compounding

4.51
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What effective interest rate per year, compounded
continuously, is equivalent to a nominal rate of 10%
per year? Solve by formula and spreadsheet function.

What effective interest rate per 6 months is equal to a
nominal 2% per month, compounded continuously?

What nominal rate per quarter is equivalent to an
effective rate of 12.7% per year, compounded
continuously?

4.54
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Corrosion problems and manufacturing defects
rendered a gasoline pipeline between El Paso,
TX, and Phoenix, AZ, subject to longitudinal
weld seam failures. The pressure was reduced to
80% of the design value. If the reduced pressure
resulted in delivery of less product valued at
$100,000 per month, what will be the value of
the lost revenue after a 2-year period at an inter-
est rate of 15% per year, compounded continu-
ously?

Because of a chronic water shortage in California,
new athletic fields must use artificial turf or xeri-
scape landscaping. If the value of the water saved
each month is $6000, how much can a private de-
veloper afford to spend now on artificial turf pro-
vided he must recover his investment in 5 years.
Use an interest rate of 18% per year, compounded
continuously? Write the spreadsheet function to
display the answer.

A Texas chemical company had to file for bank-
ruptcy because of a nationwide phaseout of methyl
tertiary butyl ether (MTBE). The company is in
the planning phase of reorganizing and expects to
invest $50 million in a new ethanol production fa-
cility. Determine the revenue necessary each
month to recover its investment in 3 years, plus in-
terest at a rate of 2% per month, compounded con-
tinuously. Solve by (a) formula, and (b) spread-
sheet function.

How long will it take for a lump-sum investment
to double in value at an interest rate of 1.5%
per month, compounded continuously? Solve by
(a) formula and (b) spreadsheet function.

A very optimistic hedge fund investor expects
his single-deposit investment to triple in value
in 5 years. (a) What is the required effective
monthly rate, compounded continuously? (b)
What is the corresponding effective annual rate
needed?

Varying Interest Rates

4.59

4.60

How much money can a production company that
makes fluidized bed scrubbers spend now instead
of spending $150,000 in year 5 if the interest rates
are estimated to be 10% per year in years 1 to 3 and
12% per year in years 4 and 5?

Brady and Sons uses accounts receivable as col-
lateral to borrow money for operations and payroll
when revenues are low. If the company borrows
$300,000 now at an interest rate of 12% per year,
compounded monthly, and the rate increases to
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15% per year, compounded monthly after 4 4.62
months, how much will the company owe at the
end of 1 year?

4.61 Find the F, P, and A values for the negative cash
flows shown in the diagram.

i=14% — i = 10% —— 4.63

0 1 2 3 4 5 6 7 8 Year
I I I I

'
-100 -100 -100 -100 -100

/ / '
-160 -160 -160

For the cash flows shown, determine the future
worth in year 5.

Year Cash Flow, $/Year Estimated i Per Year
0 5000 12%

1-4 6000 12%
5 9000 20%

The Owner of Blue Bayou Café usually pays his
appliance (refrigerators, dish washers, and freez-
ers) maintenance contract by the year. If he proj-
ects the annual costs shown, find the equivalent A
value for years 1 through 5.

Year Cash Flow, $/Year Estimated i Per Year
0 0

1-3 5000 10%

4-5 7000 12%

EXERCISES FOR SPREADSHEETS

4.64  Solve Problem 4.19 by applying the EFFECT
function to determine the rates.

4.65 Solve Problem 4.44 using a spreadsheet, which
analyzes the loan on a boat purchased by the
Fairfold family. Display the answers for parts
(a) through (d) below the spreadsheet and indicate
the functions that you used to obtain the answers.

4.66  An engineer deposited her annual bonus of $10,000
into an account that pays interest at 8% per year,
compounded semiannually. She withdrew $1000 in
months 2, 11, and 23. Now, she wants to know the
total value of the account at the end of 3 years. Solve
by assuming (a) no interperiod compounding
and (b) that interperiod compounding is provided.

4.67 Some years ago, Penny purchased the car of her
dreams for $25,000 by paying 20% down at pur-
chase time and taking a $20,000, 5-year, 6% per
year, compounded monthly loan with 60 monthly
payments of $386.66 each. She is examining her
loan situation and would like to have some specific
information. Help her obtain the following:

(a) Verification of the current monthly payment
amount.

(b) Total amount she will pay over the 5 years.

(¢c) Total interest she will pay over the 5 years
and the percentage this represents of the
original loan amount of $20,000.

(d) After she missed payment #36 at the very
end of the third year, according to the loan
agreement, the interest rate increased from
6% to 10% per year, compounded monthly.
Based on the remaining principal immedi-
ately after the late payment, determine the
new monthly payment. Verify that this in-
creased amount is necessary to pay off the
loan at the increased rate.

(e) Penny is now in her fourth year, has paid
the increased payment for 12 payments,
and wants to get rid of this loan completely.
She wishes to know the remaining princi-
pal amount when payment #48 is due.
There is no penalty for early repayment of
principal.

ADDITIONAL PROBLEMS AND FE EXAM REVIEW QUESTIONS

4.68 An interest rate of 12% per year, compounded 4.69  An interest rate of 2% per month is the same as:

monthly, is nearest to:
(a) 12.08% per year
(b) 12.28% per year
(c¢) 12.48% per year
(d) 12.68% per year

(a) 24% per year, compounded monthly

(b) a nominal 24% per year, compounded
monthly

(¢c) aneffective 24% per year, compounded monthly

(d) Both (a) and (b)
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4.70

4.71

4.72

4.73

4.74

4.75

4.76

Chapter 4

An interest rate of 18% per year, compounded con-
tinuously, is closest to an effective:

(a) 1.51% per quarter

(b) 4.5% per quarter

(¢) 4.6% per quarter

(d) 9% per 6 months

The only time you change the original cash flow

diagram in problems involving uniform series cash

flows is when the:

(a) payment period is longer than the compound-
ing period

(b) payment period is equal to the compounding
period

(c) payment period is shorter than the com-
pounding period

(d) stated interest rate is a nominal interest
rate

If you make quarterly deposits for 3 years (begin-
ning one quarter from now) into an account that
compounds interest at 1% per month, the value of
nin the F/A factor (for determining F at the end of
the 3-year period) is:

(a) 3 b 4 (o) 12 @ 16

Assume you make monthly deposits of $200
starting 1 month from now into an account
that pays 6% per year, compounded semiannu-
ally. If you want to know how much you will
have after 4 years, the value of i you should
use in the F /A factor, assuming no interperiod
interest, is:

(@ 05% (b)) 3.00% (¢) 6.0% (d) 12.0%
An interest rate of 2% per quarter, compounded
continuously, is closest to an effective semiannual
rate of:

(a) 2.00% per semiannual period

(b) 2.02% per semiannual period

(¢) 4.0% per semiannual period

(d) 4.08% per semiannual period

The present worth of a deposit of $1000 now and
$1000 every 6 months for 10 years at an interest
rate of 10% per year, compounded semiannually
is represented by which of the following
equations:

(a) P=1000(P/A,5%,21)(F/P,5%,1)

(b) P =1000(P/A,5%,20)

(¢) P=1000(P/A,5%,21)

(d) P =1000+ 1000(P/A,10.25%,10)

The cost of replacing a high-definition television
production line in 6 years is estimated to be
$500,000. At an interest rate of 14% per year,
compounded semiannually, the uniform amount

4.77

4.78

Nominal and Effective Interest Rates

that must be deposited into a sinking fund every
6 months beginning now is closest to:

(@) <$21,000

(b) $21,335

(¢) $24,820

(d) $27,950

You are planning to make two equal amount depos-
its, one now and the other 3 years from now in order
to accumulate $300,000 ten years in the future. If the
interest rate is 14% per year, compounded semian-
nually, the size of each deposit is:

(@) <$46,300 (b) $46,525

(c) $47,835 (d) >$48,200

For the cash flow diagram shown, the future worth
in year 4 is closest to:

(@) <$2800 (b) $2915
() $3735 (d) $5219

i = 7%/semiannual period

1 2 3 4 Years
|

1I

S T O

4.79

4.80

4.81

(3]

I I I I I

31 4 5| 6 71 8‘ Semiannual periods
200

220

270
320

370

Y 420
470

A small company plans to spend $10,000 in year 2
and $10,000 in year 5. At an interest rate of effective
10% per year, compounded semiannually, the equa-
tion that represents the equivalent annual worth in
years 1 through 5 is:
(@) A=10,000P/F10%,2)(A/P,10%,5)
+ 10,000(A/F,10%,5)
(b)) A=10,000(A/P,10%.,4) + 10,000
(A/F,10%,5)
(¢) A=10,000P/F,5%,2)(A/P,5%,10)
+ 10,000 (A/F,5%,10)
(d) A=1[10,000(F/P,10%,5) + 10,000]
(A/F,10%,5)

If you deposit $P into a savings account that earns
interest at a rate of i% per month for n years, the
future worth in year n is represented by all of the
following equations, except:

(a) F = $P(F/P, effective i/month, 12n)

(b) F = $P(F/P, effective i/quarter, 3n)

(¢) F = $P(F/P, effective i/6-month, 2n)

(d) F = $P(F/P, effective i/year, n)

A midcareer engineer hopes to have $2 million
available for his use when he retires 20 years from
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now. He plans to deposit a uniform amount semi-
annually, beginning now and every 6 months
thereafter through the end of year 20. If his invest-
ment account has a yearly return of 8% per year,
compounded quarterly, the interest rate, i, that
must be used in the A/F equation to determine the
size of the uniform deposits is:

(@ 2% (b) 824% (c) 8.00% (d) 4.04%

If you wish to accumulate $10,000 over a 5-year
period by placing $200 a month, starting next

CASE STUDY

Case Study 127

month, into a Roth IRA retirement fund that pays
6% per year, compounded quarterly with no inter-
period compounding, the NPER function to deter-
mine the number of deposits is:

(a) = NPER(4.568%,—200,10000)
(b) =NPER(1.5%,200,10000)

(¢) =NPER(1.5%,—600,10000)
(d) = NPER(2%,600,—10000)

IS OWNING A HOME A NET GAIN OR NET LOSS OVER TIME?

Background

The Carroltons are deliberating whether to purchase a house or
continue to rent for the next 10 years. They are assured by both
of their employers that no transfers to new locations will occur
for at least this number of years. Plus, the high school that their
children attend is very good for their college prep education,
and they all like the neighborhood where they live now.

They have a total of $40,000 available now and estimate
that they can afford up to $2850 per month for the total house
payment.

If the Carroltons do not buy a house, they will continue
to rent the house they currently occupy for $2700 per
month. They will also place the $40,000 into an investment
instrument that is expected to earn at the rate of 6% per
year. Additionally, they will add to this investment at the
end of each year the same amount as the monthly 15-year
mortgage payments. This alternative is called the rent—
don’t buy plan.

Information

Two financing plans using fixed-rate mortgages are currently
available. The details are as follows.

Plan Description

A 30-year fixed rate of 5.25% per year interest;
10% down payment

B 15-year fixed rate of 5.0% per year interest;

10% down payment

Other information:

e Price of the house is $330,000.

e Taxes and insurance (T&I) are $500 per month.

¢ Up-front fees (origination fee, survey fee, attorney’s fee,
etc.) are $3000.

Any money not spent on the down payment or monthly pay-
ment will be invested and return at a rate of 6% per year (0.5%
per month).

an

The Carroltons anticipate selling the house after 10 years
d plan for a 10% increase in price, that is, $363,000 (after

all selling expenses are paid).

Case Study Exercises

1.

The 30-year fixed-rate mortgage (plan A) is analyzed
below. No taxes are considered on proceeds from the
savings or investments.

Perform a similar analysis for the 15-year loan
(plan B) and the rent-don’t buy plan. The Carroltons
decided to use the largest future worth after 10 years to
select the best of the plans. Do the analysis for them and
select the best plan.

Plan A analysis: 30-year fixed-rate loan

Amount of money required for closing costs:

Down payment (10% of $330,000) $33,000
Up-front fees (origination fee, attorney’s
fee, survey, filing fee, etc.) __3.000
Total $36,000

The amount of the loan is $297,000, and equivalent

monthly principal and interest (P&I) is determined at

5.25%/12 = 0.4375% per month for 30(12) = 360 months.

A =297,000(A/P,0.4375%,360) = 297,000(0.005522)
=3$1640

Add the T&I of $500 for a total monthly payment of
Payment, = $2140 per month

The future worth of plan A is the sum of three future
worth components: remainder of the $40,000 available
for the closing costs (F,,); left-over money from that
available for monthly payments (F,,); and increase in
the house value when it is sold after 10 years (F,).
These are calculated here.

F,, = (40,000 — 36,000)(F/P,0.5%,120)
=$7278
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Money available each month to invest after the mort-
gage payment, and the future worth after 10 years, is

2850 — 2140 = $710
F,, =710(F/A,0.5%,120)
= $116,354
Net money from the sale in 10 years (F5,) is the differ-
ence between the net selling price ($363,000) and the
remaining balance on the loan.

Loan balance
=297,000(F/P,0.4375%,120)
— 1640(F/A,0.4375%,120)

=297,000(1.6885) — 1640(157.3770)
= $243,386

Nominal and Effective Interest Rates

Fy, = 363,000 — 243,386 = $119,614
Total future worth of plan A is

F,=F, +F, +F,,

= 7278 + 116,354 + 119,614

= $243,246
Perform this analysis if all estimates remain the same,
except that when the house sells 10 years after purchase,
the bottom has fallen out of the housing market and the
net selling price is only 70% of the purchase price, that
is, $231,000.
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LEARNING STAGE 2

Basic Analysis Tools

LEARNING STAGE 2

Basic Analysis
Tools

CHAPTER 5

Present Worth
Analysis

CHAPTER 6

Annual Worth
Analysis

CHAPTER 7

Rate of Return
Analysis: One Project

CHAPTER 8
Rate of Return
Analysis: Multiple
Alternatives

CHAPTER 9
Benefit/Cost Analysis
and Public Sector
Economics

purchase a product, to develop a process, or to provide a

service with specified results. An engineering economic
analysis evaluates cash flow estimates for parameters such as initial
cost, annual costs and revenues, nonrecurring costs, and possible
salvage value over an estimated useful life of the product, process,
or service. The chapters in this learning stage develop and demon-
strate the basic tools and techniques to evaluate one or more alter-
natives using the factors, formulas, and spreadsheet functions
learned in stage 1.

After completing these chapters, you will be able to evaluate
most engineering project proposals using a well-accepted eco-
nomic analysis technique, such as present worth, future worth, cap-
italized cost, life-cycle costing, annual worth, rate of return, or
benefit/cost analysis.

The epilogue to this stage provides an approach useful in select-
ing the engineering economic method that will provide the best
analysis for the estimates and conditions present once the mutually
exclusive alternatives are defined.

Q n engineering project or alternative is formulated to make or

Important note: If depreciation and/or after-tax analysis is to be
considered along with the evaluation methods in Chapters 5
through 9, Chapter 16 and/or Chapter 17 should be covered, prefer-
ably after Chapter 6.
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Present Worth

Analysis

LEARNING OUTCOMES

Onoky/SuperStock

Purpose: Utilize different present worth techniques to evaluate and select alternatives.

SECTION

51

5.2

5.3

5.4

5.5

TOPIC

Formulating alternatives

PW of equal-life alternatives

PW of different-life alternatives

FW analysis

CC analysis

LEARNING OUTCOME

Identify mutually exclusive and independent
projects; define revenue and cost alternatives.

Select the best of equal-life alternatives using
present worth analysis.

Select the best of different-life alternatives using
present worth analysis.

Select the best alternative using future worth
analysis.

Select the best alternative using capitalized cost
(CC) analysis.
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future amount of money converted to its equivalent value now has a present worth (PW)
that is always less than that of the future cash flow because all P/F factors have a val-
ue less than 1.0 for any interest rate greater than zero. For this reason, present worth
values are often referred to as discounted cash flows (DCF), and the interest rate is referred to as
the discount rate. Besides PW, two other terms frequently used are present value (PV) and net
present value (NPV). Up to this point, PW computations have been made for one project or alter-
native. In this chapter, techniques for comparing two or more mutually exclusive alternatives by
the present worth method are treated. Two additional applications are covered here—future worth
and capitalized cost. Capitalized costs are used for projects with very long expected lives or long
planning horizons.

To understand how to organize an economic analysis, this chapter begins with a description
of independent and mutually exclusive projects as well as revenue and cost alternatives.

@

Water for Semiconductor Manufacturing
Case: The worldwide contribution of semi-
conductor sales is about $250 billion per

sources in the location chosen for its new
fab. The initial cost estimates for the UPW
system are given below.

year, or about 10% of the world’s GDP (gross

domestic product). This industry produces Seawater  Groundwater
. . . Source (S) (G)

the microchips used in many of the commu-

nication, entertainment, transportation, and  Equipment first -20 -22

computing devices we use every day. De- cost, $M

pending upon the type and size of fabrica- AOC, $M per year -05 -0.3

tion plant (fab), the need for ultrapure water  Salvage value, % of 5 10

(UPW) to manufacture these tiny integrated first cost

circuitsis high, ranging from 500t0 2000 gpm ~ Cost of UPW, $ per 4 5

1000 gallons

(gallons per minute). Ultrapure water is
obtained by special processes that com-
monly include reverse osmosis/deionizing
resin bed technologies. Potable water ob-
tained from purifying seawater or brackish

Angular has made some initial estimates for
the UPW system.

Life of UPW equipment 10 years
groundwater may cost from $2 to $3 per N — e
1000 gallons, but to obtain UPW on-site for needs gpm
semiconductor manufacturing may cost an Operating time 16 hours per

day for 250 days
per year

additional $1to $3 per 1000 gallons.

A fab costs upward of $2.5 billion to con-
struct, with approximately 1% of this total, or
$25 million, required to provide the UPW
needed, including the necessary wastewater
and recycling equipment.

A newcomer to the industry, Angular En-
terprises, has estimated the cost profiles for
two options to supply its anticipated fab with
water. It is fortunate to have the option of de-
salinated seawater or purified groundwater

This case is used in the following topics
(Sections) and problems of this chapter:

PW analysis of equal-life alternatives
(Section 5.2)

PW analysis of different-life alternatives
(Section 5.3)

Capitalized cost analysis (Section 5.5)
Problems 5.26 and 5.41.

5.1 Formulating Alternatives ® ®

The evaluation and selection of economic proposals require cash flow estimates over a stated
period of time, mathematical techniques to calculate the measure of worth (review
Example 1.2 for possible measures), and a guideline for selecting the best proposal. From
all the proposals that may accomplish a stated purpose, the alternatives are formulated. This
progression is detailed in Figure 5—1. Up-front, some proposals are viable from technological,
economic, and/or legal perspectives; others are not viable. Once the obviously nonviable
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Mandates
~_  —

Estimates
Plans

Experience

Proposals
Not viable Viable Not viable

O o W o
© 9 0,

Mutually < Either »| Independent
exclusive of these projects
alternatives DN
1 1
2 2
Select } Select : DN = do nothing
only : Nature all
m . .o m
one + of proposals justified
DN

Types of cash flow estimates
# Revenues and costs # Costs only

Revenue alternative Cost alternative

Grform evaluation and make selecti@
Figure 5-1

Progression from proposals to economic evaluation to selection.

ideas are eliminated, the remaining viable proposals are fleshed out to form the alternatives to
be evaluated. Economic evaluation is one of the primary means used to select the best
alternative(s) for implementation.

The nature of the economic proposals is always one of two types:

Mutually exclusive alternatives: Only one of the proposals can be selected. For terminology
purposes, each viable proposal is called an alternative.

Independent projects: More than one proposal can be selected. Each viable proposal is called a
project.

The parameters that usually must be estimated for an alternative or project were mentioned in
Section 1.2 in the description of alternatives. In brief, they included first cost (commonly identi-
fied by the letter P), expected life (n), effective interest rate (i), salvage or trade-in value (SV), any
anticipated major rework or upgrade costs, and annual operating costs (AOC), which may also be
termed maintenance and operating (M&O) costs.

The do-nothing (DN) proposal is usually understood to be an option when the evaluation is
performed.
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5.2 Present Worth Analysis of Equal-Life Alternatives

The DN alternative or project means that the current approach is maintained; nothing new
is initiated. No new costs, revenues, or savings are generated.

If it is absolutely required that one or more of the defined alternatives be selected, DN is not
considered. This may occur when a mandated function must be installed for safety, legal, govern-
ment, or other purposes.

Mutually exclusive (ME) alternatives and independent projects are selected in completely dif-
ferent ways. A mutually exclusive selection takes place, for example, when an engineer must se-
lect the best diesel-powered engine from several available models. Only one is chosen, and the
rest are rejected. If none of the alternatives are economically justified, then all can be rejected
and, by default, the DN alternative is selected. For independent projects one, two, or more, in fact,
all of the projects that are economically justified can be accepted, provided capital funds are
available. This leads to the two following fundamentally different evaluation bases:

Mutually exclusive alternatives compete with one another and are compared pairwise.

Independent projects are evaluated one at a time and compete only with the DN project.

Any of the techniques in Chapters 5 through 9 can be used to evaluate either type of proposal—
mutually exclusive or independent. When performed correctly as described in each chapter, any
of the techniques will reach the same conclusion of which alternative or alternatives to select.
This chapter covers the present worth method.

It is easy to develop a relationship between independent projects and mutually exclusive alter-
natives. Assume there are m independent projects. Zero, one, two, or more may be selected. Since
each project may be in or out of the selected group of projects, there are a total of 2™ mutually
exclusive alternatives. This number includes the DN alternative, as shown in Figure 5-1. For
example, if the engineer has three diesel engine models (A, B, and C) and may select any number
of them, there are 23 = 8 alternatives: DN, A, B, C, AB, AC, BC, ABC. Commonly, in real-world
applications, there are restrictions, such as an upper budgetary limit, that eliminate many of the
2™ alternatives. Independent project analysis without budget limits is discussed in this chapter
and through Chapter 9. Chapter 12 treats independent projects with a budget limitation; this is
called capital budgeting.

Finally, it is important to recognize the sense and nature of the cash flow estimates before start-
ing the computation of a measure of worth that leads to the final selection. A positive or negative
sign must be associated with every monetary estimate to identify it as an outflow (e.g., first cost
or AOC), or cash inflow, such as the salvage value or a savings generated by the alternative. Cash
flow estimates also determine whether the alternatives are revenue- or cost-based. All the alterna-
tives or projects must be of the same type when the economic study is performed. Definitions for
these types follow:

Revenue: Each alternative generates cost (cash outflow) and revenue (cash inflow) estimates,
and possibly savings, also considered cash inflows. Revenues can vary for each alternative.

Cost: Each alternative has only cost cash flow estimates. Revenues or savings are assumed
equal for all alternatives; thus, alternative selection is not dependent upon their estimation.
These may also be referred to as service alternatives.

Although the exact procedures vary slightly for revenue and cost cash flows, all techniques and
guidelines covered through Chapter 9 apply to both. Differences in evaluation methodology are
detailed in each chapter.

5.2 Present Worth Analysis of Equal-Life Alternatives ® ®

The PW comparison of alternatives with equal lives is straightforward. The present worth P is
renamed PW of the alternative. The present worth method is quite popular in industry because all
future costs and revenues are transformed to equivalent monetary units NOW; that is, all future
cash flows are converted (discounted) to present amounts (e.g., dollars) at a specific rate of return,
which is the MARR. This makes it very simple to determine which alternative has the best eco-
nomic advantage. The required conditions and evaluation procedure are as follows:

¥l

Do nothing

¥l

Revenue or cost
alternative

133
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¥l

Equal-service
requirement

¥

Project evaluation

ME alternative
selection

¥l

Independent project
selection

Chapter 5 Present Worth Analysis

If the alternatives have the same capacities for the same time period (life), the equal-service
requirement is met. Calculate the PW value at the stated MARR for each alternative.

For mutually exclusive (ME) alternatives, whether they are revenue or cost alternatives, the fol-
lowing guidelines are applied to justify a single project or to select one from several alternatives.

One alternative: If PW > 0, the requested MARR is met or exceeded and the alternative is
economically justified.

Two or more alternatives: Select the alternative with the PW that is numerically largest,
that is, less negative or more positive. This indicates a lower PW of cost for cost alternatives
or a larger PW of net cash flows for revenue alternatives.

Note that the guideline to select one alternative with the lowest cost or highest revenue uses
the criterion of numerically largest. This is not the absolute value of the PW amount because the
sign matters. The selections below correctly apply the guideline for two alternatives A and B.

PW, PW, Selected Alternative
$-2300 $-1500 B
—-500 +1000 B
+2500 +2000 A
+4800 —400 A

For independent projects, each PW is considered separately, that is, compared with the DN
project, which always has PW = 0. The selection guideline is as follows:

One or more independent projects: Select all projects with PW > 0 at the MARR.

The independent projects must have positive and negative cash flows to obtain a PW value that
can exceed zero; that is, they must be revenue projects.

All PW analyses require a MARR for use as the i value in the PW relations. The bases used to
establish a realistic MARR were summarized in Chapter 1 and are discussed in detail in Chapter 10.

A university lab is a research contractor to NASA for in-space fuel cell systems that are
hydrogen- and methanol-based. During lab research, three equal-service machines need to be
evaluated economically. Perform the present worth analysis with the costs shown below. The
MARR is 10% per year.

Electric-Powered Gas-Powered  Solar-Powered

First cost, $ —4500 -3500 —-6000

Annual operating cost (AOC), $/year -900 —700 -50

Salvage value S, $ 200 350 100

Life, years 8 8 8
Solution

These are cost alternatives. The salvage values are considered a “negative” cost, so a + sign
precedes them. (If it costs money to dispose of an asset, the estimated disposal cost has a — sign.)
The PW of each machine is calculated at i = 10% for n = 8 years. Use subscripts E, G, and S.

PW = —4500 — 900(P/A,10%,8) + 200(P/F,10%,8) = $—9208

PWg = —-3500 — 700(P/A,10%,8) + 350(P/F,10%,8) = $-7071

PW¢ = —-6000 — 50(P/A,10%,8) + 100(P/F,10%.,8) = $—6220

The solar-powered machine is selected since the PW of its costs is the lowest; it has the
numerically largest PW value.
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Water for Semiconductor Manufacturing Case

As discussed in the introduction to this chapter, ultrapure water (UPW) is an expensive com-
modity for the semiconductor industry. With the options of seawater or groundwater sources,
itis a good idea to determine if one system is more economical than the other. Use a MARR of
12% per year and the present worth method to select one of the systems.

Solution
An important first calculation is the cost of UPW per year. The general relation and estimated
costs for the two options are as follows:

costin $
1000 gallons

Seawater: (4/1000)(1500)(60)(16)(250) = $1.44 M per year
Groundwater: (5/1000)(1500)(60)(16)(250) = $1.80 M per year

hours

UPW cost relation: S
day

year —

( gallons
minute

( minutes )
hour

days)
year

Calculate the PW at i = 12% per year and select the option with the lower cost (larger PW
value). In $1 million units:
PW relation: PW = first cost — PW of AOC — PW of UPW + PW of salvage value
PW¢ = -20 - 0.5(P/A,12%,10) — 1.44(P/A,12%,10) + 0.05(20)(P/F,12%,10)
= —20 — 0.5(5.6502) — 1.44(5.6502) + 1(0.3220)
=$-30.64
PWg = —-22 - 0.3(P/A,12%,10) — 1.80(P/A,12%,10) + 0.10(22)(P/F,12%,10)
=—22 - 0.3(5.6502) — 1.80(5.6502) + 2.2(0.3220)
=$-33.16

Based on this PW analysis, the seawater option is cheaper by $2.52 M.
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5.3 Present Worth Analysis of Different-Life
Alternatives ® ®

When the present worth method is used to compare mutually exclusive alternatives that have dif-
ferent lives, the equal-service requirement must be met. The procedure of Section 5.2 is followed,
with one exception:

The PW of the alternatives must be compared over the same number of years (or periods)
and must end at the same time to satisfy the equal-service requirement.

This is necessary, since the present worth comparison involves calculating the equivalent PW of
all future cash flows for each alternative. A fair comparison requires that PW values represent
cash flows associated with equal service. For cost alternatives, failure to compare equal service
will always favor the shorter-lived mutually exclusive alternative, even if it is not the more eco-
nomical choice, because fewer periods of costs are involved. The equal-service requirement is
satisfied by using either of two approaches:

LCM: Compare the PW of alternatives over a period of time equal to the least common
multiple (LCM) of their estimated lives.

Study period: Compare the PW of alternatives using a specified study period of n years.
This approach does not necessarily consider the useful life of an alternative. The study period
is also called the planning horizon.

For either approach, calculate the PW at the MARR and use the same selection guideline as
that for equal-life alternatives. The LCM approach makes the cash flow estimates extend to the
same period, as required. For example, lives of 3 and 4 years are compared over a 12-year period.

¥l

Equal-service
requirement

¥

LCM or study
period
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The first cost of an alternative is reinvested at the beginning of each life cycle, and the estimated
salvage value is accounted for at the end of each life cycle when calculating the PW values over
the LCM period. Additionally, the LCM approach requires that some assumptions be made about
subsequent life cycles.

The assumptions when using the LCM approach are that

1. The service provided will be needed over the entire LCM years or more.

2. The selected alternative can be repeated over each life cycle of the LCM in exactly the same
manner.

3. Cash flow estimates are the same for each life cycle.

As will be shown in Chapter 14, the third assumption is valid only when the cash flows are
expected to change by exactly the inflation (or deflation) rate that is applicable through the LCM
time period. If the cash flows are expected to change by any other rate, then the PW analysis must
be conducted using constant-value dollars, which considers inflation (Chapter 14).

A study period analysis is necessary if the first assumption about the length of time the alterna-
tives are needed cannot be made. For the study period approach, a time horizon is chosen over
which the economic analysis is conducted, and only those cash flows which occur during that time
period are considered relevant to the analysis. All cash flows occurring beyond the study period are
ignored. An estimated market value at the end of the study period must be made. The time horizon
chosen might be relatively short, especially when short-term business goals are very important. The
study period approach is often used in replacement analysis (Chapter 11). It is also useful when the
LCM of alternatives yields an unrealistic evaluation period, for example, 5 and 9 years.

National Homebuilders, Inc. plans to purchase new cut-and-finish equipment. Two manufac-
turers offered the following estimates

Vendor A Vendor B

First cost, $ —15,000 —18,000
Annual M&O cost, $ per year -3,500 -3,100
Salvage value, $ 1,000 2,000
Life, years 6 9

(a) Determine which vendor should be selected on the basis of a PW comparison, if the
MARR is 15% per year.

(b) National Homebuilders has a standard practice of evaluating all options over a 5-year
period. If a study period of 5 years is used and the salvage values are not expected to
change, which vendor should be selected?

Solution
(a) Since the equipment has different lives, compare them over the LCM of 18 years. For life
cycles after the first, the first cost is repeated each new cycle, which is the last year of the
previous cycle. These are years 6 and 12 for vendor A and year 9 for B. The cash flow di-
agram is shown in Figure 5-2. Calculate PW at 15% over 18 years.
PW, = —15,000 — 15,000(P/F,15%,6) + 1000(P/F,15%,6)
—15,000(P/F,15%,12) + 1000(P/F,15%,12) + 1000(P/F,15%,18)
—3,500(P/A,15%,18)
= $-45,036
PW; = —18,000 — 18,000(P/F,15%,9) + 2000(P/F,15%.,9)

+ 2000(P/F,15%,18) — 3100(P/A,15%,18)
= $-41,384
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Present Worth Analysis of Different-Life Alternatives
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Cash flow diagram for different-life alternatives, Example 5.3a.

Vendor B is selected, since it costs less in PW terms; that is, the PWy value is numeri-
cally larger than PW,.

(b) For a 5-year study period, no cycle repeats are necessary. The PW analysis is

PW, = —15,000 — 3500(P/A,15%,5) + 1000(P/F,15%,5)
=$-26,236

PW,, = —18,000 — 3100(P/A,15%,5) + 2000(P/F,15%,5)
=$-27,397

Vendor A is now selected based on its smaller PW value. This means that the shortened
study period of 5 years has caused a switch in the economic decision. In situations such as
this, the standard practice of using a fixed study period should be carefully examined to en-
sure that the appropriate approach, that is, LCM or fixed study period, is used to satisfy the
equal-service requirement.
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Water for Semiconductor Manufacturing Case

When we discussed this case in the introduction, we learned that the initial estimates of equip-
ment life were 10 years for both options of UPW (ultrapure water)—seawater and groundwater.
As you might guess, a little research indicates that seawater is more corrosive and the equipment
life is shorter—>5 years rather than 10. However, it is expected that, instead of complete replace-
ment, a total refurbishment of the equipment for $10 M after 5 years will extend the life through
the anticipated 10th year of service.

With all other estimates remaining the same, it is important to determine if this 50%

reduction in expected usable life and the refurbishment expense may alter the decision to go
with the seawater option, as determined in Example 5.2. For a complete analysis, consider
both a 10-year and a 5-year option for the expected use of the equipment, regardless of the
source of UPW.
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A | B \ [ DR R G
1 PW analysis over LCM of 10 years
2
3 Year Seawater Groundwater Seawater option
4 0 -20.00 -22.00 | = AOC + UPW cost/year
5 1 -1.94 4// = A0C UP
6 2 -1.94 -2.10
7 3 -1.94 -2.10 G q :
8 4 -1.94 2.10 SSOUNCHACHORLON]
9 5 -11.94 210 I{ = AOC + UPW cost/year
10 6 -1.94 -2.10 =-0.3-1.80
11 7 -1.94 -2.10
12 8 -1.94 -2.10 Both options
113 | 9 -1.84 -2.10 g Salvage values
%: 10 0.94 0.10 included here
16 | NPV function “=NPV(12%,B5:814)+B4 *=NPV(12%,C5:C14)+C4
17
18 | NPV ($1 M) (36.31) (33.16)
19
20
21 PW analysis over 5-year study period
22
23 Year Seawater Ground'
24 0 -20.00 -22.00
25 1 -1.94 -2.10
26 2 -1.94 -2.10
27 3 -1.94 -2.10 Sal | h
28 | 4 1.04 210 || Salvage values are the
20 5 -0.94 0.10 / same after 5 and 10 years
30
31 | NPVfunction = “=NPV(12%,B25:829)+B24 *=NPV(12%,C25:C29)+C24
32
33| NPV($1M) (26.43) (28.32)
Figure 5-3

PW analyses using LCM and study period approaches for water for semiconductor manufacturing case,
Example 5.4.

Solution
A spreadsheet and the NPV function are a quick and easy way to perform this dual analysis.
The details are presented in Figure 5-3.

LCM of 10 years: In the top part of the spreadsheet, the LCM of 10 years is necessary to sat-
isfy the equal-service requirement; however, the first cost in year 5 is the refurbishment cost of
$—10 M, not the $—20 M expended in year 0. Each year’s cash flow is entered in consecutive
cells; the $—11.94 M in year 5 accounts for the continuing AOC and annual UPW cost of
$—1.94 M, plus the $—10 M refurbishment cost. The NPV functions shown on the spreadsheet
determine the 12% per year PW values in $1 million units.

PW,=$-3631  PW,=3$-33.16

Now, the groundwater option is cheaper; the economic decision is reversed with this new
estimate of life and year 5 refurbishment expense.

Study period of 5 years: The lower portion of Figure 5-3 details a PW analysis using the
second approach to evaluating different-life alternatives, that is, a specific study period, which
is 5 years in this case study. Therefore, all cash flows after 5 years are neglected.

Again the economic decision is reversed as the 12% per year PW values favor the seawater
option.

PW=$-2643 PW,=$-28.32

Comments

The decision switched between the LCM and study period approaches. Both are correct an-
swers given the decision of how the equal-service requirement is met. This analysis demon-
strates how important it is to compare ME alternatives over time periods that are believable and
to take the time necessary to make the most accurate cost, life, and MARR estimates when the
evaluation is performed.
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If the PW evaluation is incorrectly performed using the respective lives of the two options,
the equal-service requirement is violated, and PW values favor the shorter-lived option, that is,
seawater. The PW values are

Option S: n =5 years, PWy = $-26.43 M, from the bottom left calculation in Figure 5-3.
Option G: n = 10 years, PW; = $-33.16 M, from the top right calculation in Figure 5-3.
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For independent projects, use of the LCM approach is unnecessary since each project is com-
pared to the DN alternative, not to each other, and satisfying the equal-service requirement is not
a problem. Simply use the MARR to determine the PW over the respective life of each project,
and select all projects with a PW > 0.

5.4 Future Worth Analysis® @

The future worth (FW) of an alternative may be determined directly from the cash flows, or by
multiplying the PW value by the F/P factor, at the established MARR. The n value in the F/P
factor is either the LCM value or a specified study period. Analysis of alternatives using FW
values is especially applicable to large capital investment decisions when a prime goal is to
maximize the future wealth of a corporation’s stockholders.

Future worth analysis over a specified study period is often utilized if the asset (equipment, a
building, etc.) might be sold or traded at some time before the expected life is reached. Suppose
an entrepreneur is planning to buy a company and expects to trade it within 3 years. FW analysis
is the best method to help with the decision to sell or keep it 3 years hence. Example 5.5 illus-
trates this use of FW analysis. Another excellent application of FW analysis is for projects that
will come online at the end of a multiyear investment period, such as electric generation facilities,
toll roads, airports, and the like. They are analyzed using the FW value of investment commit-
ments made during construction.

The selection guidelines for FW analysis are the same as for PW analysis; FW > 0 means the
MARR is met or exceeded. For two or more mutually exclusive alternatives, select the one
with the numerically largest FW value.

A British food distribution conglomerate purchased a Canadian food store chain for £75 million
3 years ago. There was a net loss of £10 million at the end of year 1 of ownership. Net cash flow
is increasing with an arithmetic gradient of £45 million per year starting the second year, and
this pattern is expected to continue for the foreseeable future. Because of the heavy debt financ-
ing used to purchase the Canadian chain, the international board of directors expects a MARR
of 25% per year from any sale.

(a) The British conglomerate has just been offered £159.5 million by a French company
wishing to get a foothold in Canada. Use FW analysis to determine if the MARR will be
realized at this selling price.

(b) If the British conglomerate continues to own the chain, what selling price must be ob-
tained at the end of 5 years of ownership to just make the MARR?

Solution
(a) Set up the FW relation in year 3 (FW,) at i = 25% per year and an offer price of £159.5
million. Figure 5—4a presents the cash flow diagram in million £ units.
FW, = —75(F/P,25%,3) — 10(F/P,25%,2) — 5(F/P,25%,1) + 159.5
= —168.36 4 159.5 = £-8.86 million

No, the MARR of 25% will not be realized if the £159.5 million offer is accepted.

¥

ME alternative
selection
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£159.5 FVﬁ?
% =
i > 25%? i =25%
1> i=25% £10
£5
1 2 4
AN N S SO SO O S N
1 I 1 l I I I
£5 £5
£10 £10
£75 £75
(a) (b)
Figure 5-4

Cash flow diagrams for Example 5.5. (a) i = ?; (b) FW = 2.

(b) Determine the future worth 5 years from now at 25% per year. Figure 5—4b presents the
cash flow diagram. The A/G and F/A factors are applied to the arithmetic gradient.

FW, = —-75(F/P,25%.,5) — 10(F/A,25%.,5) + 5(A/G.,25%.,5)(F /A,25%.5)
= £-246.81 million
The offer must be for at least £246.81 million to make the MARR. This is approximately

3.3 times the purchase price only 5 years earlier, in large part based on the required
MARR of 25%.

5.5 Capitalized Cost Analysis ® ®

Many public sector projects such as bridges, dams, highways and toll roads, railroads, and hydro-
electric and other power generation facilities have very long expected useful lives. A perpetual
or infinite life is the effective planning horizon. Permanent endowments for charitable organiza-
tions and universities also have perpetual lives. The economic worth of these types of projects or
endowments is evaluated using the present worth of the cash flows.

Capitalized Cost (CC) is the present worth of a project that has a very long life (more than, say,
35 or 40 years) or when the planning horizon is considered very long or infinite.

The formula to calculate CC is derived from the PW relation P = A(P/A,i%,n), where n = oo
time periods. Take the equation for P using the P/A factor and divide the numerator and de-
nominator by (1 + )" to obtain
N

(1 +)"
i

P=A

As n approaches oo, the bracketed term becomes 1/i. We replace the symbols P and PW with
CC as a reminder that this is a capitalized cost equivalence. Since the A value can also be termed
AW for annual worth, the capitalized cost formula is simply

cc=4 o cc=AW [5.1]

l l

Solving for A or AW, the amount of new money that is generated each year by a capitalization
of an amount CC is

AW = CC(i) [5.2]

This is the same as the calculation A = P(i) for an infinite number of time periods. Equation [5.2]
can be explained by considering the time value of money. If $20,000 is invested now (this is the
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capitalization) at 10% per year, the maximum amount of money that can be withdrawn at the end of
every year for eternity is $2000, which is the interest accumulated each year. This leaves the original
$20,000 to earn interest so that another $2000 will be accumulated the next year.

The cash flows (costs, revenues, and savings) in a capitalized cost calculation are usually of
two types: recurring, also called periodic, and nonrecurring. An annual operating cost of $50,000
and a rework cost estimated at $40,000 every 12 years are examples of recurring cash flows. Ex-
amples of nonrecurring cash flows are the initial investment amount in year 0 and one-time cash
flow estimates at future times, for example, $500,000 in fees 2 years hence.

The procedure to determine the CC for an infinite sequence of cash flows is as follows:

1. Draw a cash flow diagram showing all nonrecurring (one-time) cash flows and at least two
cycles of all recurring (periodic) cash flows.

2. Find the PW of all nonrecurring amounts. This is their CC value.

3. Find the A value through one life cycle of all recurring amounts. (This is the same value in
all succeeding life cycles, as explained in Chapter 6.) Add this to all other uniform
amounts (A) occurring in years 1 through infinity. The result is the total equivalent uniform
annual worth (AW).

4. Divide the AW obtained in step 3 by the interest rate i to obtain a CC value. This is an
application of Equation [5.1].

5. Add the CC values obtained in steps 2 and 4.

Drawing the cash flow diagram (step 1) is more important in CC calculations than elsewhere
because it helps separate nonrecurring and recurring amounts. In step 5, the present worths of all
component cash flows have been obtained; the total capitalized cost is simply their sum.

The Haverty County Transportation Authority (HCTA) has just installed a new software to
charge and track toll fees. The director wants to know the total equivalent cost of all future costs
incurred to purchase the software system. If the new system will be used for the indefinite fu-
ture, find the equivalent cost (@) now, a CC value, and (b) for each year hereafter, an AW value.

The system has an installed cost of $150,000 and an additional cost of $50,000 after
10 years. The annual software maintenance contract cost is $5000 for the first 4 years and
$8000 thereafter. In addition, there is expected to be a recurring major upgrade cost of $15,000
every 13 years. Assume that i = 5% per year for county funds.

Solution
(a) The five-step procedure to find CC now is applied.
1. Draw a cash flow diagram for two cycles (Figure 5-5).
2. Find the PW of the nonrecurring costs of $150,000 now and $50,000 in year 10 at i = 5%.
Label this CC,.

CC, = —150,000 — 50,000(P/F,5%,10) = $—180,695

0 2 4 6 8 10 12 14 20 26
! ! ! ! ! L (] ! Year
$5000 \

$8000 ‘ ‘

$15,000 $15,000

i =5% per year \
$50,000

\
$150,000

Figure 5-5
Cash flows for two cycles of recurring costs and all nonrecurring amounts, Example 5.6.

141


http://www.downloadslide.com/

142 Chapter 5 Present Worth Analysis

3 and 4. Convert the $15,000 recurring cost to an A value over the first cycle of 13 years, and
find the capitalized cost CC, at 5% per year using Equation [5.1].

A =—15,000A/F,5%,13) = $—847
CC, = —-847/0.05 = $—16,940
There are several ways to convert the annual software maintenance cost series to A and

CC values. A straightforward method is to, first, consider the $—5000 an A series with
a capitalized cost of

CC, = —-5000/0.05 = $—100,000

Second, convert the step-up maintenance cost series of $—3000 to a capitalized
cost CC, in year 4, and find the PW in year 0. (Refer to Figure 5-5 for cash flow
timings.)

CC, =000 (P/F.5%4) = $-49,362

5. The total capitalized cost CC; for the Haverty County Transportation Authority is the
sum of the four-component CC values.

CC,; = —180,695 — 16,940 — 100,000 — 49,362
= $-346,997
(b) Equation [5.2] determines the AW value forever.
AW = Pi = CC,(i) = $346,997(0.05) = $17,350

Correctly interpreted, this means Haverty County officials have committed the equivalent
of $17,350 forever to operate and maintain the toll management software.

For the comparison of two alternatives on the basis of capitalized cost, use the procedure
above to find the A value and CC; for each alternative. Since the capitalized cost represents the
total present worth of financing and maintaining a given alternative forever, the alternatives will
automatically be compared for the same number of years (i.e., infinity). The alternative with the
smaller capitalized cost will represent the more economical one. This evaluation is illustrated in
Example 5.7 using the progressive example for this chapter.

Water for Semiconductor Manufacturing Case @

Our case study has progressed (in Example 5.4) to the point that the life of the seawater option
can be extended to 10 years with a major refurbishment cost after 5 years. This extension is
possible only one time, after which a new life cycle would commence. In $1 million units, the
estimates and PW values (from Figure 5-3) are as follows:

Seawater: Pq = $—20; AOCg = $—1.94; ng = 10 years; refurbishment, year 5 = $—10;
Sq =0.05(20) = $1.00; PW¢ = $-36.31

Groundwater: Pg = $—22; AOCg = $-2.10; ng = 10 years; S = 0.10(22) = $2.2;
PW; =$-33.16

If we assume that the UPW (ultrapure water) requirement will continue for the foreseeable
future, a good number to know is the present worth of the long-term options at the selected
MARR of 12% per year. What are these capitalized costs for the two options using the esti-
mates made thus far?

Solution

Find the equivalent A value for each option over its respective life, then determine the CC value
using the relation CC = A/i. Select the option with the lower CC. This approach satisfies the
equal-service requirement because the time horizon is infinity when the CC is determined.
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Seawater: Ag = PWy(A/P,12%,10) = —36.31(0.17698) = $—6.43
CCy = —6.43/0.12 = $-53.58

Groundwater: A, = PW4(A/P,12%,10) = —33.16(0.17698) = $—5.87
CC, = —5.87/0.12 = $—48.91

In terms of capitalized cost, the groundwater alternative is cheaper.

Comment
If the seawater-life extension is not considered a viable option, the original alternative of
5 years could be used in this analysis. In this case, the equivalent A value and CC computations
in $1 million units are as follows:
Ag 5 years = —20(A/P,12%,5) — 1.94 + 0.05(20)(A/ F,12%,5)
=$-7.33
CCs 5 years = —7.33/0.12 = $-61.08

Now, the economic advantage of the groundwater option is even larger.

If a finite-life alternative (e.g., 5 years) is compared to one with an indefinite or very long life,
capitalized costs can be used. To determine capitalized cost for the finite-life alternative, calcu-
late the equivalent A value for one life cycle and divide by the interest rate (Equation [5.1]). This
procedure is illustrated in Example 5.8 using a spreadsheet.

The Commissioners of several districts have mandated 100% recycling programs linked with a
comprehensive waste-to-energy (WtE) program. The goal is zero waste to the landfill by 2022.
Two options for the materials separation equipment are outlined below for a consortium of 32
districts within one state. The interest rate for state-mandated projects is 5% per year.

Contractor option (C): $8 million now and $25,000 per year will provide separation services
at a maximum of 15 sites. No contract period is stated; thus the contract and services are of-
fered for as long as needed.

Purchase option (P): Purchase equipment at each site for $275,000 per site and expend an
estimated $12,000 in annual operating costs (AOC). Expected life of the equipment is 5 years
with no salvage value.

(a) Perform a capitalized cost analysis for a total of 10 recycling sites.
(b) Determine the maximum number of sites at which the equipment can be purchased and
still have a capitalized cost less than that of the contractor option.

Solution

(a) Figure 5-6, column B, details the solution. The contract, as proposed, has a long life.
Therefore, the $8 million is already a capitalized cost. The annual charge of A = $25,000
is divided by i = 0.05 to determine its CC value. Summing the two values results in
CC. = $—8.5 million.
For the finite, 5-year purchase alternative, column B shows the first cost ($—275,000 per
site), AOC ($—12,000), and equivalent A value of $—755,181, which is determined via
the PMT function (cell tag). Divide A by the interest rate of 5% to determine CC,, =
$—15.1 million.

The contractor option is by far more economical for the anticipated 10 sites.

(b) A quick way to find the maximum number of sites for which CC, < CC. is to use Excel’s
Goal Seek tool, introduced in Chapter 2, Example 2.10. (See Appendix A for details on
how to use this tool.) The template is set up in Figure 5-6 to make the two CC values
equal as the number of sites is altered (decreased). The result, shown in column C, indi-
cates that 5.63 sites make the options economically equivalent. Since the number of sites
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A B C
1 Interest rate 5%
2
3 (a) Evaluation (b) Sensitivity
| 4 Number of machines 10 5.63
5
6 Alternative 1: Contractor *
Z Initial contract cost -8,000,000 -8,000,000
8 Annual cost -25,000 -25,000 i
9 CC for contractor (CC = Ali) -8,500,000 -8,500,000 Mttt
10
11 Alternative 2: Purchase
12 Initial cost per machine -275,000 -275,000
13 Expected life, years 5 5
14 AOC per machine -12,000 -12,000
15 Equivalent annual value (A) -425,000
16 CC for purchase (CC = Ali) -8,500,000

17

-755.181
/{15,103,614
A

/ [

| = PMT($B$1,B13,-B12*B4) + B14*B4 |

Figure 5-6

Spreadsheet solution of Example 5.8 using capitalized cost (a) for 10 recycling sites and (b) to determine the
number of sites to make the alternatives economically equal.

must be an integer, 5 or fewer sites will favor purchasing the equipment and 6 or more
sites will favor contracting the separation services.

This approach to problem solution will be called breakeven analysis in later chapters
of the text. By the way, another way to determine the number of sites is by trial
and error. Enter different values in cell B4 until the CC values favor the purchase

alternative.

CHAPTER SUMMARY

The present worth method of comparing alternatives involves converting all cash flows to present
dollars at the MARR. The alternative with the numerically larger (or largest) PW value is se-
lected. When the alternatives have different lives, the comparison must be made for equal-service
periods. This is done by performing the comparison over either the LCM of lives or a specific
study period. Both approaches compare alternatives in accordance with the equal-service re-
quirement. When a study period is used, any remaining value in an alternative is recognized
through the estimated future market value.

If the life of the alternatives is considered to be very long or infinite, capitalized cost is the
comparison method. The CC value is calculated as A /i, because the P/A factor reduces to 1/i in

the limit of n = oo.

PROBLEMS
Types of Projects

5.1 When evaluating multiple alternatives or projects,

5.3 Define the term capitalized cost and give a real-
world example of something that might be ana-

against what must they be compared, if they are
(a) independent, and (b) mutually exclusive?

5.2 (a) What is the difference between a service alter-
native and revenue alternative? (b) What is another

name of a service alternative?

lyzed using a capitalized cost evaluation technique.

5.4 Arapidly growing city is dedicated to neighborhood
integrity. However, increasing traffic and speed on a

calming options:

through street are of concern to residents. The city
manager has proposed five independent traffic-
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Stop sign at corner A

Stop sign at corner B

Low-profile speed bump at point C
Low-profile speed bump at point D
Speed dip at point E

Dok =

There cannot be any of the following combinations
in the final projects:

—No combination of dip and one or two bumps
—Not two bumps
—Not two stop signs

(a) If there were no restrictions on how the op-
tions can be combined, calculate how many
alternatives there are to evaluate.

(b) Using the restrictions, identify the number of
and list of acceptable alternatives.

Alternative Comparison—Equal Lives

5.5

5.6

5.7

5.8

5.9

When evaluating projects by the present worth
method, how do you know which one(s) to select if
the proposals are () independent, and () mutually
exclusive?

What is meant by the term equal service alternative?

You have been asked to evaluate two alternatives,
X and Y, that may increase plant capacity for man-
ufacturing high-pressure hydraulic hoses. The pa-
rameters associated with each alternative have
been estimated. Which one should be selected on
the basis of a present worth comparison at an inter-
est rate of 12% per year? Why is yours the correct
choice?

Alternative X Y

First cost, $ —45,000 —58,000
Maintenance cost, $/year —8,000 —4,000
Salvage value, $ 2,000 12,000
Life, years 5 5

One of two methods must be used to produce ex-
pansion anchors. Method A costs $80,000 initially
and will have a $15,000 salvage value after 3 years.
The operating cost with this method will be
$30,000 per year. Method B will have a first cost of
$120,000, an operating cost of $8000 per year, and
a $40,000 salvage value after its 3-year life. At an
interest rate of 12% per year, which method should
be used on the basis of a present worth analysis?
Also, write the two spreadsheet functions to per-
form the PW analysis.

In order to provide drinking water as part of its
50-year plan, a west coast city is considering
constructing a pipeline for importing water from a
nearby community that has a plentiful supply of

Problems 145

brackish ground water. A full-sized pipeline can be
constructed at a cost of $122 million now. Alterna-
tively, a smaller pipeline can be constructed now
for $80 million and enlarged 20 years from now for
another $100 million. The pumping cost will be
$25,000 per year higher for the smaller pipeline
during the first 20 years, but will be approximately
the same thereafter. Both pipelines are expected to
have the same useful life with no salvage value.
(a) At an interest rate of 6% per year, which alter-
native is more economical? (b) Write the spread-
sheet function to display the PW for the smaller
pipeline alternative.

Lennon Hearth Products manufactures glass-door
fireplace screens that have two types of mounting
brackets for the frame. An L-shaped bracket is used
for relatively small fireplace openings and a U-
shaped bracket is used for all others. The company
includes both types of brackets in the box with their
product and the purchaser discards the one not
needed. The cost of these two brackets with screws
and other parts is $3.50. If the frame of the fireplace
screen is redesigned, a single universal bracket can
be used that will cost $1.20 to make. However, initial
costs of retooling ($6000) and inventory write-
downs ($8000) will be incurred immediately. If the
company sells 1200 fireplace units per year, should
the company keep the old brackets or go with the
new ones, assuming the company uses an interest
rate of 15% per year and it wants to recover its in-
vestment in 5 years. Use the present worth method
for your evaluation.

Leonard, a company that manufactures explosion-

proof motors, is considering two alternatives for ex-
panding its international export capacity. Option 1
requires equipment purchases of $900,000 now and
$560,000 two years from now, with annual M&O
costs of $79,000 in years 1 through 10. Option 2
involves subcontracting some of the production at
costs of $280,000 per year beginning now through
the end of year 10. Neither option will have a sig-
nificant salvage value. Use a present worth analysis
to determine which option is more attractive at the
company’s MARR of 20% per year. (Note: Check
out the spreadsheet exercises for new options that
Leonard has been offered recently.)

A software package created by Navarro & Associates
can be used for analyzing and designing three-sided
guyed towers and three- and four-sided self-support-
ing towers. A single-user license will cost $4000 per
year. A site license has a one-time cost of $15,000.
A structural engineering consulting company is try-
ing to decide between two alternatives: first, to buy
one single-user license now and one each year for the
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next 4 years (which will provide 5 years of service),
or second, to buy a site license now. Determine which
strategy should be adopted at an interest rate of 12%
per year for a 5-year planning period using present
worth evaluation.

5.13 Oil from a specific type of marine microalgae can
be converted into biodiesel that may serve as an al-
ternate transportable fuel for automobiles and
trucks. If lined ponds are used to grow the algae,
the construction cost is $13 million and the M&O
cost is estimated at $2.1 million per year. Alterna-
tively, if long plastic tubes are used for growing the
algae, the initial cost will be higher at $18 million,
but less contamination will render the M&O cost
lower at $0.41 million per year. At an interest rate
of 10% per year and a 5-year project period, which
system is better—ponds or tubes? Use a present
worth analysis.

5.14 A company that makes food-friendly silicone (for
use in cooking and baking pan coatings) is consid-
ering the independent projects shown, all of which
can be considered to be viable for only 10 years. If
the company’s MARR is 15% per year, determine
which should be selected on the basis of a present
worth analysis. Financial values are in $1000 units.

A B c D
First cost, $ -1,200 -2,000 -5,000 —7,000
Annual net income, $/year 200 400 1100 1300
Salvage value, $ 5 6 8 7

5.15  Two methods can be used to produce expansion an-
chors. Method A costs $80,000 initially and will
have a $15,000 salvage value after 3 years. The op-
erating cost with this method will be $30,000 in year
1, increasing by $4000 each year. Method B will
have a first cost of $120,000, an operating cost of
$8000 in year 1, increasing by $6500 each year, and
a $40,000 salvage value after its 3-year life. At an
interest rate of 12% per year, which method should
be used on the basis of a present worth analysis?

5.16  Sales of bottled water in the United States totaled
34.0 gallons per person in 2014. Evian, a high-quality
natural spring water, costs about 60¢ per bottle, while
a local brand of purified municipal water may cost
only 25¢ per bottle. On average, a local municipal
water utility may provide drinkable tap water for
$2.90 per 1000 gallons. If the average person drinks
two bottles of water per day or uses 5 gallons per day
to obtain the same amount of water from the tap,
what are the present worth values per person for
1 year of drinking tap water versus bottled water
using (a) Evian, and (b) local-brand bottled water?

Present Worth Analysis

Use an interest rate of 6% per year, compounded
monthly, and 30 days per month.

Alternative Comparison—Different Lives

5.17 Dexcon Technologies, Inc. is evaluating two alter-
natives to produce its new plastic filament with
tribological (i.e., low friction) properties for creat-
ing custom bearings for 3-D printers. The esti-
mates associated with each alternative are shown
below. Using a MARR of 20% per year, which al-
ternative has the lower present worth?

Method DDM LS

First cost, $ —164,000 —370,000
M&O cost, $/year —55,000 -21,000
Salvage value, $ 0 30,000
Life, years 2 4

5.18 NASA is considering two materials for use in a
space vehicle tracking station in Australia. The es-
timates are shown below. Which should be selected
on an economic basis of present worth values at an
interest rate of 10% per year?

Material M FF

First cost, $ —205,000 —235,000
Maintenance cost, $/year -29,000 —27,000
Salvage value, $ 2,000 20,000
Life, years 2 4

5.19 Lego Group in Bellund, Denmark manufactures
Lego toy construction blocks. The company is con-
sidering two methods for producing special-purpose
Lego parts. Method 1 will have an initial cost of
$400,000, an annual operating cost of $140,000, and
a life of 3 years. Method 2 will have an initial cost of
$600,000, an operating cost of $100,000 per year,
and a 6-year life. Assume 10% salvage values for
both methods. Lego uses an MARR of 15% per year.
(a) Which method should it select on the basis of a
present worth analysis? (b) If the evaluation is incor-
rectly performed using the respective life estimates
of 3 and 6 years, will Lego make a correct or incor-
rect economic decision? Explain your answer.

5.20 Compare two alternatives, A and B, on the basis of
a present worth evaluation using i = 10% per year
and a study period of 8 years.

Alternative A B

First cost, $ —15,000 —28,000
Annual operating cost, $/year —6,000 -9,000
Overhaul in year 4, $ — —-2000
Salvage value, $ 3,000 5,000
Life, years 4 8
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5.22

Project

An engineer is trying to decide which process to
use to reduce sludge volume prior to disposal. Belt
filter presses (BFP) will cost $203,000 to buy and
$85,000 per year to operate. Belts will be replaced
one time per year at a cost of $5500. Centrifuges
(Cent) will cost $396,000 to buy and $119,000 per
year to operate, but because the centrifuge will
produce a thicker “cake”, the sludge hauling cost
to the monofill will be $37,000 per year less than
for the belt presses. The useful lives are 5 and 10
years for alternatives BFP and Cent, respectively,
and the salvage values are assumed to be 10% of
the first cost of each process whenever they are
closed down or replaced. Use PW evaluation to se-
lect the more economical process at an interest rate
of 6% per year over (a) the LCM of lives, and (b) a
study period of 8 years. Are the decisions the
same?

The product development group of a high-tech
electronics company developed five proposals
for new products. The company wants to expand
its product offerings, so it will undertake all proj-
ects that are economically attractive at the com-
pany’s MARR of 20% per year. The cash flows
(in $1000 units) associated with each project are
estimated. Which projects, if any, should the
company accept on the basis of a present worth
analysis?

A B C D E

Initial investment, $
Operating cost, $/year
Revenue, $/year

—-400 =510 —-660 —820 —900
—-100 —-140 -280 -315 —-450
360 235 400 605 790

Salvage value, $ — 22 — 80 95
Life, years 3 10 5 8 4

5.23

Compare the alternatives C and D on the basis of a
present worth analysis using an interest rate of
10% per year and a study period of 10 years.

Alternative C D

First cost, $
AOC, $/year

—40,000
—7,000

—-32,000
-3,000

Annual increase in operating

cost, $/year
Salvage value, $

—1,000 —
9,000 500

Life, years 10 5

5.24 You and your partner have become very inter-

ested in cross-country motorcycle racing and
wish to purchase entry-level equipment. You
have identified two alternative sets of equipment
and gear. Package K has a first cost of $160,000,

5.25

5.26

Problems 147
an operating cost of $7000 per quarter, and a sal-
vage value of $40,000 after its 2-year life.
Package L has a first cost of $210,000 with a
lower operating cost of $5000 per quarter, and an
estimated $26,000 salvage value after its 4-year
life. Which package offers the lower present
worth analysis at an interest rate of 8% per year,
compounded quarterly?

Three different plans were presented to the GAO
(General Accounting Office) by a high-tech facili-
ties manager for operating a portable cyber-secu-
rity facility.

Plan A: Renewable 1-year contracts with payments
of $1 million at the beginning of each year.

Plan B: A 2-year contract that requires three pay-
ments of $600,000 each, with the first one
to be made immediately and the second
and third payment made at the beginning
of the following two 6-month intervals; no
payments required during the second year
of the contract.

Plan C: A 3-year contract that entails a payment of
$1.5 million now and another payment of
$0.5 million 2 years from now.

Assuming the GAO can renew any of the plans
under the same conditions, if it decides to do so,
which plan is best on the basis of a present worth
analysis at an interest rate of 6% per year, com-
pounded semiannually? Solve using (a) factors and
(b) a spreadsheet. (Hint: Construct a cash flow dia-
gram before working this problem.)

Water for Semiconductor Manufacturing @
Case Throughout the present worth analy-

ses, the decision between seawater and groundwater
switched multiple times in Examples 5.2 and 5.4.
A summary is given here in $1 million monetary
units.

Seawater (S)

Life n,
years

PW at
12%, $

First Selected

Cost, $

10

-20 —-30.64 YES

—20, plus
—10 after

5 years -36.31 No

5 (study period)

—20 —26.43

Groundwater (G)

10 —22 —33.16 No

10 —22 —-33.16

5 (study period)

-22 —28.32 No
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The confusion about the recommended source for
UPW has not gone unnoticed by the general man-
ager. Yesterday, you were asked to settle the issue
by determining the first cost, X, of the seawater op-
tion to ensure that it is the economic choice over
groundwater. The study period is set by the man-
ager as 10 years, simply because that is the time
period on the lease agreement for the building
where the fab will be located. Since the seawater
equipment must be refurbished or replaced after
5 years, the general manager told you to assume that
the equipment will be purchased anew after 5 years
of use. What is the maximum first cost that Angular
Enterprises should pay for the seawater option?

Future Worth Comparison

5.27

5.28

5.29

A remotely located air sampling station can be
powered by solar cells or by running an electric
line to the site and using conventional power. Solar
cells will cost $12,600 to install and will have a
useful life of 4 years with no salvage value. Annual
costs for inspection, cleaning, etc. are expected to
be $1400. A new power line will cost $11,000 to
install, with power costs expected to be $800 per
year. Since the air sampling project will end in
4 years, the salvage value of the line is considered
to be zero. At an interest rate of 10% per year,
which alternative should be selected on the basis
of a future worth analysis?

Parker Hannifin of Cleveland, Ohio manufactures
CNG fuel dispensers. It needs replacement equip-
ment to streamline one of its production lines for a
new contract, but plans to sell the equipment at or
before its expected life is reached at an estimated
market value for used equipment. Select between
the two options using the corporate MARR of 15%
per year and a future worth analysis for the ex-
pected use period. Also, write the FV spreadsheet
functions that will display the correct future worth
values.

Option D E

First cost, $ —62,000 —77,000
AOC, $ per year —15,000 —21,000
Expected market value, $ 8,000 10,000
Expected use, years 3 6

The Department of Energy is proposing new rules
mandating either a 20% increase or a 35% increase
in clothes washer efficiency in 3 years. The 20%
increase is expected to add $100 to the current
price of a washer, while the 35% increase will add
$240 to the price. If the cost for energy is $80 per
year with the 20% increase in efficiency and $65
per year with the 35% increase, which one of the

5.31

Present Worth Analysis

two proposed standards is more economical on the
basis of a future worth analysis at an interest rate
of 10% per year? Assume a 15-year life for all
washer models.

An electric switch manufacturing company is try-
ing to decide between three different assembly
methods. Method A has an estimated first cost of
$40,000, an annual operating cost (AOC) of $9000,
and a service life of 2 years. Method B will cost
$80,000 to buy and will have an AOC of $6000
over its 4-year service life. Method C costs
$130,000 initially with an AOC of $4000 over its
8-year life. Methods A and B will have no salvage
value, but Method C will have equipment worth
10% of its first cost. Perform both (a) future worth,
and (b) present worth analyses to select the method
at i = 10% per year.

A small strip-mining coal company is trying to de-
cide whether it should purchase or lease a new
clamshell. If purchased, the “shell” will cost
$150,000 and is expected to have a $65,000 salvage
value after 6 years. Alternatively, the company can
lease a clamshell for only $20,000 per year, but the
lease payment will have to be made at the begin-
ning of each year. If the clamshell is purchased, it
will be leased to other strip-mining companies
whenever possible, an activity that is expected to
yield revenues of $12,000 per year. If the compa-
ny’s MARR is 15% per year, should the clamshell
be purchased or leased on the basis of a future
worth analysis? Assume the annual M&O cost is
the same for both options.

Capitalized Cost

5.32

W
[39)
D

5.34

5.35

Determine the capitalized cost of a permanent
roadside historical marker that has a first cost of
$78,000 and a maintenance cost of $3500 once
every 5 years. Use an interest rate of 8% per year.

The Golden Gate bridge is maintained by 38 painters
and 17 ironworkers (who replace corroding steel and
rivets). If the painters get an average wage of
$120,000 per year (with benefits) and the ironwork-
ers get $150,000 per year, what is the capitalized cost
today of all the future wages for bridge maintenance
at an interest rate of 8% per year?

What is the present worth difference between an
investment of $10,000 per year for 50 years and an
investment of $10,000 per year forever at an inter-
est rate of 10% per year?

The cost of upgrading a section of Grand Loop
Road in Yellowstone National Park is $1.7 million.
Resurfacing and other maintenance are expected to
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5.37

5.39

cost $350,000 every 3 years. What is the capital-
ized cost of the road at an interest rate of 6%
per year?

How much money was deposited 35 years ago at
10% per year interest if it is sufficient to provide a
perpetual income of $10,000 per year beginning
now, year 357

Assume that 25 years ago your dad invested
$200,000, plus $25,000 in years 2 through 5, and
$40,000 per year from year 6 on ward. At a very
good interest rate of 12% per year, determine (@) the
CC value, and (b) the annual retirement amount that
he can withdraw forever starting next year (year 26),
if no additional investments are made.

An aggressive stockbroker claims an ability to
consistently earn 12% per year on an investor’s
money. A client invests $10,000 now, $30,000
three years from now, and $8000 per year for
5 years starting 4 years from now. (a) How much
money can the client withdraw every year forever,
beginning 20 years from now? (b) What is the cap-
italized cost of the client’s investments if the $8000
per year is expected to continue for an unspecified
time into the future?

Beaver, a city in the United States, is attempting
to attract a professional soccer team. Beaver is
planning to build a new stadium that will cost
$250 million. Annual upkeep is expected to
amount to $800,000. The turf will have to be re-
placed every 10 years at a cost of $950,000.
Painting every 5 years will cost $75,000. If the
city expects to maintain the facility indefinitely,
what is the estimated capitalized cost at i = 8%
per year?

5.40

541
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Compare three alternatives on the basis of their
capitalized costs at i = 10% per year.

Alternative E F G

First cost, $ -50,000 —300,000  —900,000
AOC, $ per year -30,000 —10,000 -3,000
Salvage value, $ 5,000 70,000 200,000
Life, years 2 4 o0

Water for Semiconductor Manufacturing @
Case—It is anticipated that the needs for
UPW (ultrapure water) at the new Angular Enter-
prises site will continue for a long time, as much as
50 years. This is the rationale for using capitalized
cost as a basis for the economic decision between
desalinated seawater (S) and purified groundwater
(G). These costs were determined (Example 2.7) to
be CCq = $—53.58 million and CC; = $—48.91 mil-
lion. Groundwater is the clear economic choice.
Yesterday, the general manager had lunch with
the president of Brissa Water, who offered to sup-
ply the needed UPW at a cost of $5 million per
year for the indefinite future. It would mean a de-
pendence upon a contractor to supply the water,
but the equipment, treatment, and other costly ac-
tivities to obtain UPW on site would be eliminated.
The manager asks you to make a recommendation
about this seemingly attractive alternative under
the following conditions at the same MARR of
12% per year as used for the other analyses:

(a) The annual cost of $5 million remains con-
stant throughout the time it is needed.

(b) The annual cost starts at $5 million for the
first year only, and then increases 2% per year.
(This increase is above the cost of providing
UPW by either of the other two methods.)

EXERCISES FOR SPREADSHEETS

5.42

Leonard Motors is trying to increase its international
export business. It is considering several alterna-
tives. Two were available earlier (per Problem 5.11),
but a new one has recently been proposed by a po-
tential internationally partnering corporation, which
has funds to invest.

Option 1: Equipment costs $900,000 now and an-
other $560,000 in 2 years
Annual M&O costs of $79,000
Life of project is 10 years
Salvage value is nil

Option 2: Subcontract production for annual pay-
ment of $280,000 for years 0 (now)
through 10

Annual M&O cost is zero
Life of project is 10 years
Salvage value is nil

Option 3: Costs are $400,000 in year 1 plus an ad-
ditional 5% each year through year 5
Revenues are $50,000 per year for years
6 through 10
Life of project is 10 years
Equipment salvage value is $100,000
paid in year 10 by international partner

Due to stock market pressures, Leonard plans to
change its MARR from its current 20% per year to
15% per year, compounded quarterly. Use PW
analysis to select the best of the three options.
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5.43 You wish to evaluate four independent projects 5.46 Hannifin CNG Fuel Dispensers needs to purchase
that all have a 10-year life at MARR = 15% per replacement equipment to streamline one of its
year. Preliminary estimates for first cost, annual production lines for a new contract, but may sell
net income, and SV have been made. the equipment before its expected life is reached at

an estimated market value for used equipment. At
A B c D MARR = 15% per year, select the better option

First cost, $ —-1,200 —-2,000 -5,000 -7,000 using a future worth analysis over (a) the expected

Annual net 200 400 1100 1300 usage period, and (b) the maximum life, when the

income, $/year salvage values are expected to be 50% of the mar-

Salvage value, $ 5 6 8 7 ket values for used equipment. Are the selections

. . . the same for both plans?

(a) Accept or reject each project using a present
worth analysis. On your spreadsheet, include .
the logical IF function to make the accept/ Optlon D E

. .. First cost, $ —62,000 —77,000
reject decision.

(b) The preliminary estimates have changed for AOC, § per year 15,000 —21,000
projects A and B as shown below. Use the Expected market value, $ 8,000 10,000
same spreadsheet to reevaluate them. Expected use, years 3 6

Maximum life, years 4 8
- A B 5.47 Petrobras, the Brazilian energy company, has iden-

First cost, $ —1,000 —2,200 tified two alternatives to provide potable water to

Annual net income, $/year 300 440 offshore platforms—purchase and operate the

Salvage value, $ 8 0 equipment, or contract long term with Manal and

5.44  Use a spreadsheet and a study period of 8 years to Associates, an international oilfield service corpo-
select alternative A or B in Problem 5.20. ration. For the estimates shown, use capitalized

cost analysis at i = 6% per year to determine (a) the

5.45 Charlie’s Truck Repair and Service has a new con- better economic choice for Petrobras, and () the
tract that requires him to purchase and maintain maximum annual M&O cost that will cause Manal
new equipment for work on 18-wheeler trucks and and Associates to succeed in winning the contract.
heavy road equipment. Two separate vendors have
made quotes and estimates for Charlie. Use the es- Alternative Purchase Contract
timates and a 6% per year return requirement to First cost, $ —300,000 —850,000
find the better economic option. One problem is M&O, $ per year —10,000, year 1 —10,000
that Charlie does not currently know if the contract + 2% increase each
will last for 5, 8, or 10 years. He needs a recom- year thereafter
mendation for all three time periods. Salvage value, $ 70,000 —

Expected use, years 8 40+

Vendor Ferguson Halgrove

First cost P, $ —203,000 —396,000

M&O, $ per year ~90,000 —82,000

Salvage value, SV 10% of P 10% of P

Maximum life, years 5 10

E—

ADDITIONAL PROBLEMS AND FE EXAM REVIEW QUESTIONS

5.48

5.49

The present worth of an alternative that provides
infinite service is called its:

(a) Net present value

(b) Discounted total cost
(c) Capitalized cost

(d) Perpetual annual cost

When comparing mutually exclusive alternatives
that have different lives by the present worth

method, it is necessary to:

(a) Always compare them over a period equal to
the life of the longer-lived alternative

(b) Always compare them over a time period of
equal service

(c) Always compare them over a period equal to
the life of the shorter-lived alternative

(d) Find the present worth over one life cycle of
each alternative
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The capitalized cost of an initial investment of
$200,000 and annual investments of $30,000 for-
ever at an interest rate of 10% per year is closest to:

(a) $-230,000 (b) $-300,000
(¢) $-500,000 (d $-2,300,000

An upgraded version of a CNC machine has a first

cost of $200,000, an annual operating cost of
$60,000, and a salvage value of $50,000 after its
8-year life. At an interest rate of 10% per year, the
capitalized cost is closest to:

(a) $-93,116 (b) $-100,060
() $-931,160 (d) $-1,000,600

The cost of maintaining a permanent monument is
expected to be $70,000 now and $70,000 every
10 years forever. At an interest rate of 10% per
year, the capitalized cost is nearest:

(@ $-11,393 (b) $-58930
() $-84,360 d $-113,930

Problems 5.53 through 5.55 are based on the following
cash flows for alternatives X and Y at an interest rate
of 10% per year.

5.55

Machine X Y

Initial cost, $ —146,000 —220,000
AOC, $/year —15,000 —10,000
Annual revenue, $/year 80,000 75,000
Salvage value, $ 10,000 25,000
Life, years 3 6

In comparing the alternatives on a present worth
basis, the PW of machine X is closest to:

(a) $23,160 (b) $40,560
(c) $58,950 (d) $72,432

In comparing the alternatives on a future worth
basis, the FW of machine X is closest to:

(@ $23,160 (b) $40,560
() $58,950 @ $71,860

The capitalized cost of machine Y is closest to:

@ $17,726
(b) $86,590
() $177,260
@ $207,720

5.56

An engineer analyzed four independent alterna-
tives by the present worth method. On the basis of
her results, the alternative(s) she should select are:

Alternative A B C D
-5000 —-2000 —3000 —1000

Present worth, $

(a) OnlyD

(b) Can’t tell from this information
(¢) All of them

(d) None of them

Problems 5.57 through 5.61 are based on the following
cash flows for alternatives A and B at an interest rate
of 10% per year.

5.57

5.59

5.60

5.61

Alternative A B

First cost, $ -90,000 —750,000
AOC, $/year —50,000 —10,000
Salvage value, $ 8,000 2,000,000
Life, years 5 )

You have been asked to compare the alternatives
on the basis of a present worth comparison. The
PW of alternative A is closest to:

(a) $-724,320 (b) $-530,520
() $-388,950 (d) $-72,432

The present worth of alternative B is nearest:

(@) $-85,000 (b) $-750,000
(c) $-850,000 (d) $-950,000

The capitalized cost of alternative B is nearest:

(@ $-590,000 (b) $-625,000
() $-734,000 (d $-850,000

All of the following equations for calculating
the capitalized cost of alternative B are correct,
except:

(a) CCz=-=750,000 — 10,000/0.10
(b) CCz=-=750,000 - 10,000/0.10
+ 2,000,000(0.10)
(¢) CCgz=[-750,000(0.10) — 10,000]/0.10
(d) CCz=-750,000— 10,000/0.10
+ 2,000,000/(140.10)*

The future worth of alternative B is closest to:

(@) $-85,000 (b) $-750,000
(¢) $-850,000 d) -—oo
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CASE STUDY

Present Worth Analysis

COMPARING SOCIAL SECURITY BENEFITS

Background

When Sheryl graduated from Northeastern University in
2017 and went to work for BAE Systems, she did not pay
much attention to the monthly payroll deduction for social
security. It was a “necessary evil” that may be helpful in re-
tirement years. However, this was so far in the future that she
fully expected this government retirement benefit system to
be broke and gone by the time she could reap any benefits
from her years of contributions.

This year, Sheryl and Brad, another engineer at BAE, got
married. Recently, they both received notices from the So-
cial Security Administration of their potential retirement
amounts, were they to retire and start social security bene-
fits at preset ages. Since both of them hope to retire a few
years early, they decided to pay closer attention to the pre-
dicted amount of retirement benefits and to do some analy-
sis on the numbers.

Information

They found that their projected benefits are substantially the
same, which makes sense since their salaries are very close to
each other. Although the numbers were slightly different in
their two mailings, the similar messages to Brad and Sheryl
can be summarized as follows:

If you stop working and start receiving benefits . . .

At age 62, your payment would

be about $1400 per month
At your full retirement age (67

years), your payment would be

about $2000 per month
At age 70, your payment would

be about $2480 per month

These numbers represent a reduction of 30% for early re-
tirement (age 62) and an increase of 24% for delayed retire-
ment (age 70).

This couple also learned that it is possible for a spouse to
take spousal benefits at the time that one of them is at full
retirement age. In other words, if Sheryl starts her $2000 ben-
efit at age 67, Brad can receive a benefit equal to 50% of hers.
Then, when Brad reaches 70 years of age, he can discontinue

spousal benefits and start his own. In the meantime, his ben-
efits will have increased by 24%. Of course, this strategy
could be switched with Brad taking his benefits and Sheryl
receiving spousal benefits until age 70.

All these options led them to define four alternative plans.

A: Each takes early benefits at age 62 with a 30% reduc-
tion to $1400 per month.

B: Each takes full benefits at full retirement age of 67
and receives $2000 per month.

C: Each delays benefits until age 70 with a 24% increase
to $2480 per month.

D: One person takes full benefits of $2000 per month at
age 67, and the other person receives spousal benefits
($1000 per month at age 67) and switches to delayed
benefits of $2480 at age 70.

They realize, of course, that the numbers will change over
time, based on their respective salaries and number of years
of contribution to the social security system by them and by
their employers.

Case Study Exercises

Brad and Sheryl are the same age. Brad determined that most
of their investments make an average of 6% per year. With
this as the interest rate, the analysis for the four alternatives is
possible. Sheryl and Brad plan to answer the following ques-
tions, but don’t have time this week. Can you please help
them? (Do the analysis for one person at a time, not the cou-
ple, and stop at the age of 85.)

1. How much in total (without the time value of money con-
sidered) will each plan A through D pay through age 85?

2. What is the future worth at 6% per year of each plan at
age 857

3. Plot the future worth values for all four plans on one
spreadsheet graph.

4. Economically, what is the best combination of plans for
Brad and Sheryl, assuming they both live to be 85 years
old?

5. Develop at least one additional question that you think
Sheryl and Brad may have. Answer the question.
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LEARNING OUTCOMES

Ingram Publishing

Purpose: Utilize different annual worth techniques to evaluate and select alternatives.
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6.2

6.3

6.4

6.5

Advantages of AW

CR and AW values

AW analysis

Perpetual life

LCC analysis

®* Demonstrate that the AW value is the same for
each life cycle.

® Calculate and interpret the capital recovery (CR)
and AW amounts.

® Select the best alternative using an annual worth
analysis.

® Evaluate alternatives with very long lives using
AW analysis.

® Perform a life-cycle cost (LCC) analysis using AW
methods.
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n this chapter, we add to our repertoire of alternative comparison tools. In Chapter 5 we
learned the present worth (PW) method and its companion, the future worth (FW) method.
Here we learn the equivalent annual worth, or AW, method. AW analysis is commonly con-
sidered the more desirable of the two methods because the AW value is easy to calculate; the
measure of worth—AW in monetary units per year—is understood by most individuals, and its as-
sumptions are essentially identical to those of the PW method.

Annual worth is also known by other titles. Some are equivalent annual worth (EAW), equivalent
annual cost (EAC), annual equivalent (AE), and equivalent uniform annual cost (EUAC). The alterna-
tive selected by the AW method will always be the same as that selected by the PW method, and
all other alternative evaluation methods, provided they are performed correctly.

An additional application of AW analysis treated here is life-cycle cost (LCC) analysis. This
method considers all costs of a product, process, or system from concept to phaseout.

6.1 Advantages and Uses of Annual Worth Analysis ® ®

For many engineering economic studies, the AW method is the best to use, when compared to
PW, FW, and rate of return (Chapters 7 and 8). Since the AW value is the equivalent uniform an-
nual worth of all estimated receipts and disbursements during the life cycle of the project or
alternative, AW is easy to understand by any individual acquainted with annual amounts, for
example, dollars per year. The AW value, which has the same interpretation as A used thus far, is
the economic equivalent of the PW and FW values at the MARR for n years. All three can be
easily determined from each other by the relation

AW = PW(A /Pi,n) = FW(A /F,i,n) [6.1]

The n in the factors is the number of years for equal-service comparison. This is the LCM or the
stated study period of the PW or FW analysis.

When all cash flow estimates are converted to an AW value, this value applies for every year
of the life cycle and for each additional life cycle.

The annual worth method offers a prime computational and interpretation advantage because
the AW value needs to be calculated for only one life cycle. The AW value determined over
one life cycle is the AW for all future life cycles. Therefore, it is not necessary to use the
LCM of lives to satisfy the equal-service requirement.

As with the PW method, there are three fundamental assumptions of the AW method that should
be understood. When alternatives being compared have different lives, the AW method makes the
assumptions that

1. The services provided are needed for at least the LCM of the lives of the alternatives.

2. The selected alternative will be repeated for succeeding life cycles in exactly the same man-
ner as for the first life cycle.

3. All cash flows will have the same estimated values in every life cycle.

In practice, no assumption is precisely correct. If, in a particular evaluation, the first two assump-
tions are not reasonable, a study period must be established for the analysis. Note that for assump-
tion 1, the length of time may be the indefinite future (forever). In the third assumption, all cash
flows are expected to change exactly with the inflation (or deflation) rate. If this is not a reason-
able assumption, new cash flow estimates must be made for each life cycle, and again a study
period must be used. AW analysis for a stated study period is discussed in Section 6.3.

In Example 5.3, National Homebuilders, Inc. evaluated cut-and-finish equipment from vendor A
(6-year life) and vendor B (9-year life). The PW analysis used the LCM of 18 years. Consider
only the vendor A option now. The diagram in Figure 6-1 shows the cash flows for all three life
cycles (first cost $—15,000; annual M&O costs $—3500; salvage value $1000). Demonstrate the
equivalence at i = 15% of PW over three life cycles and AW over one cycle. In Example 5.3,
present worth for vendor A was calculated as PW = $—45,036.

¥

Equal-service
requirement and LCM
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Figure 6-1 PW = $45,036
PW and AW values 4
for three life cycles,
Example 6.1.
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continues

AW = $7349
Solution
Calculate the equivalent uniform AW value for all cash flows in the first life cycle.
AW = —15,000(4/P,15%,6) + 1000(A/F,15%,6) — 3500 = $—-7349

When the same computation is performed on each succeeding life cycle, the AW value is
$-7349. Now Equation [6.1] is applied to the PW value for 18 years.

AW = —45,036(A/P,15%,18) = $—7349

The one-life-cycle AW value and the AW value based on 18 years are equal.

Not only is annual worth an excellent method for performing engineering economy studies,
but also it is applicable in any situation where PW (and FW and benefit/cost) analysis can be
utilized. The AW method is especially useful in certain types of studies: asset replacement and
retention time studies to minimize overall annual costs (both covered in Chapter 11), breakeven
studies and make-or-buy decisions (Chapter 13), and all studies dealing with production or man-
ufacturing costs where a cost/unit or profit/unit measure is the focus.
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6.2 Calculation of Capital Recovery and AW Values

If income taxes are considered, a slightly different approach to the AW method is used by some large
corporations and financial institutions. It is termed economic value added, or EVA. This approach,
covered in Chapter 17, concentrates upon the wealth-increasing potential that an alternative offers a
corporation. The resulting EVA values are the equivalent of an AW analysis of after-tax cash flows.

6.2 Calculation of Capital Recovery and AW Values ® ®

As we learned in the previous chapter, an alternative should have the following cash flows esti-
mated as accurately as possible:

Initial investment P. This is the total first cost of all assets and services required to initiate
the alternative. When portions of these investments take place over several years, their PW is
an equivalent initial investment. Use this amount as P.

Salvage value S. This is the terminal estimated value of assets at the end of their useful life.
The S is zero if no salvage is anticipated; S is negative when it will cost money to dispose of
the assets. For study periods shorter than the useful life, S is the estimated market value or
trade-in value at the end of the study period.

Annual amount A. This is the equivalent annual amount (costs only for cost alternatives;
costs and receipts for revenue alternatives). Often this is the annual operating cost (AOC) or
M&O cost, so the estimate is already an equivalent A value.

The AW value for an alternative is comprised of two components: capital recovery for the
initial investment P at a stated interest rate (usually the MARR) and the equivalent annual amount
A. The symbol CR is used for the capital recovery component. In equation form,

AW=CR +4 [6.2]

Both CR and A represent costs. The total annual amount A is determined from uniform recurring
costs (and possibly receipts) and nonrecurring amounts. The P/A and P/F factors may be neces-
sary to first obtain a PW amount; then the A/P factor converts this amount to the A value in
Equation [6.2]. (If the alternative is a revenue project, there will be positive cash flow estimates
present in the calculation of the A value.)

The recovery of an amount of capital P committed to an asset, plus the time value of the
capital at a particular interest rate, is a fundamental principle of economic analysis.

Capital recovery (CR) is the equivalent annual amount that the asset, process, or system must
earn (new revenue) each year to just recover the initial investment plus a stated rate of return
over its expected life. Any expected salvage value is considered in the computation of CR.

The A /P factor is used to convert P to an equivalent annual cost. If there is some anticipated positive
salvage value S at the end of the asset’s useful life, its equivalent annual value is recovered using the A/ F
factor. This action reduces the equivalent annual cost of the asset. Accordingly, CR is calculated as

CR = —P(A/P,i,n) + S(A/F,i,n) [6.3]

Lockheed Martin is increasing its booster thrust power in order to win more satellite launch con-
tracts from European companies interested in opening up new global communications markets. A
piece of earth-based tracking equipment is expected to require an investment of $13 million, with
$8 million committed now and the remaining $5 million expended at the end of year 1 of the
project. Annual operating costs for the system are expected to start the first year and continue at
$0.9 million per year. The useful life of the tracker is 8 years with a salvage value of $0.5 million.
Calculate the CR and AW values for the system, if the corporate MARR is 12% per year.

Solution
Capital recovery: Determine P in year 0 of the two initial investment amounts, followed by the
use of Equation [6.3] to calculate the CR. In $1 million units,

P=8+5(P/F12%,1) = $12.46
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CR = —12.46(A/P,12%.8) + 0.5(A/F,12%.8)
= —12.46(0.20130) + 0.5(0.08130)
=$-247

The correct interpretation of this result is very important to Lockheed Martin. It means that
each and every year for 8 years, the equivalent total net revenue from the tracker must be at
least $2,470,000 just to recover the initial present worth investment plus the required return of
12% per year. This does not include the AOC of $0.9 million each year.

Annual worth: To determine AW, the cash flows in Figure 6-2a must be converted to an
equivalent AW series over 8 years (Figure 6-2b). Since CR = $—2.47 million is an equivalent
annual cost, as indicated by the minus sign, total AW is easily determined by adding the CR
and AOC values.

AW = —2.47 — 0.9 = $-3.37 million per year

This is the AW for all future life cycles of 8 years, provided the costs rise at the same rate as
inflation, and the same costs and services are expected to apply for each succeeding life cycle.

$0.5 Figure 6-2
(a) Cash flow diagram

? 6 78 T (I) | | | | | | . ) for satellite tracker
1 1 1 I ‘ ‘ ‘ ‘ costs, and (b) conver-
9 =

sion to an equivalent
AW (in $1 million),
Example 6.2.

(a) (b)

There is a second, equally correct way to determine CR. Either method results in the same
value. There is a relation between the A/P and A/F factors.

(A/Fin) = (A/Pin) —i
Both factors are present in the CR Equation [6.3]. Substitute for the A/F factor to obtain
CR =—-P(A/Pin) + SI(A/Pin) —i]
= —[(P - S)A/P.in) + S(i)]

There is a basic logic to this formula. Subtracting S from the initial investment P before applying
the A/P factor recognizes that the salvage value will be recovered. This reduces CR, the annual
cost of asset ownership. However, the fact that S is not recovered until year n of ownership is
compensated for by charging the annual interest S(i) against the CR. Although either CR relation
results in the same amount, it is better to consistently use the same method. The first method,
Equation [6.3], will be used in this text.

To perform an AW evaluation by spreadsheet, the PMT function can be used to determine the
CR. The annual amount A is then added. The general function = PMT(i%,n, P,F) is rewritten using
the initial investment as P and —S for the salvage value. The complete format to display AW is

= PMT(i%,n,P,—S) + A [6.4]

As an illustration, determine the AW in Example 6.2. The equivalent initial investment in
year 0 is $12.46 million. The complete function for the AW amount (in $1 million units) is
= PMT(12%,8,12.46,—0.5) — 0.9. The answer of $—3.37 (million) will be displayed in the
spreadsheet cell.

As we learned in Section 3.1, one spreadsheet function can be embedded in another function.
In the case of Example 6.2, the initial investment is distributed over a 2-year period. The one-cell
PMT function, with the PV function embedded (in bold), can be written as = PMT(12%,8,
8+PV(12%,1,—5),—0.5) — 0.9 to display the same value AW = $—3.37.


http://www.downloadslide.com/

6.3 Evaluating Alternatives by Annual Worth Analysis

6.3 Evaluating Alternatives by Annual
Worth Analysis ® ®

The annual worth method is typically the easiest to apply of the evaluation techniques when the
MARR is specified. The AW is calculated over the respective life of each alternative, and the selec-
tion guidelines are the same as those used for the PW method. For mutually exclusive alternatives,
whether cost- or revenue-based, the guidelines are as follows:

One alternative: If AW > 0, the requested MARR is met or exceeded and the alternative is
economically justified.

Two or more alternatives: Select the alternative with the AW that is numerically largest,
that is, less negative or more positive. This indicates a lower AW of cost for cost alternatives
or a larger AW of net cash flows for revenue alternatives.

If any of the three assumptions in Section 6.1 is not acceptable for an alternative, a study period
analysis must be used. Then the cash flow estimates over the study period are converted to AW
amounts. The following two examples illustrate the AW method for one project and two alternatives.

Heavenly Pizza, which is located in Toronto, fares very well with its competition in offering
fast delivery. Many students at the area universities and community colleges work part-time
delivering orders made via the web. The owner, Jerry, a software engineering graduate, plans
to purchase and install five portable, in-car systems to increase delivery speed and accuracy.
The systems provide a link between the web order-placement software and the On-Star system
for satellite-generated directions to any address in the area. The expected result is faster, friend-
lier service to customers, and larger income.

Each system costs $4600, has a 5-year useful life, and may be salvaged for an estimated
$300. Total operating cost for all systems is $1000 for the first year, increasing by $100 per year
thereafter. The MARR is 10%. Perform an annual worth evaluation for the owner that answers
the following questions. Perform the solution by hand and by spreadsheet.

(a) How much new annual net income is necessary to recover only the initial investment at
the MARR of 10% per year?

(b) Jerry estimates increased net income of $6000 per year for all five systems. Is this project
financially viable at the MARR?

(c) Based on the answer in part (b), determine how much new net income Heavenly Pizza
must have to economically justify the project. Operating costs remain as estimated.

Solution by Hand
(a) The CR amount calculated by Equation [6.3] answers the first question.
CR = —5[4600(A/P,10%,5)] + 5[300(A/F,10%,5)]
= —5[4600(0.26380)] + 5[300(0.16380)]
=$-5822
The five systems must generate an equivalent annual new revenue of $5822 to recover
the initial investment plus a 10% per year return.

(b) Figure 6-3 presents the cash flows over 5 years. The annual operating cost series,
combined with the estimated $6000 annual income, forms an arithmetic gradient se-
ries with a base amount of $5000 and G = $—100. The project is financially viable if
AW > 0 at i = 10% per year. Apply Equation [6.2], where A is the equivalent annual
net income series.

AW =CR + A = -5822 4 5000 — 100(A/G,10%,5)
= $-1003

The system is not financially justified at the net income level of $6000 per year.
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Figure 6-4
Spreadsheet solution
of Example 6.3.

(a) Capital recovery
in cell B16, (b) AW in
cell E17, and (¢) Goal
Seek template and
outcome in cell BS.

Chapter 6 Annual Worth Analysis
Figure 6-3
Cash flow diagram used to ]
compute AW, Example 6.3.
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(c) Let the required income equal R, and set the AW relation equal to zero to find the minimum
income to justify the system.
0=-5822 + (R - 1000) — 100(A/G,10%,5)
R =-5822 - 1000 — 100(1.8101)
= $7003 per year

Solution by Spreadsheet
The spreadsheet in Figure 6—4 summarizes the estimates and answers the questions posed
for Heavenly Pizza with the same values that were determined in the hand solution.

L A B [ C D E T
1
2 MARR 10%
3 | #of systems 5
4 | Cost/system -4,600
5  Incomelyear $ 6,000
6
7 Investment Annual  Annual
8 Year and salvage costs income Netincome
9 0 -23,000 0 0 -23,000
10 1 0 -1,000 6,000 5,000
11 2 0 -1,100 6,000 4,900
12 3 0 -1,200 6,000 4,800
13 4 0 -1,300 6,000 4,700
14 5 1,500 -1,400 6,000 6,100
15
16 (a) CR value -5,822
17 (b) AW value / -1,003
% | = —PMT($BS2, 5, NPV($B$2,B10:B14)+B9) | /
gg | = —PMT($BS2, 5, NPV($B$2,E10:E14)+E9) |
22
(a) and (b)
A B 0 O O E |
1
2 MARR 10% (c) Required income to
3 | #of systems 5 justify system
4 | Cost/system -4,600
» 5 | Incomelyear $ 7,003
6
7 Investment  Annual Annual
8 Year and salvage costs income Netincome
9 0 -23,000 0 0 -23,000
Goal Seek 10 1 0 -1,000 7,003 6,003
11 2 0 -1,100 7,003 5,903
Se cell: seq7| —fmeH— (12 3 0 -1,200 7,003 5,803
. 13 4 0 -1,300 7,003 5,703
Tovobe: O _ 14 5 1,500 -1,400 7,003 7,103
By changing cell: |$B§5 E3 15
16 (a) CR value -5,822
[ ok ][ conce | 17 |(b) AW value 0
18 )
|

()


http://www.downloadslide.com/

6.4 AW of a Permanent Investment

Cell references are used in the spreadsheet functions to accommodate changes in esti-
mated values.

(a) The capital recovery CR = $-5822 is displayed in column B using the PMT function
with an embedded NPV function, as shown in the cell tag.

(b) The annual worth AW = $-1003 is displayed in column E using the PMT function shown.
The arithmetic gradient series of costs and estimated income of $6000 in columns C and D,
respectively, are added to obtain the net income necessary for the PMT function.

(¢) The minimum required income is determined in the lower part of Figure 6—4. This is
easily accomplished by setting AW = 0 (column E) in the Goal Seek tool and letting it
find the income per year of $7003 to balance the AW equation.

161

Luby’s Cafeterias is in the process of forming a separate business unit that provides meals to
facilities for the elderly, such as assisted care and long-term care centers. Since the meals are
prepared in one central location and distributed by trucks throughout the city, the equipment
that keeps food and drink cold and hot is very important. Michele is the general manager of this
unit, and she wishes to choose between two manufacturers of temperature retention units that
are mobile and easy to sterilize after each use. Use the cost estimates below to select the more
economic unit at a MARR of 8% per year.

Hamilton (H) Infinity Care (IC)
Initial cost P, $ —15,000 —20,000
Annual M&O, $/year —6,000 —-9,000
Refurbishment cost, $ 0 —2,000 every
4 years
Trade-in value S, % of P 20 40
Life, years 4 12

Solution
The best evaluation technique for these different-life alternatives is the annual worth method,
where AW is taken at 8% per year over the respective lives of 4 and 12 years.
AW/, = annual equivalent of P — annual M&O + annual equivalent of S
= —15,000(4/P,8%,4) — 6000 + 0.2(15,000)(A/F,8%,4)
= —15,000(0.30192) — 6000 + 3000(0.22192)
=$-9,863

AW, = annual equivalent of P — annual M&O — annual equivalent of refurbishment
+ annual equivalent of S

= —20,000(A/P,8%,12) — 9000 — 2000[(P/F,8%.,4) + (P/F,8%,8)I(A/P,8%,12)
+ 0.4(20,000)(A/F,8%,12)

= —20,000(0.13270) — 9000 — 2000[0.7350 + 0.5403](0.13270) + 8000(0.05270)
=$-11,571

The Hamilton unit is considerably less costly on an annual equivalent basis.

If the projects are independent, the AW at the MARR is calculated. All projects with AW > 0
are acceptable.

6.4 AW of a Permanent Investment e @

This section discusses the annual worth equivalent of the capitalized cost introduced in Sec-
tion 5.5. Evaluation of public sector projects, such as flood control dams, irrigation canals,
bridges, or other large-scale projects, requires the comparison of alternatives that have such long
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lives that they may be considered infinite in economic analysis terms. For this type of analysis,
the annual worth (and capital recovery amount) of the initial investment is the perpetual annual
interest on the initial investment, that is, A = Pi = (CC)i. This is Equation [5.2].

Cash flows recurring at regular or irregular intervals are handled exactly as in conventional
AW computations; convert them to equivalent uniform annual amounts A for one cycle. This
automatically annualizes them for each succeeding life cycle. Add all the A values to the CR
amount to find total AW, as in Equation [6.2].

The U.S. Bureau of Reclamation is considering three proposals for increasing the capacity of the
main drainage canal in an agricultural region of Nebraska. Proposal A requires dredging the
canal to remove sediment and weeds that have accumulated during previous years’ operation.
The capacity of the canal will have to be maintained in the future near its design peak flow be-
cause of increased water demand. The Bureau is planning to purchase the dredging equipment
and accessories for $650,000. The equipment is expected to have a 10-year life with a $17,000
salvage value. The annual operating costs are estimated to total $50,000. To control weeds
in the canal itself and along the banks, environmentally safe herbicides will be sprayed
during the irrigation season. The yearly cost of the weed control program is expected to
be $120,000.

Proposal B is to line the canal with concrete at an initial cost of $4 million. The lining is
assumed to be permanent, but minor maintenance will be required every year at a cost of
$5000. In addition, lining repairs will have to be made every 5 years at a cost of $30,000.

Proposal C is to construct a new pipeline along a different route. Estimates are an initial cost
of $6 million, annual maintenance of $3000 for right-of-way, and a life of 50 years.

Compare the alternatives on the basis of AW, using an interest rate of 5% per year.

Solution

Since this is an investment for a permanent project, compute the AW for one cycle of all recur-
ring costs. For proposals A and C, the CR values are found using Equation [6.3], with n, = 10
and n = 50, respectively. For proposal B, the CR is simply P(i).

Proposal A

CR of dredging equipment:

—650,000(A/P,5%,10) + 17,000(A/ F,5%,10) $ —82,824

Annual cost of dredging —50,000

Annual cost of weed control —120,000
$-252,824

Proposal B

CR of initial investment: —4,000,000(0.05) $-200,000

Annual maintenance cost -5,000

Lining repair cost: —30,000(A/F,5%,5) —5,429
$-210,429

Proposal C

CR of pipeline: —6,000,000(A/P,5%,50) $-328,680

Annual maintenance cost -3,000
$-331,680

Proposal B, which is a permanent solution, is selected due to its lowest AW of costs.

Comment
Note the use of the A/F factor for the lining repair cost in proposal B. The A/F factor is used
instead of A/P because the lining repair cost begins in year 5, not year 0, and continues
indefinitely at 5-year intervals.

If the 50-year life of proposal C is considered infinite, CR = P(i) = $-300,000, instead of
$-328,680 for n = 50. This is a small economic difference. How long lives of 40 or more years
are treated economically is a matter of “local” practice.
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6.4 AW of a Permanent Investment

At the end of each year, all owners and employees at Bell County Utility Cooperative are given
a bonus check based on the net profit of the Coop for the previous year. Bart just received his
bonus in the amount of $8530. He plans to invest it in an annuity program that returns 7% per year.
Bart’s long-term plans are to quit the Coop job some years in the future when he is still young
enough to start his own business. Part of his future living expenses will be paid from the pro-
ceeds that this year’s bonus accumulates over his remaining years at the Coop.

(a) Use a spreadsheet to determine the amount of annual year-end withdrawal that he can
anticipate (starting 1 year after he quits) that will continue forever. He is thinking of
working 15 or 20 more years.

(b) Determine the amount Bart must accumulate after 15 and 20 years to generate $3000 per
year forever.

Solution by Spreadsheet

(a) Figure 6-5 presents the cash flow diagram for n = 15 years of accumulation at 7% per year
on the $8530 deposited now. The accumulated amount after n = 15 years is indicated as
F,er 15 = 7 and the withdrawal series starts at the end of year 16. The diagram for n = 20
would appear the same, except there is a 20-year accumulation period.

The spreadsheet in Figure 6-6 shows the functions and answers for n = 15 years in
columns C and D. The FV function displays the total accumulated at 7% after 15 years

as $23,535. The perpetual withdrawal is determined by viewing this accumulated amount
as a P value and by applying the formula

A = P(i) = 23,535(0.07) = $1647 per year
The spreadsheet function = D9*B7 performs this same computation in cell reference for-
mat in column D.

Answers for n = 20 years are displayed in column E. At a consistent 7% per year return,
Bart’s perpetual income is estimated as $1647 after 15 years, or $2311 per year if he waits
for 20 years.

P = $8530
F, after 15— ?
<> A B (¢ [ b
(1|
B2
=30 Functions Number of years, n
| 4 | E: for n =15 years 15 20
[R5
[ 6 |
| 7 |Interest rate, % per year 7%
| 8 Amount deposited today $8,530
| 9 Amount accumulated after n years "=-FV(B7,D4,,B8) $ 23,535 $ 33,008
10 |(a) Withdrawal forever, $ per year *=D9*B7 $ 1,647 § 2,311
11
12 |
| 13 |(b) Required accumulation for $3000/year 7% ‘ *=3000/B13 ‘ $ 42,857 $ 42,857
|14 |
| 15 Accumulation years for $3000 per year 23.86 “= NPER(7%.,-8530,42857) ‘
16

Figure 6-5
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Diagram for a perpetual

series starting after

15 years of accumulation,

Example 6.6.

Figure 6-6

Spreadsheet solution,

Example 6.6.
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(b) To obtain a perpetual annual withdrawal of $3000, it is necessary to determine how much
must be accumulated 1 year before the first withdrawal of $3000. This is an application of
the relation A = P(i) solved for P, or

A _ 3000
P= 7 = W = $42,857

This P value is independent of how long Bart works at the Coop because he must accumulate

this amount to achieve his goal. Figure 6-6, row 13, shows the function and result. Note that

the number of years n does not enter into the function = 3000/B13.

Comment

The NPER function can be used to determine how many years it will take for the current
amount of $8530 to accumulate the required $42,857 at 7% per year. The row 15 function in-
dicates that Bart will have to work at the Coop for just under 24 additional years.

6.5 Life-Cycle Cost Analysis ® ®

The PW and AW analysis techniques discussed thus far have concentrated on estimates for first
cost P, annual operating and maintenance costs (AOC or M&Q), salvage value S, and predictable
periodic repair and upgrade costs, plus any revenue estimates that may favor one alternative over
another. There are usually a host of additional costs involved when the complete project life costs
are evaluated. A life-cycle cost analysis includes these additional estimates to the extent that they
can be reliably determined.

Life-cycle cost (LCC) analysis utilizes AW or PW methods to evaluate cost estimates for the en-
tire life cycle of one or more projects. Estimates will cover the entire life span from the early
conceptual stage, through the design and development stages, throughout the operating stage, and
even the phaseout and disposal stages. Both direct and indirect costs are included to the extent
possible, and differences in revenue and savings projections between alternatives are included.

Some typical LCC applications are life-span analysis for military and commercial aircraft,
new manufacturing plants, new automobile models, new and expanded product lines, and gov-
ernment systems at federal and state levels. For example, the U.S. Department of Defense requires
that a government contractor include an LCC budget and analysis in the originating proposal for
most defense systems.

Most commonly the LCC analysis includes costs, and the AW method is used for the analysis,
especially if only one alternative is evaluated. If there are expected revenue or other benefit dif-
ferences between alternatives, a PW analysis is recommended. Public sector projects are usually
evaluated using a benefit/cost analysis (Chapter 9), rather than LCC analysis, because estimates
to the citizenry are difficult to make with much accuracy. The direct costs mentioned above in-
clude material, human labor, equipment, supplies, and other costs directly related to a product,
process, or system. Some examples of indirect cost components are taxes, management, legal,
warranty, quality, human resources, insurance, software, purchasing, etc. Direct and indirect
costs are discussed further in Chapter 15.

Life-cycle cost analysis is most effectively applied when a substantial percentage of the life
span (postpurchase) costs, relative to the initial investment, will be expended in direct and indi-
rect operating, maintenance, and similar costs once the system is operational. For example, the
evaluation of two equipment purchase alternatives with expected useful lives of 5 years and
M&O costs of 5% to 10% of the initial investment does not require an LCC analysis. However,
let’s assume that Exxon-Mobil wants to evaluate the design, construction, operation, and support
of a new type and style of tanker that can transport oil over long distances of ocean. If the initial
costs are in the $100 millions with support and operating costs ranging from 25% to 35% of this
amount over a 25-year life, the logic of an LCC analysis will offer a better understanding of the
economic viability of the project.

To understand how an LCC analysis works, first we must understand the phases and stages of
systems engineering or systems development. Many books and manuals are available on systems
development and analysis. Generally, the LCC estimates may be categorized into a simplified
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format for the major phases of acquisition, operation, and phaseout/disposal, and their respective
stages.

Acquisition phase: all activities prior to the delivery of products and services.

e Requirements definition stage—Includes determination of user/customer needs, assess-
ing them relative to the anticipated system, and preparation of the system requirements
documentation.

e Preliminary design stage—Includes feasibility study, conceptual, and early-stage plans;
final go—no go decision is probably made here.

* Detailed design stage—Includes detailed plans for resources—capital, human, facilities,
information systems, marketing, etc.; there is some acquisition of assets, if economi-
cally justifiable.

Operation phase: all activities are functioning, products and services are available.
e Construction and implementation stage—Includes purchases, construction, and imple-
mentation of system components; testing; preparation; etc.
* Usage stage—Uses the system to generate products and services; the largest portion of
the life cycle.

Phaseout and disposal phase: covers all activities to transition to a new system; removal/
recycling/disposal of old system.

In the 1860s, General Mills, Inc. and Pillsbury, Inc. both started in the flour business in the
Twin Cities of Minneapolis—St. Paul, Minnesota. In the decade of 2000 to 2010, General Mills
purchased Pillsbury for a combination cash and stock deal worth more than $10 billion and
integrated the product lines. Food engineers, food designers, and food safety experts made
many cost estimates as they determined the needs of consumers and the combined company’s
ability to technologically and safely produce and market new food products. At this point only
cost estimates have been addressed—no revenues or profits.

Assume that the major cost estimates below have been made based on a 6-month study
about two new products that could have a 10-year life span for the company. Use LCC analy-
sis at the industry MARR of 18% to determine the size of the commitment in AW terms.
(Time is indicated in product-years. Since all estimates are for costs, they are not preceded by
a minus sign.)

Consumer habits study (year 0) $0.5 million
Preliminary food product design (year 1) 0.9 million
Preliminary equipment/plant design (year 1) 0.5 million
Detail product designs and test marketing (years 1, 2) 1.5 million each year
Detail equipment/plant design (year 2) 1.0 million

Equipment acquisition (years 1 and 2)
Current equipment upgrades (year 2)
New equipment purchases (years 4 and 8)

Annual equipment operating cost (AOC) (years 3—10)

Marketing, year 2
years 3—10

year 5 only

Human resources, 100 new employees for 2000 hours
per year (years 3—10)
Phaseout and disposal (years 9 and 10)

$2.0 million each year
1.75 million
2.0 million (year 4) +
10% per purchase
thereafter
200,000 (year 3) +
4% per year thereafter

$8.0 million
5.0 million (year 3)
and —0.2 million
per year thereafter
3.0 million extra

$20 per hour (year 3) +
5% per year
$1.0 million each year
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Solution

LCC analysis can get complicated rapidly due to the number of elements involved. Calculate
the PW by phase and stage, add all PW values, then find the AW over 10 years. Values are in
$1 million units.

Acquisition phase:
Requirements definition: consumer study

PW = $0.5
Preliminary design: product and equipment
PW = 1.4(P/F,18%,1) = $1.187
Detailed design: product and test marketing, and equipment
PW = 1.5(P/A,18%,2) + 1.0(P/F,18%,2) = $3.067

Operation phase:
Construction and implementation: equipment and AOC

PW =2.0(P/A,18%.2) + 1.75(P/F,18%,2) + 2.0(P/F,18%4) + 2.2(P/F,18%.,3)

1_(@8
1.18
+02|7 012 |P/F,18%,2)=1$6.512

Use: marketing

PW = 8.0(P/F,18%.2) + [5.0(P/A,18%.,8) — 0.2(P/G,18%,8)1(P/F,18%.2)
+3.0(P/F,18%.,5)

= $20.144
Use: human resources: (100 employees)(2000 h/yr)($20/h) = $4.0 million in year 3

8
PW = 4.0 1—(%:—?2) (P/F,18%2) = $13.412

0.13

Phaseout phase:
PW = 1.0(P/A,18%,2)(P/F,18%,8) = $0.416

The sum of all PW of costs is PW = $45.238 million. Finally, determine the AW over the
expected 10-year life span.

AW = 45.238 million(4 /P,18%,10) = $10.066 million per year

This is the LCC estimate of the equivalent annual commitment to the two proposed
products.

Often the alternatives compared by LCC do not have the same level of output or amount of
usage. For example, if one alternative will produce 20 million units per year and a second alterna-
tive will operate at 35 million per year, the AW values should be compared on a currency unit/
unit produced basis, such as dollar/unit or euro/hour operated.

Figure 6-7 presents an overview of how costs may be distributed over an entire life cycle. For
some systems, typically defense systems, operating and maintenance costs rise fast after acquisi-
tion and remain high until phaseout occurs.

The total LCC for a system is established or locked in early in the life cycle. It is not unusual
to have 75% to 85% of the entire life span LCC committed during the preliminary and detail
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LCC envelopes for committed and actual costs: (a) design #1, (b) improved design #2.

design stages. As shown in Figure 6-8a, the actual or observed LCC (bottom curve AB) will trail
the committed LCC throughout the life span (unless some major design flaw increases the total
LCC of design #1 above point B).

The potential for significantly reducing total LCC occurs primarily during the early stages. A
more effective design and more efficient equipment can reposition the envelope to design #2 in
Figure 6-8b. Now the committed LCC curve AEC is below AB at all points, as is the actual LCC
curve AFC. It is this lower envelope #2 we seek. The shaded area represents the reduction in ac-
tual LCC.

Even though an effective LCC envelope may be established early in the acquisition phase, it
is not uncommon that unplanned cost-saving measures are introduced during the acquisition
phase and early operation phase. These apparent “savings” may actually increase the total
LCC, as shown by curve AFD. This style of ad hoc cost savings, often imposed by management
early in the design stage and/or construction stage, can substantially increase costs later, espe-
cially in the after-sale portion of the use stage. For example, the use of inferior-strength con-
crete and steel has been the cause of structural failures many times, thus increasing the overall
life-span LCC.
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There have been numerous tools developed over time to help analysts in industry, business,
government, and consulting better utilize the LCC approach. Some sample LCC-related tools and
web-based materials are listed here.

e Life-Cycle Cost Projection (LCCP) developed for the water industry by the Water Environ-
ment Research Foundation (WERF). Web address is http://simple.werf.org/simple/media
/LCCT/index.html.

e Life-Cycle Costing/Assessment (LCCA) methodology and several tools developed for the
building industry as a part of the Whole Building Design Guide program of the National In-
stitute of Building Sciences. Address: https://www.wbdg.org/resources/lcca.php.

* RealCost software developed for pavement design is available from the Federal Highway Ad-
ministration. Address: https://www.thwa.dot.gov/infrastructure/asstmgmt/Icca.cfm.

e There are many LCC methodologies and cost estimation tools developed for defense-related
industries. Example models are MAAP, MOSS, COCOMO, PRICE, and many more. Infor-
mation is available at the National Defense Industrial Association website www.ndia.org.

CHAPTER SUMMARY

The annual worth method of comparing alternatives is often preferred to the present worth method
because the AW comparison is performed for only one life cycle. This is a distinct advantage when
comparing different-life alternatives. AW for the first life cycle is the AW for the second, third, and
all succeeding life cycles, under certain assumptions. When a study period is specified, the AW
calculation is determined for that time period, regardless of the lives of the alternatives.

For infinite-life (perpetual) alternatives, the initial cost is annualized simply by multiplying P
by i. For finite-life alternatives, the AW through one life cycle is equal to the perpetual equivalent
annual worth.

Life-cycle cost analysis is appropriate for systems that have a large percentage of costs in op-
erating and maintenance. LCC analysis helps in the analysis of all costs from design to operation

to disposal phases.

PROBLEMS

Annual Worth and Capital Recovery Calculations

2-year AW value the same as it is for its 3-year
life cycle AW? Assume i = 10% per year. Solve

6.1 After you have conducted a future worth compari- . . . .
. . using factors and, if assigned, using a spread-
son of alternatives, what do you multiply the FW heet and Goal Seck
values by in order to obtain the AW values of the sheet and Loal Seek.
alternatives? 6.4 A delivery car 