Chapter 1

Symmetry Elements and Symmetry Operations

A given system has symmetry if certain parts of that system can be
interchanged without altering its energy or identity. Thus the system has
parts that are equivalent to one another by symmetry.

Equivalent parts of a given system can be interchanged by certain
geometrically defined ways so called symmetry operations. The axis, plane
or point, through which symmetry operation is performed, is called
symmetry element.

There are five types of symmetry operations as following:
1. Proper rotation (C,,) through an axis of symmetry:

If, on rotation about an axis by (2n/n) radians the system retains its
identity, then the system is claimed to have a proper rotation, C,,.
Examples of molecules that contain C,, Cs and Cg proper rotation
operations are structures I, Il and 111 .

Although rotation could be clockwise or anti-clockwise, the clockwise
rotation is normally considered. The effect of a C, operation on a
given arrow, OA, can be represented by a 3(row) x 3(column) matrix.
Figure (1.1) shows how a matrix representing the effect of a (1/2 turn)
rotation about z-axis, C,(z), on point A, can be generated:
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Figure (1.1): A schematic showing effect of C,(z) rotation on a given point
(X, v, 2).

The C,(2) shifts point A to point A', and the new coordinates for point A'
will be as shown in equation (1):

newx= (-1) x+ (©0) y+ (0) z
newy= (0) x+ (<) y+ (0) z (1)
newz= (0) x+ (0) y+ (@ z

From equation (1), the matrix representing the effect of C,(z) on point
A(X, Y, 2)is:

-1 0 O
0 -1 0
0 0 1

With a character: y=(-D)+(-)+ @) =1

Similarly, the effects of other C,,(z) operations can be studied, and the
representing matrices be generated. The general matrix that represents the
effect of any C,,(z) operation on a given point is:

cos(2z/n) sin(2z/n) 0
—sin(2z/n) cos(2z/n) 0
0 0 1

It should be noted, however, that a C,, operation can be repeated once
or more, to create several C, operations as exemplified in Figure (1.2).



Figure (1.2): Repeated C,4(z) operations on equivalent parts Ly, L,, L3 and
L, of a given system.

In Figure (1.2) a C,(z) operation would create the following
transformations:

L, > L.
L2 = I—3
I—3 L4
L4 - I—1

Whereas a C,'(z) rotation followed by another C,'(z) rotation, C,(z), the
overall effect becoming C,(z), creates the following transformations:

I—l > I—3
L. > La
L3 > Ll
L4 > Lg

The sum of four consecutive C,'(z) operations is a C,*(z) operation. By
looking at its effects, the C,*(z) operation is clearly equivalent to a no-effect
operation, so called identity operation, E, as will be seen later.

Example: Write down the matrix representing the effect of C,(x) on point
(X, v, 2).

Answer: The matrix is



1 0 O
0 -1 0O
0 0 -1

2. Reflection (o) through a mirror plane:
If the system retains its identity on reflection through a plane (that

bisects the system) then the system is claimed to have a reflection (o)
operation. Examples of molecules that have one or more reflection planes
are shown in structures 1V-VI below.
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Water molecule, H,0, has two reflection planes as shown in IV. One
plane is that of the molecule o,,, and the other is perpendicular to it.
Ammonia (V) has three planes, and methane (V1) has six ones.

Exercise: Draw structures for NH,F, CH,Cl, and show all C, and o-
operations present in each.

Reflection operations can be represented by matrices. Reflection of
point A(X, y, z) through &,, would yield point A"(x, vy, z), thus:
newx= (1) x+ (0) y+ (0) z
newy= (0) x+ (<) y+ (0) z (2)
newz= (0) x+ (©0) y+ (@) z

From equation (2), the matrix representing the effect of o,, reflection on
point A is:

1 0 O

0 -1 0

0 0 1
with a character y =1. Similarly other reflection operations ¢, and o,, can
be represented by corresponding matrices, shown below, respectively.
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-1 00 1 0 O
0 1 0ofand|0 1 O
0 01 0 0 -1

3. Inversion (i) through a point:
Each of the structures given below has an inversion operation, where
inversion occurs through a point situated at the center of the molecule, as
shown in VII and VIII below.
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The inversion operation shifts point A(X, y, z) through the origin to point
A"(x, Y, z). Figure (1.3) explains that.
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Figure (1.3): A schematic showing effect of i operation on a given point (X,

Y, 2).

thus:
newx= (-1) x+ (0) y+ (0) z
newy= (0) x+ (-1) y+ (0 z (3)
newz= (0) x+ (0) y+ (-} z

and from equations (3) the matrix representing the i operation is:



-1 0 0
0 -1 0
0 0 -1
with a character y=-3.

4. Improper rotation (Sp):

This operation is a combination of two operations performed
successively, a (C,) and a perpendicular reflection (o,) as shown in
equation (4).

oxC,=85, (4)
Methane, CH,4, has no C4, or a perpendicular o independently. A C,
operation, followed by a o, , would shift Hg; to Hs) as shown in X below.

Therefore, methane has S, symmetry operation.
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The S, is as a Cy(z) rotation in this case, followed by a reflection through a
plane, oy, perpendicular to it. Therefore, the matrix representing S,
operation is deduced by multiplying the matrices representing o, and C,(z)
operations as shown in equations (5 - 6). Appendix (A) gives a quick
reference to matrix multiplication.

Oxy X Chi = Sn@) (5)
10 0 cos(2z/n) sin(2z/n) 0 cos(2z/n) sin(2z/n) 0

{0 1 0 ] X {sin (2z/n) cos(2xz/n) O} = { sin(2z/n) cos(2z/n) 0O } (6)
0 0 -1 0 0 1 0 0 -1



Exercise: Write down the matrix that represents effect of S, on point (x, y,

Z).

5. The identity operation (E):

This is a no-effect operation that is equivalent to doing nothing on the
system. Therefore, every system should have the E operation, which shifts
point A(X, y, z) to itself. From equation (7):

newx= (1) x+ (0) y+ (0) z
newy= (0) x+ () y+ (0) z (7)
newz= (0) x+ (0 y+ (@) z
the operation E is represented by the matrix:
1 00

010
0 01

It should be noted that multiplying two symmetry operations means
performing the two operations successively on a given system. The net
effect equals a single operation. Thus, equation (8)

AxB=F (8)
implies that if operation B is performed, followed by performing operation
A, the result is equal to the result of operation F. The order of performing
operations that are multiplied together is to start with the one on the right.
Therefore, in equation (8) we start with B then with A. It should be noted
that symmetry operation multiplications are not necessarily commutative,
and B x A does not necessarily equal A x B.

Other additional useful relations in symmetry operation multiplications are
shown below.

C, C.’=C, Ce’=C? C,2 , G5
Ce®C,"=E
Sz Sz =1 822 =E
83 832 = C32 833 = Op 834: Cg 836 =E
S, S,2=C, S, =E
S S¢>=C, Sed=i Se* = C4? S°=E
Exercises:

1) For each of the following species, find out all existing symmetry
operations:
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XXi XXii xxiii XXIV

D c=—=C H

Ni(COy, [PYCNy, > O
N
XXV XXVi XXVil XXVill
N
N
XXIX

2) In each of the following species, show the operation resulting from
multiplying the stated symmetry operations:

N z oy H
O z oy / % i x
H3
Hl/ \HZ i H? " :
X

H H
r2
1

1. o,x0,= 1. o4 xC;= 1. 0,%xCy, =

2
2. Cypyxo, = 2. Cixopy = 2. Cy %0y, =
3. o,x0,= 3. o x0y = 3. IxCy,y =

S .y F 3 z oy

| \\\‘ / Br"/ : Y

/ \ - F2—BN—F4 “ 2"y Br, I :‘
(0]

1 02 Fl/ Brl X
1. o,x0, = 1. oy xC; = 1. Sixo, =
2. Cyxoy, = 2. Cyx0yp = 2. C2xC;=
3. 0,xC,= 3. Oy X0 g = 3. S;x0, =



Please note that:

z y z .y

HS H6
RN / cr /

o S
3 2 Cll/

1. O-xyxclz(l): 1. CZXC;(l—Z):
2. SixChyy = 2. 8,xCyy =

3. CIxS, = 3. Cixi-

4' iXO'(3): 4, O-(l—Z)XC4:
S. 0, 4y*xCy= 5 Sixo, =

1) o) is a reflection plane that bisects atom (i).
2) o) Is a reflection plane between atoms (i) and (j).
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